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S I Introduction. 

Let G and S be commutative semigroups with zero, and I an ideal of G. 

Let O and O be the zero elements 0L G and S respectively. Consider a mapping 

~ : S ~> G satisfying the following (1. 1) 

J (1) ~ (O) O, 

(1. 1) (2) ~) (a) ~) (b) ~ (b) ~) (a) E I if ab=0 (hence, also ba-O) , 

(3) ~ (ab) ~ (a) ~ (b) if ab ~ O. 

If we define a mapping ~r : S -~> G/1 (where G/1 is the Rees factor Semi-

group of G modulo I) by 

(1 2) ~r(a) ~(a) if ~(a) ~~ I, 

O if ~ (a) E I, 

then ~ is clearly a homomorphism of S into G/1. Hereafter, we shall call a 

mapping (p : S ~ G a homolnorphism of S into G mod'ulo I (abbrev., I-
homomorphism of S into G) if it satisfies (1. 1). It is obvious that a mappin>" 

~ : S--> G is a homomorphism if ~ is a {O}-homomorphism. A halfgroupoid 

H in the sense of R. H. Bruck [1] (i. e., a partial groupoid in the sense of A. 

H". Clifford and G. ~. Preston [3],) is said to be commutative if it satisfies the 

following (1. 3) : 

(1. 3) If x, yEH and xy is defined, then yx is defined and xy yx. 

suppose that M is a subsemi*aroup of a commutative halfgroupoid H. l) 

Then, we shall say that a mapping (p : H -~> H is a translation on H(M) 

(abbrev., H(M) -translation) if it satisfies the following (1. 4) : 

(1.4) ~) (M) C M, and the restriction ~ I M of ~ to j~l is a translation of 

M. 

1) A subset K of a halfgroupoid H is caned a subsenugroup of H if K Is a semlgroup wrth 
respect to the bmary operation of H 
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If H itself is a semigroup, it is obvious that an H(H) -translation is a trans-

lation of H. An H(M) -translation ~ is said to be an inner H(M) -translation 

if ~ I M is an inner translation of M. The set j~(H, M) [f(H, M) I of 

all H(M) -translations [all inn~r H(M) -translations] is a semigroup with 

respect to the resultant composition. We shall call j~"-' (H, M) [f(H, M) l 

the semigroup of H (M) -translations [the semigroup of inner H (M) -translations]. 

It is easily seen that f (H, M) is an ideal of y'~ (H, M) . In particular, for 

the case where M is a null semigroup contamed m H we can easily verify 
the following (1. 5) 

J'r(H, M) {~) : ~) is a mapping of H into H such that 

(1. 5) ~) (M) ~M, ~ (O) O}, and 
Jr (H M) {~ ~ rs a mappmg of H into H such that 

~ (M) {O} } , 

where O denotes the zero element of M. 

In this case, the mapping ~o defined by ~o(x) O, x E H, is an element of 

f (H, M) and is the zero element of fr(H, M) . We shall call ~)o the O-

mapping on H (with respect to M) . Now, Iet T and G be commutative 
semigroups, having O and O as their zero elements respectively. Let T * T¥O 

and S T*+G (where + means the disjoint sum) , and define ~~ in S as follows : 

(1 6) x*y xy if x, yEG or if xy~0, x, yET* 
not defined for the other cases. 

Then S (*) is obviously a commutative halfgroupoid and G is embedded in 

S (*). This S (*) is called the adjunction of T to G. Further, the set S with a 

binary operation ' is called an (ideal) extension of G by T if it satisfies the 

following (1.7) (see also L2]) 

(1 7) x ' y x*y if x, yES(*) and x*y is defined 

E G otherwise. 

In this case, it is easily seen that G is embedded in S (･) as an ideal of S (･) 

and the Rees factor semigroup S (･)/G of S (~) modulo G is isomorphic with 

T. An (ideal) extension S (.) of G by T is said to be a commutative (ideal) 

extension if S (･) is commutative. Further, an (ideal) extension S (･) of G by T 

is called a O-extension of G by T if it satisfies the follo~ving (1. 8) : 
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(-1. 8) ~T* o G-G o T* = {O}. 2) 

It is easily seen that there exists at least one O-extension of G by T. Hereafter, 

through this paper, "extension" always means "ideal extension". 

Next, Iet G be a commutative semigroup with zero and N a null semigroup. 

Let O and O be the zero .elements of G and N respectively. Let S (,*) be .the 

adjunctiion of G to N. . By the definition of adjl~:nctions, S (*) is a commutative 

h~lfgroupoid containing N as its subsemigroup and the O-mapping ~)o of S (*) 

with respect to N is the zero element of jr(S (*), N) . 

Now let ~ be an Jl(S(*), N) -homomorphism of G into J~7(S(*), N) , and 

put ~ (.AL) ~A for every A~G. Since ~ is an J1(S (*), N) -homomorphism, we 

have the following (1. 9) 

(1) ~o ~o, 

(1.9) (2) ~A ~B ~L? ~A E Jj(S(*) N) if AB O m G 
(3) ~AB ~A ~~ if AB~0 in G. 

If ~ , further satisfies the following additional condition (1. 10) , then ~ is called 

a, complete f~S (*), N) -homomorphism of G into jcr(S (*), 1¥D 

(4) ~A (~) ~B (A) for all A, ~EG¥O 
(1 10) (5) ~A(~) EN if A, ~EG¥O and A~ O 'in G. 

In this paper, at first we shall present some construction theorems for com-

mutative extensions and commutative O-extensions of null seniigrbups. Especially, 

in S 2 and S 3 all the commutative O-extensions 0L a given nu_ll semigroup 

N by a given conunutative semigroup G with zero will be completely deter-

mined.3) Finally, in S 4 iv~ shall show several applications of the construction 

thedrems given in S 2. In particular, we shall discuss the construction of 

commutative nilpotent semigroups and that of commutative semigroups satis-

fying the ascending chain condition and the descending chain condition for 

ideals. 

2) T~~ . G means the set of all elements x ' y~S(') such that xET~ and yEG t e T~~ 
. G={x ' y : xET~~, yEG}. Also, G . T~~={y ･ x : yEG, xET'~~}. 

There exists at least one o-extension of G by T. For example, defme a bmary operation ' 

in S= T~+G as follows 

A ' B=A~ if A, ~E T~~, A~:~0 in T, 
A ' B=0 if A, E:(ET~~, A1~=0 in T, 
A ' u=u'A if AET*, uEG,' 
u ' v=uv if u, vEG. 

Then, the resutting system S( ' ) is a O-extension of G by T 

3) This rs a gene.rallzatron of one of the results obtamed by the author [6] 
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S 2. Construction theorems. 

Throughout this paragraph, G will denote a commutative semigroup with 

zero and N will denote a null semigroup. Let O and O be the z~ro elements 

of G and N respectively. Let S G*+N, where G* G¥O, and let S (*) be the 

adjunction of G to N. Hereafter we shall denote elements of G* by capital 

letters A, B, C etc. and elements of N by small . Ietters a, b, c etc., unless 

otherwise stated. 

Theorem 1. Let ~ be any cor7~_~lete f(S (*), N) -homomorphism of G into 

j~r(S (*),N). Then S becomes a commutative extension of N by G with 

respect to the binary operation defined as follows 

(1) A . B AI~ ( A*B) if AB~0 in G, A, BEG* 
(2. 1) (2) A ' B ~A(B) if A1~ O in G, A, BEG* 

(3) A ' a a ' A ~A(a) if AEG* aEN, 
(4) a ' b ab ( a*b) O if a, bEN, 

where ~A ~ (A) , AEG. ~ 
Further, every commutative extension of N by G is found in this fashion. 

Proof. The first half of the theorem. To prove S to be a commutative 

extension of N by G with respect to the binary operation defined by (2. 1), 

we need only to show that S (･) satisfies the associative law, i. e., c~ ' (~ ･ T) 

(c~ ' ~) . T L0r any c~, ~, T F_ S. Since we can easi]_y check the relation a ' 

(~ ･ T) (c~ ' ~) . T, we omit to give its proof. ' 
The second half of the theorenz. ~Suppose that S ( @ ) is a commutative exten-

sion of N by G (with a binary operation '~) ) . For every A t~ G*, define a 

mapping ~A : S -1> S as follows : ~A (c~) A "u~~ c~, c~ E S. Let ~o be the O-

mapping on S ( @ ) (with respect to N) . Since ~A (O) A C O (A C O ) C O O 

and since ~A (a) A C aEN and ~o(a) O for any aEN, both ~A and ~o are 
elements of Jr(S (*), N) . Define a mapping ~ : G -> (S (*), N) as follows 

~ (A) ~A , AEG* and ~ (O) ~o . Then it can be easily proved that ~ is a 

complete f(S (*) , N) -homomorphism of G- into jr (S (*), N) . Now define a 

binary operation ' in S by (2. l), and let S ( ･ ) be the resulting system. Then 

we can prove S( ･ ) S(C). In Lact : A ･ B AB ACi3 if A, BEG*, AB~ 

O in G ; A'B ~A(L}) ArJB if A, BEG*, AB O in G ; A'a ~A(a) 
A~)-a and a'A ~A(a) ACa aCAif A(c~G* aEN;and a'b ab aCb 
if a, bEN. Hence S ( ･ ) S ( C ) . Thus, every conunutative extension of ･N 

by G is obtained by the method stated in the theorem. 

As special cases of Theorem 1, we obtain the following results : 

(1) The case whe/~e G* G¥O is a subsemigroup .of G (i. e., the case where G 
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has no non-zero zero divisor) In this case, a mapping ~ : G -~Ja~(S. (~) , N ) 

is a complete f(S (*) , N) -homomorphism if and only if it satisfies the 

following (2. 2) : 

(1) ~ O-mapping on S (*) (with respect to N ) , 

(2 2) (2) ~A ~B ~AB for A, BEG* 
(3) ~A (~) ~L: (A) for A, BEG* 

where ~A ~ (A) for every AEG. 

Further, we need not to use (1) and (3) of (2. 2) when we deLine a binary 

operati~n ' in S by using (2. 1). Hence, in this case, ~ in Theorem I should 

satisfy only the condition (2) of (2. 2) . Consequently, we have the following 

result : 

Theorem 2. If G has no non-zero zero divisor, then every commutative 

extension of N by G is constructed by the following manner : Let ~ : G* > 

N be a homomorphism of G* into the semigroup -

of N. Define a binary operation ' in S by ' 

(1) A '~ AB if A, BEG* 
(2. 3) (2) A ' a a ' A ~A(a) if aEN, AEG* 

(3) a ' b ab O if a, bEN, 
where ~A ~ (A) , AEG*. 

Then, the resulting system S( ･ ) becomes a commutative extension of N by G. 

This result also has been shown by T. Tamura [5]. It is also obvious that 

fr(N) is the set of all mappings ~ : N -> N such that ~ (O) O. 

(II) The case where G sati"'fies the following (2. 4) and the order of N is 2. 

(2. 4) For any element A, there exists a positive integer In such that A"' O. 

(Hereafter, we shall say that a commutative semigroup with zero is point-wise 

nilpotent if it satisfies (2. 4) ) . 

In this case, every ~A in Theorem I is an element of f(S (*), N) . In fact : 

Let N {u, O}, where u~0 and u2 O. Since G is point-wise nilpotent, if 

A~0 then A"-1~0 and An O for a positive integer n>2. It is obvious that 

~A"-l~A is an element of J(S(*), N) . On the other hand, if ~A (u) u then 

~A (~An-1(u) ) ~A (~nA-1(u) ) u. Hence ~A"-l~A ~E f(S(*-) , N) . This is a 

contradiction. Thus ~A (7~) O, that is, ~A (N) {O} . This implies that ~A is 

an element of jr (S(*), N) . Moreover, it is obvious that the O-mapping ~o 

on S(*) (with respect to N) is an elernent of fj(S(*) , N) . Since ~ in Theorem 

1 is a complete Jr(S(*), N) -homomorphism, we have the following result 

for elements A, Ef of G* with A~ O : For any CEG*, ~A ~B (C) ~B ~A (C) 
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＝λA（λB（C））＝λλ（λc（一B））＝λcλA（B）＝λAλc（B）＝　λc（λA（・B））　＝　λc（〃）　or

λc（O）．　Smceλc（z6）＝0and。λc（O）＝O，we　ha∀eλλλB（C）＝O．　Consequent1y，

λAλB（α）：O　for　auα∈3（＊）。　Therefore，λ4λB1s　the　zero　e1ementλo　of

）■（8（＊），W）。　Hence，ηmust　be　a｛O｝＿hom．o㎜orph1sm　of　G　mto）9（8（＊），W）

（hence，of　course　a　homomorph1sm　of　G1nto　）ノ7（8（＊），！ゾ））．

　By　Theorem　l　and．the　resu1ts　abo∀e，we　obtain　the　fo11owing

　Theorem3．　∬Gゐカo加卜ωク3θ　〃砂oz6〃伽∂ゲ挽60ブゐブoヅWゐ2，挑αz

ωθrツ60肋〃吻伽θ鮒θ郷クo〃o∫1VろyG1360郷肋肋6的加力ZZoω加9刎伽鮒1
1二。功　η　6θα｛O｝一んo〃zo〃zoψんゐ〃z　oヅ　G　づκ¢o　しタ7（8（＊），1V）　5αzゐナyづ〃9　　（4），（5）　o∫

（1．　10）．　1）ξ戸ク〃θα　ろク〃αブツ　o少6ブαあo〃・oク〃　8＝G＝＊→一1Vみ：y

　　　　∫　　　　　ノしo　B＝ノ4B　　　zアA，B∈≡G＊，ノ1Bヲ60〃z　G，

　　　　　A〇一B＝λλ（B）　zアA，B∈G＊，AB＝O　z〃G，
　（2．5）
　　　　　AM＝α・A＝OゲA∈G＊，α∈1〉’，

　　　　αob＝Oクアα，ろ∈1Vl，

　　　　ωんθブθλA＝η（A），A∈G＊。

丁加仰8（・）北αoo〃㈱肋zづηθθ肋郷6o〃・∫1〉’的G．

　Coro11ary．　1アG　あ　クo加卜ωあθ　加抄o¢θ〃　ακ4ゲ洗θ　oブゐブ　oゴ！V　売　2，

伽〃ω仰60肌肌物加θθ肋郷6o〃o∫W～GゐαO一θ肋郷づo〃o∫W伽G．
　Proof．　Obvious。

　Next，we　shau　study　commutat1▽e　O－extens1ons　of　W　by　G．　At　f1rst，we

mtrod．uce　the　concept　of　C一ルαoブ30f　G　　　Let　g　be　the　set　of　a11ordered－

pa1rs（A，一B）of　e1enユents五，　一8of　G　such　that　AB＝01n　G（each　of　A．B　can

be　the　zero　e1ernent　⑪　of　G）．　　9二｛（A，B）．∠u3＝0　1n　Gフノ1，13∈≡G｝．

Anon－emptysubsetFof91sca11ed－aC－factorofG1f1「sat1sf1esthe
fouowing（2．6）：

（・・）／；1；；1｝ヱ㍑∵三芋’1二㌶｝、几

In　part1cu1ar，a　C－factor1「of　G1s　ca11ed．aクブ刎6ψαZ　C一ノ庇zoブ1f　it　sat1sf1es

the　fo11owing（2．7）：

　（2．7）（AフO），（0フA）∈1「fo・a11A∈G．

To　each　e1em－entαof　jV．ass1gn　a　C－factor　of　G　or　the　empty　subset　of9，

say　rα．　Let6be　the　set　of　au　rのα∈1V：6＝｛rα：α∈1V｝。Then6is
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・a11eda・・妙・・伽・ツ5肋oアC一伽¢・・3・∫Gκ1α肋〃・Wifit・・tisfi・・th・

fo11owing（2．8）：

　　　　／（1）「し1sap「’nc1pa1C－facto「1

　（2－8）　　（2）9＿U、｛rα：α∈1V｝フ

　　　　　（3）几∩几＝□forα≠ろフαフろ∈W．4）

　Remark．　In　particu1ar，1et　the　order　of　lV　be2　：　1V：｛〃，0｝，〃2二0，〃ヲ』O．　If

ノ「o1s　a　pmc1pa1C－factor　of　Gフthen9＼1「o1s　a　C－factor　or　the　empty　subset

of　g　and　the　co11ect1on｛1■oフ　9＼1■o｝　of　1□o　and　9＼1「o　1s　a　conユpos1te　systenユ

of　C－factors　of　G　re1at1▽e　to　lV．　Converse1yフ1t　1s　eas11y　seen　that　eYery

co皿pos1te　system　of　C－factors　of　G　re1at1ve　to　W1s　obta1ned．by　th1s皿ethod

if　the　order　of　1〉’is　2．

　Now，we　obta1n　the　fo1low1ng　construct1on　theore㎜for　commutat1ye　O－exten－

s1ons　of　nu11sen11groups　．

　Theorem4．亙ηぴツ　60肌伽〃励如6　0一θ”姥郷クo〃o∫1V伽　G　ゐ　oo郷肋κ姥∂　ろツ

伽〃あ加昭伽舳ぴ：ムθ¢｛几：α∈州ろθ一α60〃ψ05伽3μ6〃・！C一加肋ブ・

o∫GブθZα加〃o凡”z∂6ψ加α脇αブy・ク㈹肋〃・加8二G＊十W～

　　　　　A・B＝ABゲAB≠O加G．AフB∈G＊フ
　　　　　A・B±パぴ畑二⑪’加’GフニA，B∈G＊フニ（Aプβ）∈几，α∈N，∴・∴
　（2．9）
　　　　　ノ1oα＝＝αo　A＝O　　づアα∈三！ゾ，∠し∈G＊フ

　　　　　α・6＝α6＝Oゲα，6∈凡

ηθ〃8（・）みθ60ク㈱α60肌舳肋加60一θ肋加01zo∫N伽G．

　Proof．丁加カブ並肋びo∫挽θ肋θoκ吻．　Let8（・）be　the　set8w1th　the　b1nary

operat1on・defmed　by（2．9）．To　prove8（・）to　be　a　colmmutat1▽e　O－extens1on

of　jV　by　G，we　need　on1y　to　show　that8（・）sat1sf1es　the　assoc1at1ye　1aw

（α・β）・γ＝α・（β・γ）．　If　two　or　au　ofαフβフγare　e1ement・of　W，then　each

ofα・（β・γ）and。（α・β）・γ　1s　the　zero　e1e㎜ent　of　N．　Henceフ。n　th1s　case

（α・β）・γ＝α・（β・γ）。s　sat．sf．ed一．　Therefore，we　may　cons，d．er　on1y　the　case

where　at　most　one　ofα，β，γ1s　conta．ned。。n　N　and　the　others　are　contamed．

in　G＊。

　Case1．α＝α，β＝B，γ＝C（α∈W，BフC∈G＊）．　工t．s　ob▽。ous　thatα・（B　o

C）二〇and（α・B）・C＝O・C＝O－Henceα・（B・C）＝（α・B）・C．Both　A・（ろ

・C）＝（A・み）・C・ndA・（B。・）＝（A・B）・・フwh…ムB，C∈G＊and6，6∈Nフ

are　a1so　pro▽ed　by　s1nユ11ar　methods．

　Case　2．α＝A，β＝B，γ＝C（A，BフC∈G＊）．

　Subcase　（i）。　Tんθ6α舵　ωんθブθABCラと0　6〃G．　　Since　ABCラとO，　（A〇一8）o　C＝

（A8）C＝λ（B0）＝山（B・C）．

4）　The　symbo1□means　the　empty　set
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　Subcase（ii）．　丁万66α3θωんθブθABC＝Oク〃G．　If　AB：0in　G，then　（AB．C）＝

（O，C）．Suppose　that（OフC）1s　conta1ned－m　rα．　Then，α二〇．　S1nce（ABフC）＝

（OフC）∈ro，（A，BC）∈ズo．　Hence　A。（B．C）＝01f　BC二〇，a皿d－a1so　A・

（B・0）・＝10e▽en1f　BC≠⑪．　Thus1n　both　of　the　cases，we　have　A・（B・C）＝O．

On　the　other　hand，（A・B）・C＝〃・C二・O　for　some〃∈1V　Therefore五・（B・

C）＝。（A．B）。α　　If　BC二〇in　G，then　in　this　case　A・・（B・C）：・・：（A・B）・C

can　be　pr0Yed．by　a　s1m11ar　method．．　Fma11y，assume　that　Aβ≠0and．BC≠O．

Then　s1nce（A・B）・C＝AB・0＝α　and　五・（B・C）二A・BC＝α，　we　ha∀e

（A・B）・C＝A・（B・C）。

　τんθ　3θooπ6んαび　o∫肋θ　泌θoκ榊．　Let8（◎）be　a　commutat1Ye　O－extens1on

of1〉‘by　Gフw1th　a　b1nary　operat1on◎。　　Let9＝・1｛（AヲB）　λB二〇　1n　G，

A，B∈G｝，ノ「α＝｛（ノ1ダ8）　A◎B：α，　Aフ」B∈G＊｝for　eachα・ヲとOフα∈！Vフand　1□o＝

｛（4B）：’A◎β：O，A　B∈G＊｝∪｛（A　O）：A∈G〉U｛（O，A）：五∈G｝．　Then　it

1sobv－10usthat9；U｛rα　α∈1＼ひandrαnrろ＝□forα≠6フαヲ6∈1V．Letα

be　a　non－zero　e1en1ent　of　lV．　Suppose　that（ん3）1s　an　e1ement　of　rα．Then

A◎B二αフand．hence　B◎A二α．Hence（尽五）∈几．If（AB，C）∈rωthen　AB◎

C＝α．S1nce　AB◎C＝α，we　ha▽e　A◎（B◎C）二（A◎B）◎C＝AB◎C＝α．Hence，

BC≠O　and　A◎BC二α．Therefore，（4BC）∈rα．Consequent1y，rα1s　a　C－

factor　of　G．Next　we　pro▽e　that1「o1s　a．pr1nc1pa1C－factor　of　G．　If五≠Oフ

B亨生O　and（λヲB）∈τ1o，　then　A◎．8：：O．　　Since　O：A◎B：。8◎Aヲ（13，λ）　is　an

e1e㎜一ent　of1□o．　If－A＝O　or　B：O　and1f（Aヲ13）∈1□o．then　c1ear1y（B，A）∈1□o．

Nextフ1et（ABフC）be　an　e1eエnent　of　1□o．　If　C：Oフthen（一4，BC）＝（A，O）∈1□o．

If　Cラ60and　BC＝O，then（A，BC）＝（AヲO）∈170．　If13Cラ60andλ二〇フthen　（A，

BC）＝（OフBC）∈一「o．　F1na11yフassume　that　BC≠0，五≠O　and．C≠O．　If　AB＝O．

then（A◎B）◎C＝〃◎C　for　some〃∈N．　S1nce〃◎C＝O，we　haYe（A◎B）◎0

＝O．Hence　O＝（五◎B）◎C二A◎（B◎0）＝A◎B0，and－hence（AフB0）∈ro．If

AB≠O，then（A◎B）◎C＝AB◎C．S1nce（AB，C）∈1「o，AB◎C二0．Hence　O二

AB◎C＝（A◎B）◎C＝A◎（B◎C）二A◎B0．　Th1s　means　that（4B0）1s　an

e1ement　of　ro．　Thus　ro∋（AB，0）1皿p11es（んBC）∈ro．　It1s　ob▽1ous　that

ノ「o∋（40）フ（OフA）for　a11A⊂G．　Therefore，ro1s　a　pr1nc1pa1C－factor　of　G．

From　the　resu1ts　ab0Yeフ1t1s　easy　to　see　that　the　couect1on　｛rα　：α∈1＼ひ　1s　a

conユpos1te　systenユof　C－factors　of　G　re1at1▽e　to　lV．　Let8（o）be　the　commuta－

t1ve　O－extens1on　of　W　by　G　d．eterm1ned　by　the　system｛几　　α∈1〉’｝and，the

bmary　operatエon・g1∀en　by（2．9）．　Then．A・B＝AB＝A◎B1fλB≠O，A　B∈

G＊，A　o　B：α＝A◎B1f　AB＝OフA，B∈G＊，（五フB）∈一「α，A　oみ＝O：A◎6and

み・A＝O＝6◎A1f　A∈G＊，ろ∈1〉’，α・6＝O＝σ◎ろ1f％み∈1V．　Hence，8（・）＝

8（◎）．

　In　part1cu1arフfor　the　case　where　G　is　po1nt＿w1se　n11potent　and－the　order　of

lV1s2フwe　can　paraphrase　Theorem31n　the　fo11ow1ng　form　by　usmg　Coro11ary
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to Theorem 3 and Remark of p. 14 : 

. Theorem 3~.. If G is point-wise nilpotent and if the order of N is 2 (N 

{u, "-O} such ･.that u2' O, u~0) , " then every commutative (O-) extension of N 

by G 'is constructed by the following manner : Let ~ { (A? ~) : AE; O in G, 

A, ~EG}. Let ro be any principal C*factor of G, and d~:fine a binary opera-

tion o in S G*+N by . 
A ･ E: A~ if A~~0p A, ~EG* 
A o E: u if AB O, A. E:EG*, (A, ~) E~¥r09 

(2 10) A o ~ O if AB O, A, ~EG*, (A, ~) Ero, 

A･a a'A O ifAEG* aEN, 
aob ab O ifa,bEN. 

Then, the resulting system S ( o ) is a commutative (O-) extension of N by G. 5) 

Proof. Obvious. 

Remark. Suppose that G is point-wise nilpotent and N is finite. In this case, 

every comnnrtative extension of - N by G is constructed by the following 
manner- : Let N {al ' a2 , . . . , an ' O}, where O is the zero element of N, ai ~ 

aj for i~j, ai ~0 for all i. For every ai , Iet Ni {ai , Oi } be a null semi-

group of order ' 2 such that a~2i 0~ ai Oi -'Oi ai =0i . Put G Go , Go ¥O G~, 

where O is the- zero element of G, and let Gi (i 1-n) be a commutative 

extension of Ni by Gi_1 such that ab Oi L0r all a, bEG*i_1¥G~, where G*i_1 

Gi_1 ¥Oi_1 if i>2. Since each Gi_1 is 6f course point-wise nilpot'ent, each 

Gi can be obtained from Gi_1 and Ni by slightly modifying the method of 

Theorem 3* (that is, by adding the following restriction to the method of 

Theorem 3* : Restriction. A principal C-factor Fo of Gi_1 contains all pairs 

(a, b) of elements a, b 0L G*i_1 ¥ G~),. Now, it is obvious that Gn is a 

commutative extension of N by G. Con'versely, it is also easy to see that every 

commutative extension of N by G is obtained by this method. 

By Theorem 4, the problem of constructing all commutative O-extensions 

of a null semigroup N by a commutative semigroup G with zero is reduced 

to the problem of determining all composite systems of C-factors of G relative 

to N. Hence, we shall discuss this problem in the next paragraph. 

S 3 . C-factors and principal C-factors. 

Let M be a commutative semigroup with zero, and O the zero element of 

5) Thrs theorem Is a generalization of Theorem 3 given by the author [6] (see also 

Theorem 5 of L7]) 
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〃．Put〃＼O：”＊ヲand9＝｛（αヲみ）・αろ＝Oμ，ろ∈〃｝。　Hereafter，through　th1s

paragraph，we　d．enote　e1e皿ents　of〃by　sma111ettersαフ6，o　etc．　At　flrsちwe

d－etermine　a11C－factors　and－princ1pal　C＿factors　of〃．　For　th1s　purpose，we

introduce　some　necessary　concepts．．

　　（I）　Two　e1eI皿ents（〃ヲη）and（ωパ）of91s　sa1d．to　be6加閉励ゐif　the

fo11owmg（3．1）ho1d．s．

　　　　　　　　　　（a）（的η）：（ω。¢）Or

　　　　　　　　　　（b）there　exist　e1ements　zo，z1，¢2ヲ。、。。ヲzプ（whereク・is　an　e▽en

　　（3・1）　・・t・g・・≧2）。f〃・。・hth・tz。二η，・＝¢11。，舳：z、¢、，。。。。，z、一。¢、．。

　　　　　　　　　　　　＝〃、一3〃グー2パ、4、一3⇒グ4、パ、一2房二1＝τδパ、＝カ（tO＝的〃⇒1カ2ヲ吻

　　　　　　　　　　　　＝τoデあ＝¢ifブ＝2）in1レZ。

　　（II）　Def1ne　a　reIat1onρ　on　g　as　fo11ows．（〃，η）ρ（湖，z）1f　and．on1y　1f

（〃，η），（ω，ヵ）are　chalnab1e　，　（〃，η），　（ら　ω）are　cha1nab1e　，　（η，〃），　（ωフz）　are

cha1nab1e　，　or（η。　〃）。　（ら　ω）are　cha1nab1e．

　　Lemma1．　ρ　ゐα〃θμ加α肋oθκZ肋o〃o〃9．

　　Proof．It　is　oby1ous　that（〃。η）ρ（物η）for　a11（物η）∈9．Next2we　proye　that

（〃，η）ρ（ω，z）1mp11es（ω，¢）ρ（〃，砂）．　Suppose　that（〃，η）ρ（肋，¢）．　Then，

（1）　（〃，η），　（ω，z）are　cha1nab1e，（2）　（〃，η），　（¢，ω）　are　cha1nab1e，　（3）　（η，〃），

（ω，z）　are　cha1nab1e　or　（4）　（η，〃），（¢，ω）　are　cha1nab1e．　　If（η，〃），（ω，¢）　are

cha1nab1e　　then（η，ω）＝（・ω，z）　or　there　ex1st　e1ements¢o，¢1，。．。，¢、∈M　such

that〃＝¢。，η＝¢。¢。，舳＝舳，。。。，〃、一。¢グー。＝¢グー1z、，z、一。z、一。＝ω，6グ＝乍．工f（η，〃）

＝（ω，¢），then（ω，z），（η，〃）are　chamab1e．Hence（ω，z）ρ（ω，η）．　If（η，μ）≠

（ω，¢），thenz＝・。，ω：∫132，・o・1二・。34，．。。。，3、一。3、一。干η，・、＝ωwhere・Fみ一1

（ゴ＝O～ブ）．Hence（ω，z），（η，〃）are　chamab1e　and－bence（ω，¢）ρ（〃，η）。Thus

in　the　case（3），we　pro▽ed。（ω，z）ρ（〃，η）。　In　the　other　cases（1），（2）and．（4），

we　can　a1so　pro▽e（ω，z）ρ（〃，η）by　sm11ar蛆ethods．　Fma11y，we　pro▽e　that

（〃，η）ρ（ω，¢），（ω，¢）ρ（3，”）1mp1y（〃，η）ρ（3，”）。　SupPose　that（〃，η）ρ

（ω，z）and。（ω，z）ρ（5，”）．　Then　（1）（〃，η），　（ω，¢）are　cha1nab1e，（2）（〃，η），

（¢，ω）are　cha1nab1e　（3）　（η，〃），（τび，¢）　are　cha1nab1e　or　（4）　（η，〃），（¢，zo）　are

cha1nab1e，and　（1／）　（ω，丞）　（∫，”）　are　cha1nab1e，　（2／）　（肌！，z），（”，∫）are　cha1nab1e，

（3！）（¢，ω），（3，”）　are　cha1nab1e　or（4／）（z，ω），（”，3）　are　cha1nab1e．　For　each

case｛（z），（1！）｝（z，1＝1，2，3，4），we　shou1d－proマe　that（〃，η）ρ（3，”）

　　Howe∀er，we　omit　its　co叩p1ete　proof　and　proマe　it　on1y　in　the　case｛（1），

（4！）〉since　we　can　pro▽e1t　by　sm11ar　method．s　m　the　other　cases．　Suppose

that（ω，η，）　（ω，z）　are　cha1nab1e　and（¢，ω），（π，3）　are　cha1nab1e．　　If（〃，η）＝

（ωフz），　then（η，〃）：（ちω）．　　Hence（ηヲ〃）フ　（∬，3）　are　cha1nab1e，　and　hence

（物η）ρ（3，”）。If（¢，ω）二（”，3），then（ω，カ）二（3，π）、　Hence（〃，η）フ（3フ”）are

chamab1eフand　hence（的η）ρ（32”）膚　Now，assume　that（〃フη）≠（ω，¢）and。

（¢，・ω）ヲ』（”，3）．　工n　th1s　ca§e，there　exist　e1enユents¢oフ才1ヲ、．．。，z，of〃and　e1em－ents
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u.o ult.'-.? u:kof M snch that v to u~tlt2 t.Qtl-t3t4,,...., tr-4tr=3 ~'~tr-Itr' 

tr-2tr=1 ;~v, tr~~t and w= ' ~~uo, t~;ulu_ 2, 'uoul :~ u3u4, . . ..., uk-4uk_3 - uk-luk , 

uk=2uh=1~~x_', ttk';~--+*s. _ Since v:::to, u=;cIt2, totl~:t3t4?'. ., tr=4tr-3 ( tr-Itr) ~ -

(tr-lul)u2, tr-2 (tr-lul) u3u4, u2u3=u5u6,. . ., uk_2uk-l~-x, uk;:~s; (u, v) an.d. 

(x, s) are chainable. Hence (u, v) p (s, x) . Thus, p is an equivalence relat, iQn 

on ~2. 

Hereafter, E (u, v) will denote the equivalenee class ( E9/p) containing 
(u, v) . 

Le'm.1~0a. 2. (1) If {ra : (~;~l} .is a collection of C-fa.ctors ra of M, the/'1 

n {ra : aE1} is also c C-factor of M. 

(2) If {A~ : ~EI*} is a collection of principal C-factors A~ of M, then 

n {A~ ,: ~~l*} is ,also a principal C-fac_ tor of M. 

ProQf. Obviou. _~. 

For (u v) E~2 Iet {Fa c~EI} be the collection of all C-factors roi contam 

ing (u, v) . Let {A~ : ~EI*~ be the collection of all principal C-factors A~ . 

Then r (u, v) - n {rce : aEI} is the least C-factor containing (u, v) , ~and 

Ao = n {A~ : ~EI*} is the least principal C-factor of M. 

(1) Ao =: { (w, t) E~2F : (w, 't) p (v, O) (hence also (w, t) p (O, v) ) for s07nd 

VEM } . 

(2) r (u, v) ={(w, t) EJ;~ : (w9 t~) p (u, v) (hence also (w,' t) p (v~ u))} ' 

E(u, v). 

Proof. This can be proved by slightly modifying the proofs of Theorems 7 

and 8 of the author [7] (see also [6]). 

Remark. ((C-fae_'to~ r" in the a_ utho_ r [6],･ [7] means (cpri~1cipal C-f~cto, r" of 

this pa, _per. 

Theorern 6. r (u, v) nr (w7 t) [] or r (u, v) r(w, t) . 

Proof. By Theorom 5, r(u, i) E(u, v) and -r(w, t) E(t~', t) . Since 
E (u, v) and E (w, t) are equivalence classes modulo p, E (u, v) n E (w, t) L] 

or E(u, v) =E(w, t). 

Theorem 7. If A is a pri"ncipal C-f'actor of M, then 

(1) A ID Ao, and ~ (~) A is -a disjoint sum of C=factors nf M. 

C6nversely, a subset r of 9 is a principal C=fact"o~' r of M if r [) Ao and if 

r is a disj'oint sum of C=f'actors of M. 

'Pro0L. It is obvious that a' principal C-factor A of M contains Ao . Let ~u, v) 

be an elemen-t of A. Sinbe A is a C=factor - of _M? it foliows that A [D .r(14, v) . 
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Hence, A I) U {r(u, v) : (u, v) ~A}. Since A C]U{r(u, v) : (u, v) EA} is 
obvious, ' A:~ U {r (u, v) : I (,u; v) ~.A}. holds. ' ' i,.t ,is also obvious that _any- .two 

d.istin~,ct. C-fac"tor~ :r:(~~~9 v') '~nd ,r (t~~, s')= ~-'.'where" .(;u~ '~/) ; (~c,;-s'). ~A,. a;.fei'disjci:n-t. 

T.h~ ' se'con~'d, ha.If' (rf the theorem,, is 'dbvi'ou~. 

Theorem 8. Every '. C-factor X of M is. a union of C-factors r (u, v) . 

Conversely, a union of C-factors r (u, v) is a C-factor of M. 
Proof. This can be proved by a similar m~'eth~d to the proof of Theorem 7. 

Remark By Theorem 6, each r (u, v) is a minimal C-f-~ctor of M. Conver 

sely, it is obvious that if r is a minimal C -=faetor of M and l"f r~)(u, v) 

then r r (u, v) . Hence by Theorems 7 and 8, it sho'uld be also ' n~:oted that 

any principal C-factor of M [any C-factor of M] is a disjoint sum of minimal 

C-factors of M. 

Now, Iet G be' a corD;mutative semigroup with ,zero, an4 N a null semigroup. 

Let O and O be the zero elements oif G and N respectively. ' 'Put G¥O-G*. Let 

us denote elements of G* by capital letters A; B; , C etc:, ,and those of N by 

small letters a, b, c etc. Put ~~1={(A.., B) : A, BEG, AB-O in G}. Let ~ ~ 
{r'~':~' : ~ F,_."'t~'1"} ' 'b~ the"~e~' :cf' '~ '~l-1 "-iri:ini~~~i e-factots o~f G. - ･~by T~~he'or.,~tnl" 6 a,nd 

Remark mentioried aboVe, it is obvilyus that ra ri' re ~~,=. Cli fot' ~~~. Nd~v, 

considet any ttiapping ~' : ~ -~' ~'= ~N satisi'ying th'e follewitig (3. I ) : 

(3. 1) ~ (r*) O if ra contains ' sorne element (A, O) ~:~~i, A~:G. 

For each aEN, pu.t ~:a -~ {rp ,: ~(rp) :=a, re ~ ~ } and ra t U {rp : rF 

~ ~:a } ' (If ~~a is empty, ra m,ea'

Then, the following (3. 2) follows froiu the reslil,ts stated abov~ : 

(1) ro is a prinoipal C-factor of G, 

(3 2) (2) each' ra is a Ctfactor of G ot the empty subse-t of ~~f, 

(3) ~-U{ra : aEN}) 
(4) ra n rb [] if a~b, a, bEN. 

Hence, {ra : aEN} is a composite system of C-factors of G relative to N. 

Conversely, it is easy to see that every composite system of C-factors of G 

relative to N is obtained by this metho, d. 

S 4. Applications. 

In this paragraph, we shall give some applications of Theorems I - 4 obtained 

in S 2. As a preparatron for this purpose at first we mtroduce here the 
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following well-known result given by A. H. Cliffod [2] : 

Theorem. (Clifford) L.et S be a , cominutative semigroup with 1, and T a 

_ coin7riutative semigroup with zero.:' . 'Let･ O be the zerc eleipi~nt of .T; and pu,t 

T¥O T*. Let ~ : T* -~ S be a partial homomorphism of the commutative 

halfgroupoid T* into S. Then, G-S+T* is a commutative extension of S 
by T with respect to the binary operation. o defined as follows : 

(1) A ･ E: A~ if A; BET*, A~~0, 
(4. 1) (2) A ･ B A~ if A. BET*, AB O, 

(3) Aos=spA As if AET* sES, 
(4) s o t=st if s, tES, 

.where A-~ (A) for AET*. 

Further, every commutative extension of S by T is found in this fashion. 

Next, we shall give some necessary definitions. By a semigr,oup with chain 

conditions, we mean a semigroup which satisfies the ascending chain condition 

and the descending chain 'condition for ideals. A semigroup S with zero is 

said to be nilpotent if it satisfies the following (4. 2) : 6) 

-.,(~,, . , : ~) , S~~_~~ II).~3 l)'.....,:;'1)Sn l~)S {O} for SorDJe posrtrve mteger n where 

- "O is the .zero eleme'nt 'of S: .,L ,. . 

A commutative - 'nilpht~nt ' semigToup is of. ' coll;~se point-wise hilp6tent~: but a 

commutative point-wise nilpotent semigroup is not necessarily nilpotent. How-

ever, it is easily verified that, for finite commutative semigroups S with zero, 

the properties (cpoint-wise nilpotent" and 'anilpotent" are equivalent. Further, 

for S, each of these properties is equivalent to the property "having no idem-

potent except zero" (in [6], a semigroup with zero which satisfies this property 

has been called a z-seniigroup) . 

(1) Colnmutative semigroups with. chain conditions. 

Let S be a conimutative semigroup with chain conditions. Then, S has a 

principal series S S1 ~ S2 ~ ･ ･ ･ ~Sln~Sm-hl L] and ,each principal factor Si /Si+1 

(i 1-In-1) is a commutative group with zero or a null semigroup. Further, 

Sm is a commutative group, a conunutative group with zero or a null semi-

group. Hence, SO (the adjunction of a zero element to S) is contained in the 

class ~ of commutative semigrou~s constructed as follows : Let To , Tl " ' " 

Tn (n is an arbitrary non-negative integer) be arbitrary sequence of semigroups 

such that each Ti is a commutative group with zero or a null semigroup. 

6) The meanmg of "mlpotent" rs somewhat dlfferent trom that ot the author L7]. In [7], a 

semrgroup S wrth kernel K has been called nilpotent if SI)S2[1)S3_1)････"IDSn K for some 
posrtrve, mteger n. However, both meanings of "nilpotent" are equivalent for semigroups 
with zero. 
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Put To Go , and L0r i > 1 Iet Gi be a commutative extension 0L Ti by Gi_1' 

Then, at last we can get Gn' Let ~; be the set of all Gn obtained by this-

method. Every commutative extension of a commutative group with zero by 
a commutative , semigroup with zero is obtained by the method of Theorem of 

Clifford given at the first part of this paragraph~ On the other hatid, every 

commutative extension of a null semigroup by a commutative semigroup with 

zero is obtained by the method of Theorem 1. 

(II) Comlnutative nilpotent semigroups. 

Let S be a commutative nilpotent ~emlgroup. Then, there exists a positive 

･ ･ -:)~Sm {O}. Each of the Rees factor semi-integer m such that S~S2 ~ . . . . 

groups Sn/Sn+1 Nn (n l-In-1) is a null semigroup. Put Gn S/Sn (n 1-m) . 
Then, Gn+1 is a commutative O-extension of Nn by Gn (where G2 is regarded 

as N1 ) ' Since Grn S, S is contained in the class ~ of commutative semi-

groups constructed as follows : Let To , T1 " ' . , Tn (n is an arbitrary non-

negative integer) be arbitrary ' null semigroups. Put To Go , and for i > o let 

Gi+1 be a commutative O-extension of Ti+1 by Gi . Then, at last we can get 

Gn ' Let ~ be the set of all Gn obtained by this method. 

Conversely, it is easy to see that any semigroup con~ained in ~~ is a com-

mutative. nilpotent semigroup. It is also obvious that. every commutative 

O-extension of a ntill semigroup by a commutative semigroup with zero is 

obtained by the method of Theorem 4. 

(III) Finite comlnuative nilpotent semigroups. 

Let S be a finite commutative nilpotent semigroup. Then there exists a 

composition series of S sttch that S So ~SI ~ ･ ･ ･ ~Sn+1 {O}, where each 

Si/Si+1 Ni (i O-n-1) and Sn Nn are null semigroups of order 2 (see [6], 

L7] and L3]). Put S/Sj Gj . Then Gj is a finite commutative nilpotent semi-

group (hence, Gj is also point-wise nilpotent) , and Gn+1:=S. Hence S is contained 

in the class ~f of commutative semigroups constructed as follows : Let To , 

T1 ' ' ' " Tn (n is an arbitrary non-negative integer) be a sequence of null 

se.migroups of order 2. Put To Go, and let Gi+1 (i O-n-1) be a commutative 

(O-) extension of Ti+1 by Gi . In this case, each Gi is obvious. Iy a finite com-

mutative nilpotent semigroup and hence is a commutative point-wise nilpotent 

semigroup. Then, at last we can get Gn' Let e~f be the set of all Gn obtained 

by this method. It is obvious that every commutative (O-) extension of a 

null sernigroup of order 2 by a commutative point-wise nilpotent semigroup 

is obtained by the method of Theorems 3 and 3*. (This result has been 
also obtained by the author L6], L7]). Conversely, it is also easy to see that 

any semigroup contained in e7f is a finite commutative nilpotent semigroup. 
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(IV) F･'inite col'7~lnutative s~emigroups containing lutll semigroups as theil-

maxilnal 1;d"eals. . . . . 
L~t .S ･ be a ~inite . co..mmutativ~ semigroup . containing .a null ~em,ig,*=g:rollp_ I 'as 

i_ts Jnaximal ideal. Then the Rees factor semigroup S/1 is a O-simple semigroup 

or' a null . sA_migroup of order 2. Sin,ce S/1 is commutative, S/1 must be a 

commutative group with zA_ro or a null serrj;i-group of order 2. Hence S is a 

commutative extension of a finite null semigroup by a finite cornmutative 

group with zero or by a null semigroup cijf order 2, and hence S is contained 
in the class ~1~~,4 of commutative semigroups constructed ~s follows : Let To be 

ah arbitra-ry fini.te riull semig'toup, and T1 an arbitrary Lini.te commutative 

group with ~ero or an atbitrary null semigroup of order 2. Let T be a commu-

tative exterision of To by T1 ' Then T is a finite comtnutative semigroup 

containing To~as its maximal ideal. Now, Iet ~ - ･ "- ･･ ~ ' be the set of all T obta:ihed 

by this inethod. Every comm.utative extension of a- finite null seinigroup by a 

null semigroup ･of order 2 is obtai-ned by the' method of the author and T. 

Tatrrura L8] (see also Retnark of p. 16) ; arld every commtitative extension of 

a finite null semigroup by a finite comtn:utative group with zero is obtained 

by th~ e~'method of Theoretn 2. 

Ref erences 

1. Bruck, R. H. : A survey of binary ~ systems. Springer. Berlin (1958) 

2. Clifford, A. H. : Extensions-=0f semigrou.ps. Trans. Amer. Math. Soc.. 68 (1950) , 165-173 

3. Clifford, A. H. and Preston, G. B. : The algebraic theory of semigroups. Amer. Math 
Soc., Providence, R. I. (1961) 

4.･ Ljapin, .1~. S. : SetnigrOups. -Amet. Math. Soc., Providence. R. I. (1963) 

5._ Tamura, T. : Theory of construction of finite semi.groups II. Osaka Math. J. g (1957) , 1=4_9 
6. ~ tamada, M. : C~nstruction of finit~ comntutative z-seinigroups. Proc. Japan Adad: 40 

(1'964) , 9~4-98 

7. Yamada, M. : Construction. of finite commutative semigroups. Bull, of Shimane Uiuv 
(Natural Science) 15 (1965) , 1-11 

8. Yainada, M, and Tamura, T. : Note on finite comtnutative ' nil-setnigro'ups, (not yet 

p~blished) 




