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This paper is concerned with a gamonic functional on the space of continuous functions 

defined on the product of two compact Hausdorff spaces. Some componentwise properties of 

the gamonic functional are discussed with its projective gamonic functionals. Symmetric 

properties of the gamonic functional are also studied from the viewpoint of componentwise sum 

and product. A new gamonic functional is generated by means of projective gamonic func-

tionals and a set-to-set mapping. 

Introductiom 

The value of a game may be regarded as a functional of its pay-off function 

N. J. Kalton [3] called this a gamonic functional and established a minimax represen-

tation of it. This paper is concerned with a gamonic functional on a product space 

Such a gamonic functional often appears not only in mathematical programming 
problems but in the theory of capacities (cf. [6]) 

In this paper, some properties of a gamonic functional V on a product space are 

discussed with rts projective gamonic functionals V1 and V2 in S 3･ Symmetric pro-

perties of V are studied in S 4･ For a further study of V, we introduce in S 5 a new 

gamonic functional WA generated by the projective functionals V1 and V2 of V and a 

set-to-set mapping A. In case WA = V, some properties of V may be expressed in terms 

of some properties of the mapping A. Our theory is applied to some useful gamonic 

functionals in S 6. 

S 1. Preliminaries 

Let S be a compact Hausdorff space, Iet R be the set of all real numbers and let 

R+ be the set of all non-negative real numbers. Denote by C(S) the set of all real 

valued continuous functions on S, by C+(S) the subset of C(S) which consists of non-

negative functions, by M(S) the set of all real Radon measures on S of any sign, by 

M+(S) the subset of M(S) which consists of non-negative measures. Let P(S) = 

{A e M+(S) ; ~(S) = 1} and let PP.(.S) be the class of all convex subsets of P(S) which 

are nonempty and vaguely compact 
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DEFlNITION I . I . We say that a real valued functional V on C~S) is gamonic if the 

following conditions are fulfilled 

(1.1) V(f) ~ V(g) whenever f ~~ 9 with f, g e C(S) , 

(1.2) V(f+ a) = V(f) + a whenever fe C(S) and a e R , 

(1.3) V(af) = aV(f) whenever fe C(S) and a e R+ 

Denote by ad[V] the class of all admissible sets C for V, i.e., C e PP.(S) such that 

(1.4) V(f) ~max J fd~ for all fe C(S) . 
A=c 

Let m[V] be the subclass of ad[V] which consists of minimal subsets with respect to 

the inclusion relation. Kalton [3] proved 

THEOREM K. V(f)= min max JC fd~ fol' all feC(S) 
c=~cv] jL~c 

We say that a subclass e[V] of ad[V] is essential for V if 

V(f) = inf max I fd~ for all feC(S) . 
c~.[v] A~c J 

Clearly ad[V] and m[V] are essential for V 

We have 

THEOREM 1.1. The gamonic functional V is sublinear if and only if ad[V] is 

a singleton. 

PROOF. If ad[V] is a singleton, then m[V] is a singleton and V is sublinear by 

Theorem K. Assume that V is sublinear and let feC(S). Then we see by (1.1) that 

V(f) is equal to the value of the following programming problem : 

(1.6) Find inf{V(g); 9 e C(S), g ~f on S} . 

The dual problem to (1.6) can be written as follows : 

Find sup {JC fd~;~eCv} ' (1.7) 

where Cv = {~ e M+(S) ; jC gd~ ~ V(g) for all g e C(S)}. By a duality theorem [7 ; 

Theorem 4] , we have 

J
 

(1.8) V(f)=max { fdh; ~ e Cv} ' 
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Since V(1)=1 and V(-1)= - I by (1.2), we see that Cv e PP*(S), and hence Cv e 

ad[V]. Suppose that there exists C e ad[V] such that C~Cv' Then we see by a 
separation theorem [1; p. 73, Proposition 4] and by (1.8) that there exists fo e C(S) 

such that 

V(fo) = max fod~ >max fod~~V(fo) 

h=c. jL~c 
This is a contradiction. Thus ad[V] = {Cv} 

The adjomt gamonic functional V* of V is defined by 

(1.9) V*(f) = - V( -f) for all fe C(S) . 

Note that V is sublinear if and only if V* is superlinear 

THEOREM 1.2. The gamonic function,al V is superlinear if and only if there 

exists a unique Co e PP.(S) such that 

V(f) =min Jfd~ for all fe C(S) . (1.10) 

A=c* 

In this case ln[V] = {{A} ; ~ e Co}. 

PRooF. Assume that V is superlinear. Then the adjoint gal~10nic functional 

V* is sublinear. By Theorem 1.1, there exists a unique Co e PP.(S) such that ad[V*] = 

{Co}, or equivalently (1.10) holds. The "if" part is clear. Let C e m[V]. If 
C n Co = ~, then there exists fo e C(S) such that 

V(f o) ~ max I fod~ 

jL=c A=c* 
This is a contradiction. Therefore C n Co ~ ~f. Since {~} e ad[ V] for every ~ e Co 

and C is minimal, we see that C is a singleton 

S 2. Projective gamonic functionals 

For a further study of gamonic functionals, we prepare some fundamental notion 

on a product space 

Let K1 and K2 be compact Hausdorff spaces and let S be the product space 

K1 x K2 ' For pi e C(Ki) (i=1, 2), Iet us define the componentwise sum ple)p2 and 

the componentwise product pl Rp2 by 

(pl e p2) (x, J;) = pl(x) + p2(y) , 

(pl R p2) (x, y) = pl(x)p2(y) 
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for　a11（x，γ）∈K1×K2．Then　p1㊥p2and　p1⑧ρ2be1ong　to　C（8）．

　　　Herea丹er　we　a1ways　assume　that　each　of　the　spaces－M（∫）and〃（K、）（1＝1，2）1s

equ1pped．w1th　the　vague　topo1ogy　Letη（1＝1，2）be　the　cont1nuous1mear　trans－

fomat1on血om　M（S）1nto　M（K、）d．eined　by

／・・仰）一／ρ・⑧1仏／・・1（巧！）一／1⑧1・・！

for　auハ∈C（K｛）（7＝1，2）andλ∈〃（∫）．　The血easure4λis　the　projection　ofλonto

Kじ　Letτbe　the1mear　transformat1on　from〃（∫）1nto〃（K1）×〃（K2）deined　by

τλ＝（T1λ，乃λ）forλ∈〃（8）．Note　that　T　is　continuous　and　that町C）∈PP、（Kう）

foreveryC∈PP。（∫）．

　　Forμ、∈P（K、）（一＝1，2），1et　us　deineμ1⑧μ2by

／〃（μ・⑧μ・）一／舳ゴμ榊・（1）

for　every∫∈C（∫）（c£［2］）．For　Ci∈PP。（Kε）（ゴ＝ユ，2），denote　by　C1⑧C2the　c1osed

convex　hu11of　the　set｛μ1⑧μ2；μ二∈Ci（ゴ＝1，2）｝．

　　Weprepare

　　　LEMMA2．1．Lαq∈PP、（Kf）（ゴ＝1，2）．η肥ητ（C1⑧C2）＝C1×C2．

　　PR00F　Letλ∈C1⑧C2　Incaseλbe1ongstotheconvexhu－111）oftheset｛μ1⑧
μ2；με∈q（オ：1，2）｝，there　existμ；ブ）∈Cεandα1∈R＋（ゴ＝1，2；ブ＝1，＿，〃）such　that

　　　　　　　　　　　　　　　　　〃　　　　　　　　　　　　　　　　　　　　　　　　　　　　　〃
（2・1）　　　　　　λ＝Σoブ（〃）⑧〃））and一Σαブ＝1．
　　　　　　　　　　　　　　　　ブ＝1　　　　　　　　　　　　　　　ノ：1

Since　Cεis　convex，we　have

　　　　　　　　　　　　　　　　　　　”　　　　　　　　　　　　〃
　　　　　　　　　　　　　　Tλ＝（Σoノμ三ゴ），Σαゴμ隻ゴ））∈C1×C2．

　　　　　　　　　　　　　　　　　　プ＝1　　　　　ゴ：1

In　the　genera1case，there1s　a　net｛λ、｝m1）wh1ch　con▽erges　vague1y　toλ　S1nce　T1s

contmuousandC1×C21svague1ycompact，wehaveTλ∈C1×C2　ThereforeT（C1⑧
C2）⊂C1×C2　0ntheotherhand，forevery（μ1，μ2）∈C1×C2，wehaveμ1⑧μ2∈C1⑧

C2andτ（μ1⑧μ2）＝（μ1，μ2）　Therefore　C1×C2⊂τ（C1⑧C2）

　　LEMMA2．2．　Lαq∈PP、（Kf）αη∂ハ∈C＋（Kε）（ゴ：1，2）．　丁加η

剛／・・⑧…！・！1・・⑧・・1一（農予／・・ψ）（鷲ξ／・・伽）

　　PR00F．　Letλ∈C1⑧C2．　In　caseλbe1ongs　to　the　set1）deined　in　the　above

pro〇二it　can　be　wri晦n　in　thρform（2．1），so　that
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C
 

p Rp d~ ~ aj plRp2dl/~J)dl/(2j) =j~~1 aj j pldl/(j) ) P2dl/(2j) 

2 " J jl = j=1 
~ (max ) pld//) (max ) p2dv) . 

1 " = c2 It=c 

In the general case, there exists a net {~.} in D which converges vaguely to h. 

we have 

Then 

plRp2dA=1im plRp2d~.~(max pld/1)(,~=acX JC p2dv) , 

p=c* 

and hence 

max { JC plRp2d~; ~ e ClR C2} ~ (pm~acX ) Pldp) (max ) p2dv) . 

* ~=c. 
The converse inequality follows from the fact that C1RC2 contains the set {//1Rp2; 

Pi e Ci (i= 1, 2)}. 

We can easily prove 

THEOREM 2.1. Let V be a gamonic functional on C(S) and define functionals 

Vi on C(Ki) by 

(2 . 2) V1(pl)=V(plR1) and V2(p2)=V(1Rp2) 

for pi e C(Ki)(i=1, 2). Then each Vi is gamonic on C(Ki). 

We call V1 and V2 the projective gamonic functionals obtained from V. Note 

that the class {Ti(C) ; C e m[Vi]} rs essential for Vi. 

S 3. Compomentwise sum and product 

Hereafter we shall be concerned with some relations between a gamonic functional 

V on C(S) and its projective gamonic functionals V1 and V2 from the viewpoint of the 

componentwise sum and product. Let us consider the following relations 

(CS) V(plep2) = V1(pl) + V2(p2) whenever pi e C(Ki) (i = 1, 2), 

(CSL) V(pl~p2) ~ V1(pl) + V2(p2) whenever pi e C(Ki) (i = 1, 2), 

jCSR) V(pl~p2) ~ Vl(pl)+V2(p2) whenever pi e C(.Ki) (i = 1, 2), 
whenever pi e C+(Ki) (i = I , 2) , (CP) V(pl R p2) = Vl(pl) V2( p2) 
whenever pi e C+(Ki) (i = I , 2) , (CPL) V(plRp2) ~ V1(pl)V2(p2) 
whenever pi e C+(Ki) (i = I , 2) . (CPR) V(plRp2) ~ V1(pl)V2(p2) 

First we show by examples that any one of the abQve rel~tions dQ~s no. t hQld In_ 

general , 
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　　ExAMPLE3．1．　Let　K1＝K2＝｛xi，x2｝and　d－eine　p工andρ2by　p1（x1）＝ρ2（x2）＝1

and　p1（x2）＝ρ2（x1）＝O　For　C∈PP、（8），we　cons1der　the　gamon1c　funct1ona1

γ（∫）一剣μ…∫1・（・）・

Thisγis　sub1inear　by　Theore血1．1．　In　case　c＝｛λ∈P（∫）；λ（｛x1，x2）｝）：1／4｝，we

ha▽eγ1（P1）＝篶（P2）二1，γ（P1㊥P2）＝5／4and一γ（ρ1⑧P2）＝1／4，and－hence（csL）and

（cPL）do　not　ho1d．　In　case　c＝｛λ∈P（∫）；λ（｛（x2，x1）｝）＝1／2｝，we　have　γ1（P1）：

乃（ρ2）＝1／2andγ（P1⑧P2）＝1／2，and　hence（cPR）does　not　ho1d．

　　　ExAMPLE32　　Let　K．andρ，be　the　same　as1n　Examp1e31and　de丘ne　γ（∫）for

∫∈C（8）by

　　　　　　　　　　　　　　γ（∫）＝㎜n｛（∫u＋∫1。）／2，（∫12＋ア。。）／2｝，

whereん二∫（x、，xJ）　Thenγ（∫）1s　gamon1c　andγ1（Pi）：篶（P2）＝1／2andγ（P1㊥P2）：

3／2，and－hence（csR）does　not　ho1d

　　　Webegmw1ththere1at1onbetween（CS）and（CP）

　　　THE0REM31　（CPL）（γε∫p（CPR））一醐pZ肥s（CSL）（rεΨ（CSR））

　　　PR00F．　Assume　that（CPL）ho1d－s　and1et篶∈C（K｛）（ゴ＝1，2）．　First　we　consid－er

the　case　whereハ∈C＋（Kε）（ゴ＝1，2）．　For　anyα∈R＋withα≠O，we　have　by、（CPL）

　　　　　　　　　　γ（（卯1＋1）⑧（αp2＋1））≧γ1（αp1＋1）吟（αp2＋1）．

Weha▽eby（1．2）and（1．3）

　　　　　　　γ（（αp工十1）⑧（αρ2＋1））＝αγ（α（P工⑧P2）十（P1㊥P2））十1，

　　　　　　　γ。（oハ十1）吟（αρ。十1）＝α2γ。（ρ。）吟（ρ。）十〇［γ。（P。）十乃（P。）］十1，

so　that

（3．1）　　一γ（op1⑧P2）十（P1㊥P2））≧oγ1（P1）乃（P2）十γ1（Pi）十篶（P2）．

Letわ、：max｛p。（8），3∈K、｝（1＝1，2）　Then　we　have　by（11）

　　　　　　　　γ（P1㊥P2）くγ（卯1⑧P2＋（P1㊥ρ2））≦肋ψ2＋γ（P工㊥P2），

…F・…γ（・ρ・⑧…（・・㊥・・））→γ（岬・）…て・…1・t｛i…→・i・（・・1）・．…

obta1nγ（ρ1㊥p2）≧K（pヱ）十吟（ρ2）　Next　we　cons1der　the　genera1case　Let　o、：

mユn｛ρ、（8），8∈K。｝（7＝1，2）　Then　prα、∈C＋（K、）and．

　　　　　　　　　　　　γ（（ρrω1）㊥（ρ2一α2））；≧γi（Prαユ）十吟（P2一α2）

by　theめove　ob§crwtion・Since（2rαユ）㊥（P2－02）：乃㊥p2一（αユ十02），we　see，by
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（12）・h・け（P、㊥P、）≧帥、）十肋。）N・m・1y（CSL）h・1d・Sm・1・・1ywecan

prove　that（CPR）1mp11es（CSR）

　　　C0R0LLARY．　（CP）7肋pZ肥s（CS）

　　　Ifγ。。11。。。。，th。・（CS）h・1d・Ifγ・…b1・・…（…p・・p・・1・・…）・th・・（CSR）

（resp（CSL））ho1d－s　More　generauy　we　have

　　　THE0REM32　丁加∫o〃ow〃θcoη∂肋o〃一㎜p1ユθ8（CSR）

（3．2）F・・鮒γC、∈柵］（1－1，2），C。・C…伽肋Mηε1θ1η・η〃τ（・∂［γ］）・

　　　P。。。。．L．tp、∈C（K、）（f－1，2）．’F・…yε＞0，w・…丘・dC1帥m…hth・t

（3．3）

for　｛：1，2．

舳・1・膿かμ

By（32），th・・・・…t・α∈αd［ア］…hth・tC・・C・⊃τ（α）…th・t

肋・）・舳・）・・1・鰐／・・11・妙・伽

　　　　　　　　　　　一…／／脇妙・（μ・・）1・・…／

　　　　　　　　　　　・…／／岬μ・；（μ・・）1τ（・’）／

　　　　　　　　　　　・鷲／・・㊥・・泓・γ（脇）・

Thusγ1（p1）十吟（p2）十2ε＞γ（p1㊥ρ2），and　hence（CSR）ho1ds．

　　　R醐ARK31Ifγ。。。。b1・・…，th・・…d・t1・・（32）・・f・1丘11・d　I・f・・t…y・n・

of　o6［γ］and一㎜［篶］（一＝1，2）1s　a　s1ng1eton　by　Theore＝m11

　　　It。。。。・11y・…i・dth・t…th・・（CPR）…（CPL）h・1d・・・…fγ・・1m…　W・h…

　　　丁肥0REM33　4アγ一8〃ηθ〃，肋εηα〃γoηθρグ（CPR）o〃（CPL）一㎜p1脇（CP）

　　　PR00F．　Ifγis1inear，thenα∂［γ］＝｛｛λ｝｝withλ∈P（∫）・　Letτλ：（μ・v）・　Sup－

pose　that（CPR）ho1ds　Then

／ρ紬・／榊μ⑧・）

f。。。11p∈C・（K、）・・dg∈C・（K、）L・t∫∈C（町F・…yε・0・・h・・・・…tp・∈C（K1）

、、・。、、・（K、）（1－1，．．．，η）…ht・・tl∫（・，γ）一圭（鰍ε）（・，γ）1・1・h∫（・・［・1）・

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ト1
We　can　ind　a卿mb⑪r〃螂h・thatハ十〃一∈C＋（Kユ）and公十I〃∈C＋（K2）for　a1け
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／榊！－／l（肘・）⑧（・f＋・）一・（蝋）一榊

　　　　　　一／（ハ・・）⑧（肘・）・一・／・iψ一小ト・・

　　　　　　・／（肘・）⑧（州1（μ⑧・）一小舳1⑧・）一・・

　　　　　　一／ρ舳μ⑧・）・

It　fo11ows　that

1〃一ε・羊／榊！・差／1i榊⑧・）・／・（1⑧・）・1

so　that

／〃・1〃（μ⑧・）・

Sm・・∫1…b・t…y・w・・…1・d・th・tλ一μ⑧・Th・・γ・・t・・i・・（CP）S・m・1・・1yw．

can　prove　that（CPL）1mp11es（CP）

　　　C・・・・・・…Lθげわθ1肋ε〃〃山θM［γ］一1｛λ／／αη〃λ＝（μ，ソ）．肋〃

80〃功ε3（CP）びα〃o〃γびλ＝μ⑧v．

　　　THE0REM3・4・　ηκノb〃ow肋g　coη♂肋oηf閉ρ〃ω（CPR）：

（3．4）　　　　　C1⑧C2∈o∂［γ］　∫orωcll　C、∈㎜［κ］（f＝1，2）．

　　　PR…　L・tρ1∈C＋（K・）（1－1・2）F・…yε＞O，w・…i・dC、∈・・［κ］（1＝1，2）

wh1ch　sat1sウ（33）　Wehaveby　Lemma22and（34）

（舳・）・1肌（ρ・）・1）・（胆11／〃1）（鷲小伽）

　　　　　　　　　　　　　一…／／ρ1⑧ρ・∂／；！1・。⑧・。／

　　　　　　　　　　　　　　　　　　　　　　　≧γ（P工⑧P。）．

Thus（CPR）ho1ds

　　Weseeby　Lemma21that（34）mp11es（32）

　　丁亘E0REM35　　τ加ノb〃owσ附σcoκ∂肋o〃　一肋p1昭δ（CPL）。
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(3.5) For every Ce m[V], there exist Cf ead[Vi](i=1, 2) such that C1RC~cC 

PROoF. Let pi e C+(Ki) (i=1, 2). For any 8>0, there exists C e m[V] such that 

C
 

V(pl R p2) + e > mA~acX ) pl R p2d~. 

We can find Cf e ad[Vi] (i=1, 2) such that CiRC~cC by (.3.5). It follows from 

Lemma 2.2 that 

max j plRp2d~~max {j(' p Rp d~ ~e C RC2} 

A~c 

= pld/t) (max CJ p2dv) ~ V1(P1)V2(P2) ' J
 

(max 

u=ci vec~ 
Thus V(pl Rp2) + 8> V1(pl)V2(p2)' and hence (CPL) holds. 

S 4. Symmetric properties of V 

In the case where Kl = K2 = K, we consider the following symmetric properties of 

V: 

(SYS) V(plep2) = V(p2~pl) whenever pi e C(K) (i = 1, 2), 

(SYP) V(plRp2) = V(p2Rpl) whenever pi e C(K) (i = I , 2). , 

(SY) V(.f) = V(f) whenever feC(K) , 

where fe C(S) is defined by f(x, y) =f(y, x) for all x, y e K. 

Obviously (SY) implies (SYP). By the analogous reasoning to the proof of 

Theorem 3.1, we can prove 

THEOREM 4.1. (SYP) implies (SYS) 

We show by the following example that (SYS) does not imply (SYP) in general 

EXAMPLE 4.1. Let K={xl, x2' x3]'. Denote by 8ij the unit point measure at 

(xi, xj) e S and by 8j the unit point measure at xi e K. Let us consider the gamonic 

functional V defined by 

V(f)=jfd~ with ~=(1/4)(ell+813+821+832)' 

Then T~=(/d:, v) with ,l = v = (1/2)81 + (1/4) (82 + 83). We see easily that (SYS) holds. 

On the other hand, Iet p and q be the functions defined by 

p(xl) = 1, p(x2) = p(x3) =0; q(x2) = 1, q(xl) = q(x3) =0. 
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Then　we　ha▽eγ（P⑧2）＝oく1／4＝γ（q⑧P）　Name1y（sYP）does　not　ho1d

　　　Smcep⑧1＝2㊥Ofor　a11p∈C（K），wehave

　　　THE0REM42　互（SYS）んo〃5，肋θηK（P）＝乃（P）力rα〃p∈C（K）

　　　In　order　to　obtain　a　su舐cient　condition　for（SYS），1et　us　putρθp＝p㊥（＿p）for

ρ∈C（K）．Wehave

　　　THE0REM43　λ8舳〃っθ肋〃γ（pθρ）＝O力γα〃ρ∈C（K）　4γ18醐舳ηθ〃or

∫〃ρε〃肋θ〃，肋εηγ30打功θ8（SYS）．

　　　PR00F　Letγbe　sub11near　and1etρ、∈C（K）（ド1，2）　Puげ＝p、㊥p、，g＝ρ2㊥p，

and1τ＝∫＿σ．Then乃＝p1θp1＋（＿p2）θ（＿p2）and一

　　　　　　　　　　　　　　γ（ん）≦γ（P1θP1）十γ（（一ρ2）θ（一ρ2））：O，

so　that

　　　　　　　　　　　　　　　γ（∫）＝γ（σ十ん）≦；γ（9）十γ（ゐ）≦γ（σ）．

By1nterchangmg　the　ro1e　ofρ1and　p2，we　obtamγ（9）≦γ（∫）　Thusγsat1s丘es（SYS）

In・…γ・…p・・1m…，・t・u舐…t…t・th・げ（乃）≧O

　　Now　we　study　property（SY）　Forλ∈〃（∫），d－eineλ∈〃（8）by

　　　　　　　　　　　　　　　　1〃え一／伽・…11∫1・（・）・

For　C∈PP、（8），put　C＝｛λ；λ∈C｝．　Then　C∈PP、（∫〉

　　　We　have

　　　THE0REM44　　（SY）んo〃sびo〃∂o〃yぴC∈o∂［γ］ノbrωθリC∈榊［γ］

　　　PR00F　Assume　that　C∈o∂［γ］f；or　e▽ery　C∈1η［γ］　Let∫∈C（8）　For　any

ε＞O，there　ex1sts　C∈肋［γ］such　that

γ（∫）十ε＞鷲∫μ

We　have

鷲・1μ一…／／伽・！16／・γ（爪

so　thatγ（∫）≧γ（∫）．　By　rep1acing∫byヱwe　hayeγ（∫）≧γ（∫）．　Thus（SY）ho1ds．

O・呼・th・・h・・d・…m・th・t（SY）h・1d・S・pP…th・tth・・・・…t・C∈榊［γ］…h

that　Cφα∂［γ］　Then　we　can丘nd∫o∈C（8）such　that
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…／！〃！；／1δ／く舳・

S1nce　C∈榊［γ］，we　have

…／／〃！・！1δ／一鷲・／〃え一鷲・1五1／・γ（元）一舳）

Th1s1s　a　contrad1ct1on　　Thus　C∈o∂［γ］for　every　C∈閉［γ］．

　　C0R0LLARY　工勿γ加8泌〃鵬〃伽∂α∂［γ］：｛C｝　丁加ηγ8α幻功ε8（SY）ヴoη6

○吻ぴC：C，

　　In　caseγ1s11near，（SYP）1血p11es（SY）　In　the　genera1case，we　do　not　know

whether（SYP）imp1ies（SY）or　not．

　　§5。在C⑫蛆⑪及雄孟⑪囲⑪fザ。細週ザ。

　　Le岬betheprqect1vegamon1cf㎜ct1ona1s　on　C（K、）obtamed趾〇二mγ　Weshan

constmct　a　new　gamonic　functiona1on　C（8）旋o血γ1and乃．

　　LgtλbeasetOt・’s・tm・pPi・gf・・m剛K・）×PP・（K・）i・t・fp・（8）・i・…λ（C・・

C2）∈アP。（8）for　each　C、∈PP。（K、）　Denote　by〃一（λ）and　o（λ）the1mages　of醐［γユ］×

ηつ［ら］andα∂［γ1］×o∂［篶］under／4respect1ve1y，1e，

　　　　　　　　　　　　　1η（λ）：｛λ（C1，C2）；Cε∈榊［K］（ゴ：1，2）｝，

　　　　　　　　　　　　　o（λ）竈｛λ（C1，C2）；C｛∈α∂［κ］（う：1，2）｝．

　　Let　us　de丘ne　a　funct1ona1”（∫）on　C（8）by

（ユ1）　　　舳一、蝋、鷲・1μ

Then1t1s　eas11y　seen　that吻1s　gamon1c　on　C（8）。We　cau仙anλ一convo1ut1on　of

γ1and吟．

　　We　say　thatλ1s血onotone1f　C、，C；∈PP、（K、）and　C…⊂C、（ド1，2）1＝mp1yλ（q，

Cら）⊂λ（C1，C2）　Ifλ1s　monotone，then　we　have

（ユ・）　舳一、筑、票箸／〃！・・…∫1・（・）・

Here枇er　in　this　section，we　a1ways　assu皿e　that∠is　monotone．Let　us　study　the

re1at工ons　betweenγ（∫）and肌（∫）．

　　丁亘E0REM5．1．　τ乃θ肋θg〃o肋γγ（∫）≦；W㌃（∫）んo〃5プbグo11∫∈C（∫）ぴoη∂o〃γヴ

∠ω械θ∫伽〃10W物C0〃肋ゴ0〃：

（53）　　　　　　λ（C1，C2）∈o♂［γ］　　力rω〃γ　Cε∈伽［κ］（一；i，2）．
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　　PR00F　　Ifλsat1s丘es（53），then1η（λ）⊂o∂［γ］，so　thatγ（∫）≦；Wン（∫）for　a11∫∈

C（8）　On　the　other　hand，assume　thatλdoes　not　sat1sfy（53）　Then　there　ex1sts

Co∈1η（λ）such　that　Coφ〃口7］　We　can丘nd九∈C（8）such　that

舳）・鷲葦／〃／・舳・）・

　　　Wecaneasi1yprove

　　　THE0REM52　　τ1κ閉θα〃α肋γγ（∫）≧Wン（∫）1－oZゐ力r　o〃∫∈C（∫）びλ80加功εs

伽∫0〃0W肋gC0π♂肋0η：

（5．4）　ForωぴγC∈榊［γ］，〃κ陀孤オ並C；∈α∂［K］（ゴ＝1，2）舳c11肋αλ（C三，Cら）⊂C．

　　　THE0REM5．3．　τ加加θg〃o肋γ　γ1（P）≦”（ρ⑧1）1101ゐ∫brα〃p∈C（K1）ぴo〃∂

0ψび心伽伽3伽∫0〃0W肋gC0η肋f0η：

（5．5）　　　T。（λ（C。，C。））∈〃［γ。］　伽α〃q∈榊［κ］（ゴニ1，2）．

　　　丁朋0REM54　丁加閉θ〃o1仰γ1（p）≧”（p⑧1）1－o1ゐ力r　o〃ρ∈C（K1）びλ

3〃械θ8伽∫0〃0W肋gC0η伽10〃：

（5．6）ForωθリC。∈醐［γ。］，伽γθ孤赦q∈o∂［巧］（f＝1，2）舳c乃肋〃T。（λ（q，

Cら））⊂C1．

　　Next　we　are　concemed　w1th　the　fonowmg　re1at1ons　forthe　componentw1se　sum　and

product　as　in§3：

（WCS）　W㌃（P1㊥ρ2）：ザ1（P1）十篶（ρ2）

（WCSL）吻（ρi㊥ρ2）≧γ1（ρ1）十篶（P2）

（WCSR）灼（ハ㊥ρ2）≦γ1（ハ）十篶（ρ2）

（WCP）　吻（ρ1⑧P2）＝γ1（P1）吟（P2）

（WCPL）吻（P1⑧P2）≧γ1（ρ1）乃（P2）

（WCPR）吻（ρ1⑧P2）≦γ1（P工凡（P2）

whenever　ハ∈C（Ki）（ゴ＝1，2），

whenever　ρf∈C（Kf）（8＝1，2），

whenever　乃∈C（Kf）（ク＝1，2），

whenever　ハ∈C＋（K｛）（ゴ＝1，2），

whenever　ハ∈C＋（K三）（左＝1，2），

whenever　ハ∈C＋（Kf）（ゴ：1，2）．

　　By　the　same　reason1ng　as1n§3，we　can　prove

　　THE0㎜M二55　（WCPL）（閉ρ（WCPR））一岬1閉（WCSL）（閉p（WCSR））　肋
po肋〃〃，（WCP）f1ηψθ8（WCS）．

　　丁肥0R醐56　（WCSR）110〃8ぴ＾伽拠3伽〃1ow1〃g　co〃肋一〇η

（5．7）　万bグωθびCj∈閉［κ］，肋θrθθ切鉗C；∈αd［κ］（ゴ＝1，2）舳61一肋〃τ（∠（C壬，Cら））⊂

C1×C2．

　　T＝肥o朗M’5．7．（WCPR）〃o1ゐび＾伽械θ∫伽〃1ow1ηg　co〃肋o〃二
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(5.8) Fol' every Ciem[Vi], there exist C; e ad[Vi](i=1, 2) such that A(C1. C~)c 

C1 R C2 ' 

THEOREM 5.8. (WCPL) holds ifA satisfies thefollowing condition 

(5.9) Fol' every Ciem[Vi], thel'e exist C; e ad[Vi](i=1, 2) such that CiRC~c 

A(C1, C2)' 

As applications of Theorems 5.5, 5.6 and 5.7 and Lemma 2.1, we have 

PROPOsmON 5.1. Let A(Cl, C2)=C1RC2 fol' Ci e PP.(Ki)(i = 1, 2). Then A is 

monotone and (WCP) /70lds. 

PROPOsmON 5.2. Let A(Cl, C2)= T-i(CI x C2) for Ci ePP.(Ki)(i= 1, 2). Then 

A is monotone and (WCS) and (WCPL) hold. 

S 6. Applicatious 

In this section, we recall several useful gamonic functionals on a product space 

in mathematical programming or in potential theory and apply our theory to them 

AppLIC.ATION 6.1. Transportation problem 

Let c(i e P(Ki) (i=1, '_) be fixed. The value V(f) (feC(S)_) of the contmuous 

transportation problem due to Kantorovich [4] is defined by 

(6.1) V(f)= inf {)C fd~ ; ~ e P(S), TA =(ocl, c(2)} 

It is easily seen that V is gamonic on C(S) and its projective gamonic functionals are 

given by 

(6 . 2) j Vi(Pi)= pidoci for pi e C(Ki)(i=1, 2) . 

Let us put C(ocl, oc2) = {)･ e P(S); T~=(cel' cc2)}' Since V is superlinear, we see by 

Theorem 1.2 that m[V] = {{~} ; ~ e C(_oel, cc2)}' (CRP) holds by Theorem 3.4. However 

(CPR) does not hold in general. For the adjoint V* of V, we have ad[V*] = {C(.ocl' c(2)}' 

In case K1 =K2 and ocl=0c2, we have C(ocl' oc2) = C(oel' oc2)' We obtain by Theorem 

4.2 and Corollary of Theorem 4.4 

PROPOSITION 6.1. Aussme that K1=K2' Then (SY) holds if and only if 

ocl = oc2' 

AppLICATION 6.2. Contmuous game 

The minimax value V(f) (fe C(S)) of the contmuous zero-sum two-person game 
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1s　de丘ned　by

（6．3） γ（∫）一、挑、、聡、／l（w）榊・（1）

It1s　easy　to　see　thatγ1s　gamon1c　on　C（S）and．that

肋1）一、聡、／〃μ一欝・・（・）・

肋・）鳩、／ρ・加一膿ρ・（1）

Note　that　the　c工ass｛P（K1）⑧ω；v∈P（K2）｝is　essentia1forγand　that〃［γ1］＝｛P（K1）｝

and榊［Uら］：｛｛v｝；v∈P（K。）｝．

　　　Deine　a　set－to－setmappingλ缶〇二m　PP、（K1）×PP。（K2）into　PP。（8）byλ（Ci，C2）＝

C1⑧C2．Then舳（λ）＝｛P（Kエ）⑧｛v｝；v∈P（K2）｝and　theλ一convo1ution　W㌃（∫）of

γ1and一乃is　equa1toγ（∫）for　e▽ery∫∈C（8）．

　　　APPLIcATI0N63　Potent1a1－theoret1c　gaInon1c　funct1ona1

　　　Let　K1＝K2曽K　and　denote　by∫μthe　support　ofμ∈P（K）．　For∫∈C（∫），1et　us

cons1der　the　fo11owmg　mm1max　va1ueγ（∫）wh1ch1s　re1ated－to　a　c盈pac1ty1n　potent1a1

theory（c£［6］）：

（6．4）
γ（∫）一蝶、票欝∫ブ（W）d・（γ）

　　　一畿、、聡、∫狐γ）∂μ（・）d・（γ）

It1s　eas11y　seen　thatγ1s　gamon1c　on　C（8）and　that

帥）一帥）一、蝋、、／・φ・…1・（・）・

遇y　Ohtsuka’s　theorem［5］，we　see　that（SY）ho1ds

　　　Let　us　cons1der　the　pomt－to－set血appmg　F杜om　P（K）1nto　PP、（K）de丘ned　by

F（μ）＝P（∫μ）　Then　F1s　a　conyex　mapP1ng，1e，

　　　　　　　　　　　　　　　　αF（μ）十（1－o）F（Ψ）⊂F（oμ十（1－o）v）

for　a11μ，v∈P（K）and　o∈R，0≦α≦1　Deine　a　set－to－set血appmgλ血om　PP。（K1）×

一P戸。（K2）1nto　PP。（s）byλ（c1，c2）＝F（c3）⑧c3w1th　c3：（c1＋c2）／2，where　F（c3）

denotes　the　c1osure　of　F（C3）1n〃（K）w1th　respect　to　the　vague　topo1ogy　Then　we

have榊（∠）＝｛F（μ）⑧｛μ｝；μ∈P（K）｝and　theλ一convo1ution吻（∫）ofγ1and吟is　equa1

toγ（∫）for　a11∫∈C（8）　Smceλsat1s丘es　cond1t1on（59），（CPL）ho1ds
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AppLICATION 6.4. Quadratic gamonic functional 

Let K1 = K2 = K and consider the value V(f) (fe C(S)) of the following quadratic 

programming problem : 

(6.5) V(f) = min J f(x, y)d//(x)dp(y) 
p=P(K) 

This is also related to the energy capacity in potential theory (cf [6]) Cleally V rs 

gamonic on C(S) and 

C
 V (p) V2(p) = min I pd// for p e C(K) . 

peP(K) J 

Define a set-to-set mapping A from PP.(K1) x PP.(K2) into PP.(S) by A(C1' C2) = 

C3RC3 with C3 =(C1+C2)/2. Then we see that m.(A)={{//R/t} ; p e P(.K)} and 
WA(f) = V(f) for all fe C(S). Since A satisfies condition (5.9), (CPL) holds. It is 

easily seen that (CSR) does not hold. 
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