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The class of Lie triple algebras comtains Lie algebras and Lie triple systems as special classes. 

Therefore, the study of Lie triple algebras may meed to generalize various comcepts iu the theory 

of Lie algebras and Lie triple systems to those in Lie triple algebras. Ih this paper, we try to 

introduce the concept of solvability of Lie triple algebras (S 1), although their detailed properties 

are not yet foumd satisfactorily. We show that both of the standard enveloping Lie algebra and 

ipner derivation algebra of a Lie triplle algebra g are solvable if g is solvable. In S 2, the existence 

of the radicau of Lie tripne algebras is shown and some results about selni-simple Lie triple 

algebras are given, under the solvability introduced in S I . The general theory of Lie triple 

algebras seems to play an important role in the theory of analytic homogeneous systems since 

it is proved in [1] that every connected and simply connected analytic homogeneous system is 

characterized by its tangent Lie triple algebra. 

S 1. Solvability of Lie triple algebras 

A Lie triple algebl'a (or a general Lie triple system in [3], [4]) g is a vector 

space over an arbitrary field with a bilinear map denoted by X Y of g x g into g and 

a trilinear map denoted by D(X, Y)Z of g x g x g into g satisfying the following axioms 

(i) XX = O, (ii) D(X, X) = O, (iii) ~;{(.X Y)Z + D(X, Y)Z} = O (~; denotes the cyclic sum 

with respect to X, Y, Z.), (iv) ~;D(XY, Z) = O, (v) D(X, Y) (ZW) = (D(X, Y)Z)W+ 

Z(D(X, Y) W), (vi) [D(X, Y), D(Z, W)] = D(D(X, Y)Z, W) + D(Z, D(X, Y)W) for X, 

Y, Z, W in g, where D(X, Y) is an endomorphism of g called an innel' derivation of 

g. In the following we assume that g is a finite dimensional Lie triple algebra over a 

field of characteristic zero. The standard enveloping Lie algebra of g is the Lie 

algebra ~D~1 = g~D(g, g)1) with the bracket operation ; [X, Y] = X Y+ D(X, Y), [U, X] 

= UX = - [X, U], [U, V] = UV- VU for X, Ye g and U, VeD(g, g), where D(g, g) 

denotes the Lie algebra of endomorphisms of g consisting of all inner derivations and 

is called the inner derivation algebra of g. By definition of the bracket operation of 

~~, D(g, g) is contained in ~T as a Lie subalgebra. A Lie triple algebra g is said to be 

1'educed to Lie algebra if D(g, g) = O. If g is reduced to Lie algebra, then g is a Lie 

algebra with [X, Y] = X Y. A Lie triple algebra g is said to be reduced to Lie triple 

system if gg = O. In this case, g is a Lie triple system with [X, Y, Z] = D(X, Y)Z 

1) For two vector spaces A and B, we denote by A~)B the direct sum of A and B and by A +B the 

vector space spanued by A U B. 
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If gg=0 and D(g, g) = O, g is called an Abelian Lie triple algebra. An ideal b of a Lie 

triple algebra g rs a Lie triple subalgebra of g satisfying g~ c b and D(g, b)g c b ･ If 

b is an ideal of g, then by (iil) of the axioms for Lie triple algebras, D(g, g)b c b is 

assured, that is, ~ is an invariant Lie triple subalgebra of g 

For an ideal ~ of g we define Lie triple subalgebras b(i) (i=0, 1, 2, . . .) inductively 

as follows : 

b(o)=b, ~(1)=~~+D(g, b)b, 

b(i+1) =b(i)~(i) +D(b, b)b(i) + D(g, ~(i))b(i)-

PROPOSITION 1. For each ideal ~ of g, ~(i)'s form. a chain. b=~(o)Db(1)::) 

::)b(i)D~(i+1)D ... of invariant Lie triple subalgebras of g such that each b(i+1) is an 

ideal ofb(i) and that the quotient Lie triple algebra b(i)/b(i+1) is Abelian. 

PROOF. The relation b(,+1)c~(,) is clear from their construction. Since 
b(i)b(i+1)cb(i)b(i)cb(i+1) and D(.b(i+1), b(i))b(i)cD(g, b(i))~(i)c~(i+1) hold, we see 

that ~(i+1) is an ideal of b(i) and that each b(i) is a Lie triple subalgebra of g. By 

induction on i it is easy to show that each b(i) is an invariant subalgebra. The quo-

tient Lie triple algebra b(i)/~(*+i) is Abelian because of the relation b(t)~(i)+D(~(i), 

b(i))b(i)cb(i+1). q. e. d. 

For an ideal b of g, set ~3 = beD(g, b)･ Then ~3 is an ideal of the standard en-

veloping Lie algebra ~~ = g~)D(g, g) of g generated by ~･ Now, put ~3i=b(,) + D(b, ~) 

+D(g, b(i)) for i=0, 1, 2,... . 

LEMMA l. Th,e chain ~;=~30D~;1D･･･D~3i:)~3i+1D"' is a chain of Lie 
suba.lgebras of 2T such th,at each ~3i+1 is an ideal of ~3i. In fact the following rela-

tions hold for i=0, 1, 2,... ; 

(1) [~5i, ~5i] c ~3i+ 1' 
Moreover, tf the i-th derived ideal of the Lie algebra ~5 is denoted by :~(i), the fol-

lowing relations hold for i=0, 1, 2,... ; 

(2) ~3(i) c ~;i. 
PROOF. The inclusion relation ~3i+1c~3i rs clear from the definition of ~3i's 

The relation (1) is shown as follows : 

[~5i, ~3i] cb(i)b(i) +D(~, b)~(i) + D(g, ~(i))b(i) 

+D(~(i), ~(i))+ [D(~, ~), D(b, b)] 

+ [D(~, b), D(g, b(i))] + [D(g, b(i)), D(g, b(i))] 
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cb(i+1) +D(b, ~)+D(g, D(b, b)b(i)) +D(g, D(g, b(i))~(i)) 

c b(i+1) +D(~, b) + D(g, b(i+1)) = ~i+ 1' 

The relation (2) is shown by induction on i : For i = 1, we get ~;(1)=[~3, ~] = [b 

~D(g, b), ~~)D(g, b)] c bb + D(g, ~)~ + D(b, b) + [D(g, b), D(g, b)] c ~(1) + D(b, b) + D(g, 

b(1))=~31. Suppose that ~5(~)c~3i holds. Then ~3(i+1)=[:~(i), ~3(i)] c [~3i, ~i] c 

i~i+1 is obtained by (1). q. e. d. 

LEMMA 2. For each ideal b of g, i-th derived ideal D(i)(b, I)) of the Lie a,lgebra 

D(~, b) satisfies the following ; 

D(i)(b, b)c ~. D(~(k), b(i-k)), i= 1, 2,... . (3) 

o~k~~ 

PROOF. The following relations hold for non-negative integers k, I and m ; 

(4) D(b(k), b(1))b(~) c b(~+1). 
In fact, the left hand side of (4) is contained in D(~, b)~(~). We show the relation 

(3) by induction on i : For i = 1, D(1)(b, ~) = [D(b, b), D(b, b)] c D(b, D(~, ~)b) c 

D(b, b(1)). Suppose that (3) holds for a positive integer i. By using (4) and axioms 

for Lie triple algebra we get the following relations ; 

D(i+1)(~, b)c[ ~ .D(b(k), b(i-k)), ~ . D(b(~), ~(i-~))] 

0
c ~ . ~ . {D(D(b(k) b(* k))b(~) b(* ~)) 

o~k~~ o~~~~ 

+D(~(~), D(b(k), ~(i-k))b(i-~)} 

c ~ . {D(b(~+1), b(i-~))+D(b(~), b(i-~+1))} 
o~ ~~"-'2 

c ~ D(b(k), b(i-k+1)) . 
o~k~1_2(i+i) 

Thus (3) is shown. q, e. d. 
LEMMA 3. If b and 111: are ideals of g, then b n 111; and ~+111; are ideals of g 

satisfjing thefollowing ip,clusion relationsfor i=0, 1, 2,... : 

(5) (b n tn)(i) cb(i) n tn(i), 

(6) (~ + 111;)(i) c~(i) +tn(i) +b n tn. 

PROOF . It is easy to see that ~ n tn and ~ + tn are ideals of g. We shovy (5) and 
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(6) by induction on i as follows : For i = 1, (5) is valid as (b n 111;)(1)=(b n In) (b n m) 

+D(g, ~ n In)(~ n 111:)cb(1) n 111;(1). If (~ n tn)(i)cb(i) n 111:(i), then (~ n m)(i+1)c(b(i) n 

1lt(i))(~(i) n T11:(i))+D(~ n 111;, ~ n 111;)(b(i) n 111:(i)) + D(g, b(i) n 111:(i))(b(i) n ITt(i))c b(i+1) n 

Tn(i+1). Hence (5) is proved. As for the relation (6) we see that (b + In)(1)cbb 

+1ltlll: +btn+D(g, ~)b +D(g, tn)Tn +D(g, 111;)~ + D(g, ~)111: c~(1)+Tn(1)+~ n Tn, since b 

and 111: are ideals of g. If (6) is valid for an integer i, then (b +111:)(i+1)c(~(i)+m(i) 

+b n tn)(b(i)+1tt(i) +b n tll:) +D(b+111:, I)+m) (~(i) + Tn(i) +b n tn) + D(g, b(i) +m(i) +~ 

n 111:) (~(･i) +111:(i) +~ n tn)cb(i+1) +111:(i+1) +b n tn, since ~(i) cb and tn(i) ctn. q. e. d. 

An ideal b of g is solvable if b(i) =0 for some integer i. 

PROPOSITION 2. If b is a solvable ideal of a .Lie triple algebl'a g, then the Lie 

algebra ~3 =b~)D(g, ~) 9enel'ated by b is a solva,ble ideal of th.e standard envelopin,g 

Lie algebra ~~=g~D(g, g) of g. 

PROOF. If ~(i) = O for some i, the Lie algebra ~i in Lemma I is reduced to 

D(b, b), and so the relation (2) in Lemma I implies ~3(i)cD(b, b)･ From Lemma 2 it 

follows that D(~, b) is a solvable Lie algebra if b is solvable. Thus ~3(j)=0 for suf-

ficiently large j . q. e. d. 

PROPOSITION 3. If b is a solvable ideal of g, then D(g, b) is a solvable ideal of 

the Lie algebra D(g, g) of inner derivations of g. 

PROoF. Since b is an invariant subalgebra of g, [D(g, g), D(g, ~)] c D(g, b) 

follows directly from the axiom (vi) for Lie triple algebras, which shows that D(g, b) 

is an ideal of D(g, g). By induction on i, we can prove easily the following relation ; 

D(i)(g, b) cD(~, ~)+D(g, b(i)), 

(7) i=0, 1, 2,... . 
Now, if b is solvable, then (7) implies D(*)(g, ~) c D(b, b) for some integer i and so, by 

Lemma 2, it is seen that D(g, b) is a solvable Lie algebra. q, e. d 

Proposition 2 and Proposition 3 imply the following ; 

THEOREM 1. Assume that a Lie triple algebra g is solvable. Then, its standa.rd 

enveloping Lie algebra ~r=g+D(g, g) is solva,ble and its inner deriva.tion algebra 

D(g, g) is a solvable Lie subalgebra of ~r. 

REMARK 1. If g is reduced to Lie algebra, i.e., D(g, g) =0, then g(i) is the i-th 

derived ideal of the Lie algebra g = ~1 and the fact that b is a solvable Lie triple algebra 

ideal of g means that it is a solvable ideal of the Lie algebra g 

REMARK 2 . Let g be a Lie triple algebra which is reduced to Lle tnple system 

i.e., gg=0. In this case, the following relations hold for g and its standard enveloping 

Lie algebra ~~: g(1)=D(g, g)g = [D(g, g)g] c [~~(1), ~r] c ~r(1), g(2)=D(g, g)g(1)= [D(g, 

g), g(1)] c [~~(1), 2J(1)] = C1~r(1) and, in general, g(*+1)=[D(g, g), g(')] c [~r(i), C'-1 
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2~(1)]=Ci2r(1) for i= 1, 2, . . . . If ~:~ is a solvable Lie algebra, then ~r(1) is nilpotent, 

that is, Ci2((1) = O for some i, and the relations above imply that g is solvable. Thus 

we have the followin~ theorem which shows that, in the case of Lie triple system 

solvability of Lie triple algebras introduced in this section is reduced to solvability in 

the sense of W. G. Lister [2] (cf. Cor. 2.6 in [2]) 

THEOREM 2. Let g be a Lie triple systeln. The stan,dard enveloping Lie algebl'a 

~+r=geD(.g, g) is solvable if and only if g is solvable as a Lie triple algebra. 

S 2. Semi-simple Lie 'triple algebras 

PROPOSITION 4. If two ideals b_ and tn of a Lie triple algebra g a,re solvable, 

so is b+111:. 

PROOF. If b(*)=1lt(i)=0 for sufficiently large i, then the relation (6) in Lemma 3 

implies (b +tn)(*) cb n In and (5) in the same lemma implies (b +m)(2i) cb(i) n 111:(i)=0, 

which proves the proposition. q. e. d. 
The proposition above establishes the existence of a unique maximal solvable 

ideal of g which is the radical of g. A Lie triple algebra is sem,i-simple if its radical 

is zero. 

PROPOSITION 5. Let r be the radical of a Lie triple algebra g. The quotrent 

Lie triple algebra g/r is semi-simple. 

PROOF. Let f: g->g/r be the natural homomorphism of Lie triple algebras. If 
~ is an ideal of g/r, then b = f-1(~) is an ideal of g, and f-1(~(i)) =~(i) + r (i= 1, 2,...). 

If ~ is solvable, then ~(i)=0 for some i and ~(i)cr. Since r is solvable, b(j)=0 for 

some ,j, that is, b is contained in r. Hence ~ = f(b) = O so that the radical of g/r is 

q. e. d. zero . 

THEOREM 3. Let g be a Lie triple algebra an,d ~1=ge)D(g, g) its standard 
enveloping Lie algebra. If 2~ is a selni-simple Lie algebra, th,en g is sem,i-sim.ple. 

PROOF. Let r be the radical of g. From Proposition 2 it follows that the Lie 

subalgebra ~ = r~D(.g, r) is a solvable ideal of ~l. If ~~ is semi-simple, then ~; = O 

and so r must be zero. q. e. d. 
Let n = {X e g I D(X, g) = O} be the n,u llity subspace of a Lie triple algebra g (cf 

[1]). If b and 111; are two ideals of g contained in n, then it is evident that the ideal 

b + Itt rs also contained in n. Thus there exists a unique maximal ideal no contained 

in n, which will be called the nullity ideal of g 

THEOREM 4. Let g be a Lie triple algebra. If the inner derivation algebra 
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D(g, g) is s~mi-simple and if the nullity ideal of g is zero, then g is semi-sim,ple. 

PROOF. Let r be the radical of g. Pro~osition 3 implies that D(g, r) is a solva-

ble ideal of D(g, g). Since D(g, g) is assumed to be semi-simple, r must be contained 

in the nullity ideal of g. Hende r = O. 
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