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A theorem on the torsion and the curvature of the canonical connection of a homo-

geneous Lie loop at the unit element, given in our paper [8], is extended to the canonica] 

connection of a differentiable loop with the left inverse property. 

S 1. Introduction 

In the preceding paper [8], we have described interrelation between the canonical 

connections of homog,eneous Lie loops and the Chern connections of the corresponding 

3-webs of loops, and have given some explicit formulas connectirig the tangent Lie 

triple algebras of homogeneous Lie loops and the multiplication of the loops. In 

general, the tangent algebra of analytic loops have been considered by M. Akivis [1] 

which is called Akivis algebra, and a generalized theory of Campbell-Hausdorff series for 

Lie groups are developed for analytic loops by M. Akivis-A. Shelekhov [2], [3], [4] 

and others, where they used some fundamental formulas of the coefficients of torsion 

and curvature of the Chern connection of 3-webs given by S. S. Chern [5]. According 

to the letters of M. Akivis and V. Goldberg, the tangential equations for loop~ with the 

left inverse property (abbrev. Ieft I.P. Ioops) given in SS2-3 of [8] which are due to 

S. S. Chern [5] have been published in [2]. To show the relation between these 

formulas and the tangent Lie triple algebras of homogeneous Lie loops we have 

introduced there the concept of the canonical connection for differentiable left I.P 

loops (cf. S4 of [8]). After the paper [8] appeared, we found the fact that the most of 

the equations of the canonical connection of homogeneous Lie loops given there are 

also valid for left I.P. Ioops, which is the main object to remark in this paper. 

In what follows, we use the same notations as those used in [8] except for calcu-

lation of partial derivatives of the components of tangent vectors such as ; 

a2nk e2nj (a, b, c)Xb'Yb"Z~ak n(a, Xb, n(a, Yb, Z )) (a, b, n(a, b, c)) 
= abiacj ab~ecP 

a3nk . n(a Xb, Z W)- ' , .･ . - . . (a, b, c)XbZ~ W~ak eb'ac Jac~ 

and so on, where Xb, Yb are tangent vectors at b and Z., W. are at c. It is assumed that 
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an arbitrarily fixed local coordinate system is given around each point and that the 

components of any tangent vector are determined with respect to the corresponding 

local coordinates by Xb = Xbai(b) and Z. = Z~aj(c) etc. Note that the dot product 

appeared in such calculation (for instance, Z* . W* in the second equation above) is 

always symmetric 

Let (G, //) be a differentiable loop defined by the multiplication xy = //(x, y) on a 

C"-class differentiable manifold G. In the rest of this paper, we assume that the loop 

G has the left in.verse property (.lP,.ft I.P, Ioop), that is, each element x has a unique 

inverse x~1, x~1x = xx~1 = e, such that L*-* = L~1, where e is the unit element of G and 

L* denotes the left translation by x. The loop G is called a homogeneous Lie loop if 

all left inner mappings L*,y = L~;L*Ly are automorphisms of G. Now, we consider the 

ternary system n : G x G x G->G on G (cf. [8]) given by n(x, y, z) = x((x~1y)(x~1z)). It 

satisfies the following equations for any x, y, z in G : 

(H1) n(x, x, y)=y 

(H2) n(x, y, x)=y 

(H~) n(x, e, n(e, x, y))=n(e, x, n(x, e, y))=y 

and 

(H~) n(e, x, n(e, y, z))=n(x, n(e, x, y), n(e, x, z)) . 

It is easy to show that G is a homogeneous loop if and only if the ternary system n 

satisfies 

(H4) n(e, w, n(x, y, z))=n(n(e, w, x), n(e, w, y), n(e, w, z)) . 

Indeed, (H4) is equivalent to the relation ((H4) of [8]) 

n(x y n(u v w)) ~(n(x y u) n(x y v) n(x, y, w)) 

and it implies 

(_H3) n(x, y, n(y, x, z))=z, 

that is, (G, n) is a homogeneous system on G (cf. [7]) if (H4) is satisfied. For later use 

we note that the equation 

(H~) n(e, w, n(e, x, n(e, y, z))) 

= n(w, n(e, w, x), n(w, n(e, w, y), n(e, w, z))) 

is derived from (H~) on the left I.P. Ioop. 
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S 2. Tamgentiall forumulas 

By partial differentiation of the preceding relations (H1)~(H~) we can show the 

following formulas on tangent vectors of the differentiable left I.P. Ioop (G, I/) 

In the first place, the following formulas are obtained from the equation (H1): 

(2. I . 1) 

(2. I .2) 

(2. I . 3) 

(.2. I .4) 

(2. I . 5) 

(2. I . 6) 

n(x, x, Yy) = Yy 

n(X*, x, y)+n(x X*, y) O 

n(X*, x, Yy)+n(x, X*, Y) O 

~(x, x, Yy ' Z ) O or m general n(x x Y1 Y Y ) O 

n(W* ' X*, x, y)+n(X*, W*, y)+~(W*, X*, y) + n(x, W* ' X 

n(W X*, x, Yy)+n(X*, W*, Yy)+n(W*, X*, Xy)+n(x, W* 

( p ~ 2) 

*, y)=0 

X*, Yy) = O. 

Further formulas corresponding partial derivatives of order more than three are also 

obtained from (H1)' which are omitted here. In the same way, we can show the follow-

ings by differentiating the equation (H2) 

(2.2.1) n(x, Yy, x)=Yy 

(2 2 2) n(X*, y x) +n(x, y, X*) =0 

(2 2 3) n(X*, Yy, x)+n(x Yy, X*)=0 

(2 2 4) n(x Y Z),, x)=0, n(x, Y; ･ Y~･･･Yy, x) O (p>2) etc 

The equations (2.1.1) and (2.2.2) evaluated at x = y imply 

(2.2.5) n(X*, x, x) = -X* . 

Also, by (2.1.3) and (2.2.3) evaluated at x = y, we get 

(2.2.6) n(X*, x, Y*) =n(Y*, X*, x)= -n(.x. X*, Y*) . 

This equation with ('_.1.5) and (2.2.4) implies 

(2.2.7) n(x, X*, Y*) +n(x, Y*, X*) =n(X* . Y*, x, x) . 

Each of two equalities in (H~) implies respectively the following formulas 

(2.3.1) n(e, x, n(x, e, Yy))=Yy 

(2.3.2) n(e, X*, n(x, e, y)) + n(e, x, n(X*, e, y)) = O 

(2.3.3) n(e, X*, n(x, e, Yy)) + n(e, x, n(X., e, y) ' n(x, e, Yy)) 

+ n(e, x, n(X*, e, Yy)) = O; 
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(2.3.1)' n(_x, e, n(e, x, Yy))=Yy 

(2.3.･_)' n(_X*, e, n(.e, x, y))+n(x, e, n(.e, X*, y))=0 

(2 3 3) n(X*, e n(e x Y))+n(x e n(e, X*, y) ' n(e, x, Yy)). 

+n(x, e, n(.e, X*, Y)) O 

By differentiating (.2.3.3) in the direction Z* and evaluating at x = y = e, we get 

(2.3.4) n(.e, X. . Z., Y.) -n(e, X., n(e, Z., Y.)) -n(e, X., Z. ' Y.) 

n(e Z*, X Y) n(e Z*, n(e, X., Y.))+n(X. . Z., e, Y.)=0, 

where we used the formulas (.2.2.5) and (2.2.6), and, by means of the equation (2.1.6) 

at x = y = e, we get 

(2 3 5) n(X., Y., Z )+n(Y*, X., Z )+n(e X., n(e, Y., Z.)) 

+n(e Y*, n(e, X*, Z.))+n(e, X*, Y Z )+n(e Y., X Z ) O 

Now, differentiating the equation (H~) at x, y, z in the drrections X*, Y and Z., 

respectively, we have the followings 

(1)_.4.1) n(e, _)c, n(e, Yy, z))=n(x, n(e, x, Yy), n(e, x, z)) 

(2.4.2) n(e, x, n(e, y, Z.))=n(x, n(.e, x, y), n(e, x, Z.)) 

(2.4.3) n(e, X*, n(.e, y, z)) =n(X*, n(e, x, y), n(e, x, z)) 

+ n(x, n(e, X*, y), n(e, x, z)) + n(x, n(e, x, y), n(e, X*, z)) 

(244) n(e x n(e. Yy, Z.))+~(e, x, n(e, Yy, z) ' n(e, y, Z.)) 

= n(x, n(e, x, Yy), n(e, x, Z.)) 

(2 4 5) n(e X*, n(e, Yy, Z.))+n(e, X*, n(e, Yy, z) ' n(e, y, Z.)) 

= n(X*, n(e, x, Yy), n(e, x, Z.)) + n(x, n(e, X*, Yy), n(e x Z )) 

+n(x n(e x Yy), n(e X*, Z )) + n(x n(e, X*, y) ' n(.e, x, Yy) , n(e, x, Z.)) 

+ n(x, n(e, x, Yy), n(e, X*, z) ' n(.e, x, Z.)) . 

From (2.4.4) and (2.4.5) evaluating at y = z = e and setting 

Y~ =n(e, x, Y.), Z~ =n(e, x, Z.) 

we can obtain 

(2.4.6) n(x, Y~. Z*)=n(:e, x, n(e Y Z ))+n(.e x Y .Z) 

* ' ', ' ' , ' ' 
and 
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（2．4．7）　η（X、，γ隻，Z隻）＝η（θ，X、，η（θ，y；，Z、））十η（θ，X、，Y；．Z、）

　　　　　　　　　　　一η（x，η（θ，X、，y；），Z隻）一η（x，X、・γ隻，Z隻）

　　　　　　　　　　　一η（x，γ葦，η（θ，Xx，Z、））一η（x，γ隻，X工・Z隻）．

Here，we　used（2．1．1）and（2．2．1）．

Furthermore，if　we　put　x＝θin（2．4．7），we　get

（2．4．8）　η（X、，K，Z、）＝η（θ，X、，η（θ，孔，Z、））十η（ε，X、，孔．Z、）

　　　　　　　　　　一η（θ，η（θ，X、，K），Z、）一η（θ，X、・K，Z二）

　　　　　　　　　　一η（θ，．K，η（ε，X、，Z、））一η（ε，Y；，X、・Z、）．

　　REMARK1．Assume　that　the1oop（G，μ）is　homogeneous，that　is，the　equation

（H4）is　va1id　on　G．Then，we　can　show　the　fo11owings：

（2・4・9）η（θ，w，η（X、，γ，・））＝η（η（θ，w，X、），η（θ，w，γ），η（θ，w，・））

（2・4・1O）　η（らw，η（x，巧，Z、））十η（θ，w，η（x，巧，z）・η（x，γ，Z、））

　　　　　　　　　：η（η（θ，w，x），η（θ，w，巧），η（θ，w，Z、））

（2．4．11）　η（η（θ，w，X工），η（θ，w，巧），η（θ，w，Z、））

　　　　　　　　　＝η（θ，w，η（X、，巧，，Z、））十η（θ，w，η（X、，㌔，z）・（x，γ，Z、））

　　　　　　　　　　十η（θ，w，η（x，㌃，z）・η（X、，γ，Z、））

　　　　　　　　　　十η（θ，w，η（X工，γ，z）・η（x，巧，Z、））

　　　　　　　　　　十η（θ，w，η（X、，γ，z）・η（x，巧，，z）・η（x，γ，Z、））

（2．4．12）　η（X隻，γ隻，Z隻）＝η（θ，x，η（X、，y；，Z、））十η（¢，x，Z、．η（θ，X、，γ、））

　　　　　　　　　　　　一η（ε，x，K・η（θ，X、，Z、））一η（θ，x，X、・η（θ，4，Z、））

　　　　　　　　　　　　一η（θ，x，X、・Y二・Z、）．

Here，we　used（211），（221），（225）and（226）

　　F1na11y，m　the　same　way　as　above，we　can　show　the　fo11owmg　formu1as　by　d冊er－

ent1atmg（H三）

（2．5．1）　η（θ，w，η（θ，X工，η（ε，γ，z）））＝η（w，η（θ，w，Xよ），η（w，η（θ，w，γ），η（θ，w，Z、）））

（2・5・2）η（θ・w・η（ε・X工・η（θ・巧・・）））十η（召，・，η（θ，Xよ，η（θ，γ，・）・η（θ，・，η（θ，巧，・））

　　　　　＝η（w，η（θ，w．X工），η（w，η（θ，w，巧），η（θ，w，・）））

（2．5．3）　η（w，η（θ，w，Xよ），η（w，η（ε，w，巧），η（θ，W，Z乞）））
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+n(w, n(.e, w, X*), n(w, n(e, w, Yy), n(e, w, z)) ' n(w, n(e, w, y), n(e, w, Z.))) 

=n(e, w, n(e, X*, n(e, Yy. Z.)))+n(e, w, n(.e, X*, n(e, Yy, z) ' n(e, y, Z.))) 

+ n(e, w, n(e, x, n(e, y, Z.)) ' n(e, X*, n(e, Yy, z))) 

+ n(e, w, n(e, X*, n(e, y, z)) ' n(e, x, tl(e, Yy, Z.))) 

+ n(e, w, n(e, X*, n(e, y, Z.)) ' n(e, x, n(e,' Yy, z))) 

+n(e, w, n(e, X*, ~(.e, J' z)) n(e x n(e Y z)) n(e x n(e y Z ))) 

n(x X~, n(x Y* Z~))+n(x X~, Y~ Z~) 
, , *, 

=n(e, x, n(e, X., n(e, Y., Z.)))+n(e, x, n(e, X., Y. ' Z.)) 

+ n(e, x, X* ' n(e, Y., Z.)) + n(e, x, Y. ' n(e, X., Z.)) 

+ n(.e, x, Z. ' n(e, X., Y.)) + n(e, x, X

S 3. Camonical commectioms of left I. P. Ioops 

The canonical connection V on a differentiable left I.P. Ioop (G, //) is defined in [8] 

as follows : Let X, Y be any vector fields on G and x a point of G. In a fixed local 

coordinate neighborhood of x, set E~(y) = n(x, y, ai(.x)) and Yy = ~i(y)E~(y). Then 

( Vx Y)* = (X* Y ')ai(x). By using the notation in the preceding section, we can describe 

it as follows : 

(3.1) ( VxY). X Y-n(x, X*, Y*) . 
Hereafter, we use the notation 

X. Y= (X. Y i)ai(x) 

for the coefficients Y' of Yin the fixed coordinate system, i.e., for Y Y (y)a (y) m the 

coordinate neighborhood of x 

PROPosmoN 1. The canonical connection V of a left I.P. Ioop (G, p) satisfies the 

following equation at the unit e; 

(3.2) n(_e, x, ( VYZ).) = ( VYZ)*, x e G, 

for any vectorfields Y and Z on a neighborhood of e, where Yti=n(e, x, Y~), Zti=n(e, 

x, Z~) for a =n(e, x, u). 

PRooF. Let x be a 'fixed point and (ui ') a fixed local coordinate system around x 

If we set Zti = Zi(a)ai(a), then Zi(a) =ni(e, x, Z~) and 

Y Z ( Y Z )a (x) ((dn(e x)Y.)ni(e, x, Z~))ai(x) =(Y.ni(e, x, Z~))ai(x) 
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　　　　　　　　　　　　＝η（θ，x，K・Z、）十η（θ，x，Y；Z）．

On　the　other　hand　the　formu1a（246）1mp1ies

　　　　　　　　　η（x，γx，Z工）＝η（ε，x，η（θ，y；，Z、））十η（θ，x，y；・Z、）．

Hlence，wehave

　　　　　　　　　　　　（7？Z）x＝γxZ一η（x，γx，Zよ）

　　　　　　　　　　　　　　　：η（8，x，孔Z）一η（θ，x，η（θ，孔，Z、））

　　　　　　　　　　　　　　　＝η（らx・（ηZ）θ）・　　　　　　　　　　　　　　　　　　　　　q・e・d・

　　REMARK2．Assume　that（g，μ）is　a　homogeneous　Lie1ogp．For　any　vector丘e1ds
K　Z　and　any　point　w，setア禿＝η（8，w，4）＆nd2麦：η（θ，w、乞、），x∈G，where麦＝η（召，w，x）．

Then，by（2410）1n　Re＝mark1，we　can　show　the　fo11owmg　equat1on，

　　　　　　　　　　　　　　η（θ，w，（7γZ）x）＝（吟Z）立．

Th1s　nエeans　that　the　d1sp1acementη（θ，w）　G→G　sendmg　e盈ch　x　toη（θ，w，x）1s　an　a舐ne

transformat1on　of　the　canon1ca1connec加on　on　the　homogeneous　L1e1oop－

　　Letτand　R　d，enote　the　torsion　tensor丘e1d－and－the　curvature　tensor丘e1d　of　the

canomca1connect1on　of　the1e冊I　P1oop　G，wh1ch　are　g1ven　by

　　　　　　　　　　　　τ（X，γ）＝［X，γ］一㌦γ十灰γX

　　　　　　　　　　　　R（X，γ）Z＝巧x，ηZ一みみZ＋～みZ．

f；oranyvectorie1dsX，γand－ZonG．

　　PR0PosITI0N2　　τ乃θプor帥oη姥榊80グτ80れ功θ3

（3．3）　　　　　　4（η（θ，x，X、），η（θ，x，4））＝η（θ，x，4（X、，K））

カグ舳γX、，瓦∈孔（G）o〃x∈G．

　　〕PR00F　By　the　dein1t1on（31）of　the　canon1ca1connect1on，we　get

（3．4）　　　　　孤Xよ，4）：η（x争Xよ，K）一η（xヲK，X、）

f；or　Xx，K∈7二（G）　　If　Xぷ＝η（θ，x多X、）and　K：η（θ，x，γ、），then（246）］r皿p11es

　　　　　　　　　η（x，X。，4）：η（θ，x，η（θ，X、，孔））十η（ε，γ，X、・孔）．

Smce　the　dot　prod．uct1n　the1ast　term1s　sym血etr1c，we　have　the　requ1red－equat1on

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　q．e．d．

　　L醐M・・．”Kわθ・（1・・）一㈱・げ・”・ηG・μ舳城θ・伽〃1・w肋岬伽δ・η
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o‘εαcんpo｛η‘xoπG，〃τθπ（7K）、：O：

（3．5）　　　K。（η（θ，x，X妄），＿，η（θ，x，X言））＝η（θ，x，K、（X芸，．．．，Xε））

力r　X芸，．．．，X2∈孤G）．

　　PR00F　For　any　tangent　vector　X、，孔atθ，we　construct　the　vector　fie1ds　X＊and

γ＊on　G　by　the　equat1ons　X苫＝η（θ，w，X、），y‡＝η（θ、w，足），w∈G　　Then，by　us1ng　the

for＝mu1a（2．4．6），we　get

　　　　　　（～X＊）。＝X隻y＊一η（x，X隻，γ隻）

　　　　　　　　　　：X隻η（θ，w，4）一η（θ，x，η（θ，X、，足））一η（θ，x，X、・4）

　　　　　　　　　　＝η（θ，X隻，K）一η（θ，x，η（θ，X、，瓦））一η（θ，x，X、・4）．

Ifwe　put　x＝θ，then　the　equat1on（～X＊）、＝O　fo11ows命om（211）and（214），wh1ch

proves　the1emma　for∫＝O　We　now　show　the1emma　for∫≧1　For　any　tangent
vectors　y；，Xき，．．．，X芝atε，1etγ＊and　X＊ρ，ρ＝1，．．．，8，be　the　vector丘e1ds　on　G　given　by

γ書＝η（θ，w，孔）and　X炉＝η（θ，w，Xζ）for　w∈G　　Then　we　have

　　　　（み・K）x（X隻1，＿，X隻8）＝（～（K（X＊1，．．．，X＊s）））。

　　　　　　　　　　　　　　　　一Σ多＝1K、（X隻1，…，（～X＊ρ）又，・．．，X隻s）

　　　　　　　　　　　　　　　：γ隻（K（X＊1，＿，X＊3））一η（x，γ隻，K。（X隻1，．．．，X隻8））

　　　　　　　　　　　　　　　　一Σ多＿1K工（X隻1，…，（み・X＊ρ）、，＿，X隻s）．

By　the　assumpt1on　of　the1emma　we　can　use（246）forη（x，γ隻，K五（X＊1，，X＊・））

and　we　get

　　　　　　　　　　γ葦（K（X＊1，．一．，X＊5））＝η（θ，γ隻，K、（X芸，．．．，X2））

and

　　　　　η（x，γ隻，K、（X隻1，＿，X隻s））＝η（θ，x，η（θ，K，K、（X芸，．．．，X2）））

　　　　　　　　　　　　　　　　　　　　　　　　　十η（θ，x，孔・K、（X呈，．．．，X；））．

If　we　put　x＝θ，then　we　have（み、K）、（X芸，　，X2）＝O　s1nce（み。X＊ρ）、＝O　as　shown

above・　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　q．e．d．

　　From　th1s1emma　and　Propos1t1on2，we　obtam　the　fo11ow1ng，

　　PR01PosITI0N3　　τκθ¢o附一〇η蛇〃30rτgグ肋θcαηo伽col　coηηθα一〇〃oηα1φな∫P．

100〃0れ抄8伽θg伽打0η

　　　　　　　　　　　　　　　　　　　　（7τ）、＝O

〃肋θ〃κ材θ1θ榊θ〃θ．
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In the following, we describe the curvature R of the canonical connection V of the 

left I.P. Ioop (G. /4) by means of the tangential formulas given in S2. From (_3.1) we 

can show the following 

PROPOSmON 4. The curvature tensor of the canonical connection of a left I.P. 

loop G is given by 

(.3.6) R*(X*. Y*)Z* = n(X*, Y*, Z*) - n(Y*, X*, Z*) 

- n(x, X*, n(x, Y*, Z*)) + n(.x, Y*, ~(x. X*. Z*)) 

- n(x, X*, Y* . Z*) + n(x, Y*, X* . Z*) 

for any tangent vectors X*, Y* and Z* at any point x. 

The expression above of the curvature tensor implies the following 

PROPOsmoN 5. For any X., Y., Z e T(G) set X n(e x X.), Y* n(e x Y) 
and Z~ =n(e, x, Z.). 

Then, 

(3.7) R (X~, Y~)Z*-n(e, x, R (X Y)Z ) 

* * ' ', ' ' =n(X* Y* Z*)-n(Y~, X*, Z ) 
*, ", * 

-n(e, x, n(X., Y., Z.))+n(e x n(Y., X., Z )) 

- n(e, x, T.(X., Y.) . Z.) . 

PROOF. Apply (3.6) for X~, Y~ and Z~･ Then, by using (2.5.4) and (3.4), we can 

easily show the equation. q. e. d. 
REMARK 3. If(G, /1) is homogeneous, then, by (2.4.12) in Remark 1, the right hand 

side of the equality (3.7) vanishes and we have 

(3.8) R*(X~, Y~)Z~ = n(.e, x, R.(X., Y.)Z.) , 

from which we can obtain 

(3 .9) , (V R). = O 
by Lemma given in this section. We have known that the equations V T= O and V R = O 

hold at every point of the homogeneous Lie loop (cf. [7]), which follows also from (3.9) 

and Proposition 3, under the assumption of homogeneity 

We can describe the value at the unit element e for the curvature tensor R as 

follows : 

(3 10) R (X., Y)Z ~-{n(X., Y., Z.) - n(Y., X., Z.) - n(e, T.(X., Y.), Z.)} . 
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In fact, by the formula (2.4.8), we get 

n(X*, Y., Z.) + n(e, Y., (e, X*. Z.)) + n(e, Y., X. . Z.) 

n(e, X., n(.e, Y., Z.))+n(e, X., Y. . Z ) 

n(e n(e X*, Y.), Z.) - n(e, X* . Y~, Z.) . 

This implies (3.10) by evaluating (3.6) at e. In [8], we have considered the en,do-

morphisms dL(Xe' Y.) of the tangent space Te(G) at e, which is derived from the left 

mner mappings L*,y=L*-ylL*Ly of the left I.P. Ioop (cf. (3.19) and (3.20) of [8]). By 

using our notation m this paper, the equation (3.20) and (3.21) of [8] are rewritten as 

follows : 

(3 11) dL(X., Y)Z n(e X Y., Z ) n(e, Ye' Xe 'Z.) , 

+ n(e, n(e, Y., X.), Z.) - n(e, Y., n(e, X*, Ze)) ' 

The following theorem, which has been given in [8] for homogeneous Lie loops, is 

shown now for differentiable left I.P. Ioops : 

THEOREM. Let (G, p) be a differentiable loop with theloft inverse property. The 

torsion tensor Tand the curvature tensor R of the canonical connection of (G, //) are 

given at the unit element e by th.efollowing equatioris; 

(3. 12) T.(Xe' Y.) = dp(X., Y.) - d//( Y., X.) , 

(3 . 1 3) R.(X., Y.)Z. = 2dL(Xe' Y.)Z. 

for any tangent vectors Xe' Y. and Ze at e, where the bili,near operations d//: T.(G).x 

Te(G)->Te(G) and dL: T.(G) x T.(G)~'End (T.(G)) are those introduced in [8j, which 

are deriv~d respectjvely-from the multiplication p and .left inner mapp-ings of (G, p). 

PRooF. Since //(x, y) = n(e, x, y), the equation (3.12) is same as (3.4) 'for x = e. 

As for (3.13), we use the formula (2.4.8) for the eq~ation 

dL(X*, Y.)Ze ~ dL( Y., X.)Z. = n(e, X., n(e, Y., Ze)) 

- n(e, Ye' n(e. X., Ze)) ~ n(e, ~(e, X*. Y.), Z*) 

+n(e, ~(e, Y*, X.), Z*)+~(.e, X*. Y Z ) 

- ~(e, Y., X. . Z.) 

and get 

(3.14) dL(X., Ye)Z.-dL(Y.. X.)Z.=n(X., Ye' Z )+n(e X Y., Z ) 

+ n(,e, ~(e, Y., X.), Z.) . 

The following equation follows from (2.3.5) and (2.4.8) which is equal to a formula 



Remarks on Canomcal Connections of Loops with the Left Inverse Property 

shown by S. S. Chern [5] (cf. Cor. I to Theorem I of L8]); 

(3 . 1 5) dL(X.. Y.) + dL( Y*, X.) = O. 

Therefore, the equation (3. 1 3) is proved by (3. 14), (3. 15) and (3. 10). 
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q. e. d. 
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