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Recently we have many results of the distribution of the quadratic forms of 

vector variates with multivariate normal distribution after A. T. James and 

others. These distributions are related to the Wishart distribution. The Wishart 

distribution play the analogous role to the Chi-square distribution in the 

univariate case. C. S. Herz [H] discusses exhaustively properties of the Bessel 

function of matrix argument. It is well known that we can derive the r-

distribution, the B-distribution and the F-distribution in the unified manner in 

the univariate case. In this paper, we treat the unified derivation of the r-

distribution, the B-distribution and the F-distribution of matrix argument 

Some results may be contained in the paper by I.･ Olkin and H. Rubin [O]. 

S I . Distributions in the central case 

Let the matrix S be the (p, p) real symmetric matrix in the following ; we 

define the r-distribution rp (c~ ; C) of matrix argument as follows : 

Definition I . I . 

The matrix S is distributed according to the distribution r], (c~ C) when 

its distribution has the probability element 

det (C) " J'p (a) etr ( - C~1S) det (S) 2 dS, c~-

S posrtrve definrte (S > o) cr > 2 

O, otherwrse 

, where C is any (p, p) real positive definite matrix, and etr ( ' ) denotes exp 

P(P-1) P / i 1 (trace) , and F1' (c~) 7r 4 rJ rlc~- ). We call the case of C 11" the 
2
 i=1 ¥ 

unrt matnx of order p, as the canonical form of this distribution. It is the 
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generalization of the central Wishart distribution W,p (c~ C) 

P'roposition I . I . 

The canonical case of the distribution rp (c~ ; C)has the constant probability 

element on the sphere passing through S and with center I], in the s.pace of 

real positive definite matrix 

[Proof] The probability element- in the 'canonical case is given in the form 

dF- (S) I CY -/'--"----'+___1 _dS. 
rl"'(cr) etr(-S) det(~) - _ 

Let us make the transformation S ~ II'SH, H r_ O (p) the orthogonal group 

Qf degree p, then we h~ve the result 

dF (H'HS) dF (S) . 
. Q.E. D.-

P/-oposition I . 2 . 

If the (p, p) matrix S is distributed according to F1' (c~ ; Ip) , t-hen eigenvalues 

and eigenvectors of matrix S are independently distributed. Moreover, the 

distribution of the eigen vectots is the uniform distribution over the orthogonal 

group O (p) . 

[Proof] It -is well known that there exists a factorization of the positive 

definite real matrix S as S HD12H', where H E O (p) and Di2 is a diagonal 

matrix with diagonal elements ~i/¥/ ~~>/ ' ' ' >/ ~~> O,. and this factorizatior} i~ 

uniquely defined whenever ~i> ~~> . . . > ~~. This latter condition holds with 

probability ohe. As performing the above factorization, the corresponding 

volume element dS is expressed as 

(1 2) dS- ri (~i-)u) Lld~ 1 1' ~ p rl: hf dhi, 

l
where H - [hl' h2, ' ' ', hp]. 

Then the probability element of the distribution rl' (c~ ; 11') is expressed as 

(1.3) . I a-P+1 p - 2prl'~ (c~) rl (~" ~ ) rl: d~i･ ,･ ~ h.;dhi. etr ( - D1~ de~ (D~2) 2 

i
In this expression, the term rl: hj'dhi is the differential form corresponding to 

,i

the invatiant measure on the group O (p) , that is, 

1' 2 7r'il2 ~ hfdhi ~ r/ i ~ -f~(1') ;
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We call a function of the symmetric real matrix ' S as the symmetric function 

of the matrix S whenever it satisfies the expression f(S) f(HSH') for any 

H E O (p) and distributions with symmetric probability element as the symmetric 

distribution. We have the following baeneralizations of Prop. I and Prop. 2 

~P/-oposition I . I . ' 

For~~the ~~inmetrlc--distribution, the ~is'tribution has the constant probability 

element on every sph._.~re with center lp . . 

Proposition I . 2 . ' 

The distributions of eigenvalu~s and eigenvectors of the matrix are indepen-

dendently distributed ~nd the distributions of the _latter is the uniform 

dis~ribution on the orthogonal group O (p) if and only if the distribution is 

symmetric. Th~se two pro~ositions are shown in the same way as Prop. 1 

and Prop. 2. 

P/'opotition I . 3 . 

The characteristic function of the distrlbution rl' (oc ; C) is given by the 

expressron 

(1 . 4) ~ (O) det (IJ, - iOC) -", 

where the symmetric matrix O is of the form 

O (~i.i Oij ) , ~ii l, _~jj I (i~j) . 
2
 

[Proofl We calculate ~ (~) E etr (1 O S) 

1 a-"--.---+1 dS f
 

E etr (i O S) etr (i O S) etr ( - C~1S) det (S) r 
det (C) " F1_' (o!) 

s>0 

det (C) " rl' (c~) etr [- (C l-i O) S] det (S) - dS 

s>0 

det (11' - i O C) -" 

Q. E.. D. 

Col "ol I ar y 

Let matrices Sl and S2 be independently distributed, each according to rl' 

(al ; C) and F1" (c~2 ; C) , then the matrix S1+S2 is distributed according to 

rl_' (c~l+ cY2 ; C) . 
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Definition I . 2 . 

Let matrices Sl' S2, 

joint distribution has the 

(1 ' 5) dF(Sl' S2" ' " 
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, S~ be (p, p) real symmetric matrrces whenever therr 

probability element 

S/.') 

we say that the set of matrices 

Dirichlet distribution of matrix 

the case of k 1, it is the ~-distribution 

the above expression 

~p (Cicl' ' det (Sl) a:1-P+1 det (S ) f
 

' . , C~k ; c~h+1) 

sl" "' sk>0 
sl+ . . . +sk 

det (11) - Sl ~ ' ' ' Sk,) ak+1-1'+1 

r (Clc + +0ck+1) ~l 
rl' (Clcl) " ' rl' (C~k+1) ' 

1 C~k ; C~k+1) det (S1) (xl-P+1det (S) oi2 1'+1. . 

JBIJ(C~l' " " 

Sk) ah+1 det(Slc)ock- 2 det(113-S1~ ' ~ 2 dS1 
... 

. . . p I Sl" "' Sk> o and dSk, ~n/1' ' ' " Cicl+1> 2 ' 

S1+ ' ' ' +S/, 

O, otherwise 

(S1' " " Sk) are distributed according to the 

argument Dip (C~l' " " C~k ; C~k+1) ' In particular, 

of matrix argument ~ep (C~l ; c~2) ' In 

a/. ~ P+ l 

* 2 

dS dSk.. 1
 ... 

The distribution ~ep (c~l ; c~2) is a symmetric d.istribution. At present, we might 

consider some connections between r-distribution rp (c~ ; C) and the distribution 

Bep (c~ ; ~) , and connections between distributions Bep (a ; ~) and Dip (c~l" ' "clch ; 

c~l,+1) ' These results are summarized in 

Proposition I . 4 . 

Let matrices Sl and S._ be independently distributed, each according to r2' 

(c~ ; C) and F1' (~ ; C) , then the matrix 

S (S1+S2) * -' Sl(S1+S_.)-~ 

is distributed according to L;el' (c~ ; ~) , where S-~ is the symmetric root of the 

matrix S-1, that is, (S-~) ' S-~. 

Corol I ar y 

Let matrices S1 and S.~ be independently distributed, each according to the 
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Wishart distribution W1' (m ; C) and Wp (n ; C) , then the matrix S (SI + S2) -~ 

(m n) S1 (SI + S2) -~ is distributed according to the distribution Be ' 

p 2'2 ' 
Proposition I . 5 . 

. , Sh be independently distributed, each according to Let matrices S1' S2, " 

- . . . - oci) (i l, 2, . . . , k) , then the set of matrices Oi (IP O1 Bep (c~i, c~-ocl 

. . O,i_1) ~ Si (IP -el ~ ' ' ' ei-1) " (i 1, 2, . . . , k) , eo O, is distributed according 

to the d,istribution Dip (c~ . , c~k ; c~ - (~l ~ " ' ~ c~k) . The Prop. 4 is generalized 
1' " 

into 

Proposition I . 4 . ' 

Let matrices S1' ' ' " Sk, Sk+1 be independ,ently distribute.d, each according to 

Fp (c~,i ;C) , then the set of matrices 

e (S1+ ' " +Sh+1) ~~ S (S + +Sk+1) (1 1 k) 

is distributed according to Dip (c~l' ' ' " c~h ; c~k+1) ' 

[Proof of Prop. I . 4 . '] We have the joint distribution for the set 0L matrices 

(Sl' " " Sk ; Sk+1) ' 

dF (S1' ' 1 det (C) r (c~l) " ' Fp (ah+1) etr [ - C (S + + Sk+1) l .a ~ . . , Sh , vk+1) 

p+1 det (Sl) al-P+1 det (Sk+1) ah+1- 2 dS1 ' ' ' dSk+1' 

where c~ oil+ ' ' ' + o!h+1' 

Make the transformation 

S Sl+ " ' +Sh+1' ei S-~ Si S-~ (i 1,. . .,k), 

then since S1" "' Sk+1 > O, Oi (i 1, . . ., k) >0 and 11'-Oi S~ (S Si) S-~> o, 

Ilp (O1+ " ' + ek) S--'~ Sk+1 S-"-> o. Thus the joint distribution 0L the set of 

matrices (O1' ' ' " Ok) has the support ei > o (i 1,. . ., k) , Ip> ol+ ' ' ' + ok' 

Under the above transformation the volume element dSl ' " dSk+1 is transformed 
p+1 k 

into dS dO1 ' ' ' dek; which is' equivalent to det (S) ~ 2 dSl ' ' ' dSk dSk+1' ~nd 

we have the joint distribution for matrices el' ' ' " Ok, S as 

. det (el) al -P+1 det (e ) 
e S) Fp ((~l) ' " rp (c~k+1) 

' ...' 

ak+1 - P+1 a - P+1 1
 det (11' - el ~ ' de . dek det (C) " etr ( C S) det (S) 2 dS, . . - Ok) 
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and intebcrrating out with respect to the matrix S,, we have the joint distribution 

dF(Ol' ' ' " O ) L; (Ce I C~. , oi/.+1) det (O1) al-1'+1 

i, . . ., l 

als-1'+1 a/t+1-1'+1 2 dO . . . .det(ek) . 2 det (11'-Ol~ ~ dO~'. - Ok) l . *. 

... 

the . probability element for the distribution Dil' (c~ , C~k ; c~;h+1) ' 
l' ' ' ' 

Q. E. D. 

The Prop. 5 is shown in the same way. 

Definition I . 3 . 

Let a matrax S be a (p, p) real symmetric nl_.atrix. Whenever its probability 

element has the expression ' ' ~'~ 
_1'+1 

1 ' det (S') 2 " 
c~ "+p dS.S>0 *"nd c~, r~>p 1 p ' ) (1.6) dF (S) B ~ det (11' +, S) 2 ' (

 2 2 
O, otherwise 

we say that matrix S is distributed according to the F-distrlbution of matrix 

argument F1' (a ; ~) .' ~ , , 
The distribution Fp (c~ ; ~) is aISQ the sy~nmetric distribution. Now in the 

univariate case, we have the following proposition ; "Let rando;m variables sl 

and s2 be independently distributed, each according to rl (c~ ; C) and rl (~ ; C) . 

Then the random variable S sl/s2 is distributed according to Fl (2c~ ; 2~) ." 

In the case of matrix argaument, the corresponding problem is the following ; 

"Let matrices Sl and S2 be independently distributed, each acc9rding to rp (C~ ; 

C) and rp (~ ; C) . Then how is the distribution of tie matrix S O' Sl O, 

where OQ/= ~~1?" I. Olkin and H. Rubin [ O I solved this problem under the 

triangulair decomposition of matrix S., and they also mention the result fQr the 

symmetric root decomposition of matrix S;3 for the case_ 0L C , ,Ip. 

At present, the problem for the symmetric root decomposition. o.f -matrix S2 

for the general case of matrix C is unsolved, and _ in the' following we slee the 

sufficient facts to solve this problem. 

The joint distribution 0L matrices Sl and S"_ is given by the expression 

(1 . 7) dF(S1' S=.)~' -- I . ' .+,s etr 'L･-C-1 (S1+Sz) l 
F1' (c~) rl' (r~'~) det (C) 

/e 1'+1dSldS._. "I'+1 ' det (S) a- 2 det (S2) ~T 
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Put S = S2-~ SIS2-~ in the expression (1 . 7) , then we have the transformation 

of volume element as 

1'+1 

dS^dS2 = det(S2) z dS dS2 and 

a P+1 det(S) --2 
dF(S S2) =rp (c~) rp (~) det (C) "+p etr [ S C IS' (11'+S) J 

aTp P+1dS""dS, det(S2) ' ~ 

' by the formula thus the drstnbution of the matnx S m grven 

1 ~ a-1'+1 l {
 

(1 8) dF (S) - ~p (c~, P) det (S) rl' (C~ + ~) det (C) "+fi 

a+ p-T'+1 f etr [-S;･C-lS~~(11'+S)] det(S2) " dS2} dS. 

s2>0 

Thus it in sufficient to have the evaluation of the integral 

det (C) " ce -1'+1 etr [ R~CR~S] det (R) (1 9) I(c~: C S) rp(o!) dR 
R>0 

--- - 1 for matrices C and S are positive definite and Re (ct) > p-
2' 

For the case of a scalar matrix C, we have the evaluation of the integral 

(1 . 9) as det (S) -", but in the general case of a matrlx C, it may depend on 

the matrix C. Incidentally it has the property of I (c~ ; C, 'S) = I (c~ ; 'HICH, 

H/SH) for any matrix H E O (p) , and moreover, eigenvalues of the matrix S 

has the same distribution as it for the distribution F1' (2c~ ; 2~) , which holds 

for any decomposition of the matrix S2 ' 

S 2. Distributions in the noncentral c~ise 

In this section we consider the noncentral distribution corresponding to 

central distributions defined in S 1. 

Def･inition 2 . I . 

Let a matrix S be (p, p) real symmetric matrix. It is distributed accordirLg 

to the noncentral r-distribution of matrix argument rl, (c~ ; C, ~) whenever it 

has , the probability element 
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etr ( C-1~~) det (S) a-P~~ etr (-C-1S) oF+ (oi ; C-1SC-1~~) dS, 

rp (c~) det (C) " 

(2.1) dF (S) S > o, C > O and c~ >p-2 1 

O, ' otherwise 
where OFI (c~ ; S) is the confluent hypergeometric function of matrix argument 

(C. S. Herz [ H] ; A. G. Constantine [C]) . We define the canonical form of 

the distribution as the distribution with probability element 

F1' (c~) etr (-S) det (S) - etr (-9) OFI (c~ ; S~2) dS, 

(2.1') dF(S) S > o and c~ > p 2 1 

O, otherwise 

Proposition 2 . I . 

The characteristic 

expressron 

function of the distribution rp (c~ ; C, ~2) is given by the 

(2.2) ~ (e) - etr{ [Ip- (Ip i O C) -l] C-I~2}det(1 t O C) 

[Proof l 

etr ( - C-I~2) a -p+1 f
 

~ (O) E etr (t e S) rp (c~) det (O " etr (i e S) etr ( C-1S) det (S) 

s> o 

OFI (clc ; C-1SC-1~) dS 

etr ( - C-1~) 
det (C-1 i O) -"etr [ (Ip - i O C) -1C-1~] 

det (C) " 

etr{ [Ip (Ip i e O -1] C-19}det (Ip i e O -". 

Q. E. D. 

Co ro I I ar y 

Let matrices Sl and S2 be independently distributed, each according to Fp (C~I ; 

C, ~1) and rp (c~2 ; C, 92) ' respectively. Then the matrix S Sl + S2 is distributed 

according to Fp (c~l+0c2 ; C, ~1+~22) ' 

Proposition 2 . 2 . 

Let a matrix S be distributed according to Fp (a ; 11" ~2) , then its average 

over the orthogonal group O (p) in the followin>~ sense has the probability element 
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(2 . 3) d~(S) f Fp (oc) etr ( S) det (S) dF ( (H/SH) d V (H) 

o(p) 

' etr( ~)oFl(c~;S, ~) dS, 

where the function OFI (c~ ; S, ~) is defined by the formula 

= (k) (S) C(h) (~2) 1 C OFI (a S, ~) ~ ~ k! (c~) (k) C(k) (IP) 

k=0 (k) 

and C(k) (S) is the zonal polynomial corresponding to partition (k) of k (A. T. 

James [J]) , and dV (H) is the normalized invariant measure over the orthogonal 

group O (p) . 

Before proving this proposition, we note that the d'istribution Fp (a ; 11" ~~) 

is the symmetric distribution only when the matrix ~ is a scalar matrix, on 

the other hand the distribution dF(S) is always the symmetric distribution. 

[Proof l 

d~(S) etr( S)det(S)oc P+1 . etr( ~) f oFl(c~ ; H/SH~~) dV(H) ' dS 

rp (c~) o(p) 
etr( S) det(S) a-P+1 = l etr( ~~) ~ ~ 

rp (c~) k! ((~) (k) k=0 (k) 

f C(k) (H/SH~~) dV (H) ' dS 

o( p) 

etr ( S) det (S) a-P~I etr ( ~)oFl (a ; S, ~2f) dS. 

Fp (c~) 

Q. E. D. 

Co ro ll a r y 

Let a matrix S be distributed according to Fp ,(c~ ; Ip, ~) , then the joint 

distribution of eigenvalues of matrix S has the probability element 

a-1'+1 
7r2 

(2 .4) dF(D1') etr ( DA,) det (Dl') , I ( ~ ¥) r(c~ 1 2 1)¥ 
rlr 
etr ( 9) OFI (a ; DA', ~) 

･ ri (~~-~;) n.~l d~~, 

t

where the matrix D1' rs the diagonal matrix (~~, ~~, . . . , ~p2) , and eigenvectors 

are independently distributed of eigenvalues when the matrix ~ is a scalar 
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matrix. 

[Proof] The second part is the consequence of Prop. I . 2/. The first part 

may be calculated as the following ; the joint distribution of eigenvalues and 

eigenvectors under the distribution (2 . 3) has_ the expression 

dF(D~ , H) rp (a) etr ( D ) det (D ) etr ( ~~)) oF1(a ; D~,, ~) 

' rt (~~ ~ ) rl: d~~ ･ rl hfdh,, 1 p 

i i=1 

and integrating out of eigenvectors, we have the joint distribution of eigenvaiues 

1'(p+1) 

dF(DA,) 7r 4 oi-1'+1 . etr ( ~ DA,) det (D ) etr ( ~) OFI (c~ ; DA,, 9) 

p ) P '=1 ( l r (c~) rl:r 2 

･ri (~~ ~) rl:d~ 

F>j 'i'=1 _ Q. E. D. 
Definition 2 . 2 . 

Let a matrix S be a (p, p) real symmetnc matnx If rts distrrbution has the 

probability element 

1 ot--1-'+1 ~-1'+1 ~p (a, ~) 2 det (Ip S) 2 det (S) 

(2.5) dF(S) ' etr ( ' ~2) IFI (c~+ ~.; c~ ; S'~Q) dS, 

pl O 
 

2
 

. O, otherwise 

we say that the matrix S is distributed according to the noncentral B-distribution 

of matrix argument Bel" (a, ~ ; fJ) . 

Propotisition 2 . 3 . 

Let a matrix S be distributed according to Be], (c~, /~~ ; ~2) , then the distribution 

dF(S) has the probability element 

(2.6) _･_ I c~-P+1 det (Ij; S) ~ 1'+1etr( ~2)lF1(c~+~; c~ ; S, ~) dS, 
-det (S) 2 J~1' (c~, p) 

and eigenvalues of the matrix S are distributed with probability element 
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　　　　　　　　　　　　　　P（刀十1）　　　　　　　　　　　　　　π　　4　　　　　　　　　　　’α一出1　　　　　　　　　β一出
（2・7）6F（1）1l）＝　　、　　d・t（々1・）　2d・t（卜Dλ・）　2
　　　　　　　　　　恥β）ヰ〃

　　　　　　　　　　　　　　　　　　　刀　　　　　　　　　　　　P
・etr（一g）・F1（α十β；α；Dλ・，9）コて（λ葦一λ3）「虹’6λ弓．

　　　　　　　　　　　　　　　　　　まく、ブ　　　　　　　｛：1

Now，we　cons1d．er　a　re1at1onsh1p　between　the　d－1str1but1on　r、（α，C，9）and．the

d．1str1but1on　Bθ刀（α，β，9）．　The　prob1e皿。s　the　fo11owmg，1et　matr1ces　8．and．

8・b・・nd・p・nd・nt1yd1・t・・but・d，…h・㏄・・d1ngt・r刀（α，C，9）・・dへ（β，C）

respect1∀e1y，and－how1s　the　d1str1but1on　of　the　matr1x8＝［（31＋32）一茎r51（81＋52）■卸

　At　f1rst，we　cons1d．er　the　case　of（31＋52）一萎’＝（31・ト52）＾垂．　The〕01nt　d11str1but1on

of　matr1ces3ユ，32has　the　probab111ty　e1ement　一

　　　　　　　　　　　　　　　　　1　　　，、　　　　　　　　　　α一牛
（2・8ジ例∬）：＾（α）＾（β）det（C）州・t・卜C－1（8・十＆）］d・t（8・）

　　　　　　　　　　　　　　　　　刀十1　　　　　　　　　　　d剛＆片丁｝（一C－1g）。夙（α；C一・凪0一・g）硲鵡，

then　the　〕01nt　d1str1but1on　of　matr1ces5and　7「＝81＋82　has　the　probab111ty

e1ement

　　　　　　　　　　　　1　　　　α一牛．　　β一苧
例岬）二几（α）＾（β）de・（C）α・／d・t（3）　d・t（卜3）　・t・（一C－1τ）

　　　　　　　　　　　　　　1，十1　　　　　　．det（r）α十β’Tetr（一C－1g）。ハ（α；C－1丁去8丁垂C－1g）ゴ3♂τ，

for　the　region　O＜（8＜（コら　and－11＞O．

　To　get　the　d，1str1but1on　of　the　matr1x尽we　need．the　ev・a1uat1on　of　the1ntegra1

（・。・）e緑芸）∫…（一・抑・t（・）α十β㍉（α，・一附け肌

r＞O

　At　present　this　integra1is　exp1icit1y　e▽a1uated　on1y　for　the　case　of　matrices

C　and　g　be1ng　sca1ar　matr1ces，1n　th1s　case，our1ntegra1becon＝1es

e昂；宰）∫・t・（一・叩）・・t（τ）α十β㍉（α，・切棚）∬

　　　　　　　　r〉0

－e院；宰）∫…（一け）・・t（・）α十β㍉（α，・・柳一）〃

　　　　　　　　r〉0

＝etr（一C－1g）r、，（α十β）。夙（α十β；α；C一’g3），
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and the matrix S is distributed according to the distribution Bep (c~, ~ ; C-1~2) . 

On the other hand, the averaging process over the orthogonal group O (p) 

gives us the distribution dF(S), and hence the joint distribution of eigenvalues 

of the matrix S : 

(t_p+1 ~-1'+1 1
 (2 . 10) d~(S) det (S) 2 det (Ip S) Bp (c~, ~) 

etr( C-1~2))1F1(clc+~ ; C~ ; , C-l~2)dS, 

7TP(P+1) a-P+1 ~-1'+1 (2.11) dF(D1') det (Ip DA2) 2 . det (D~") 

p P ( , z) B (c~ ~)rl:r 2 
i=1 

1' (~ ~~ ri d~2. 
etr( C ~)1F1(a+~ c~ D C-1~2) rl ~ 

l
Thus, the eigenvalues of the matrix S are always distributed with the same 

probability element as it of the distribution ~ep (c~, ~ ; C-1~2) . 

Next, Iet sl + s2 TT/ with lower triangular matrix and consider the distribution 

of the matrix 

1 S /T'-1~ / (2.12) S T- I~l ) . 

The probability element of this distribution is given by the expresslon 

1 a-P+1 (2 13) dF(S) 1~p (cli, ~) det (S) det (Ip S) ~-P+1 

etr ( C-l~2) etr ( T/T) det (T/T) "+p f
 

' rp(a+~) T 
r
i
 

OFI (cic ; ST/C-1~T) 2P t~i dT dS, 
i=1 

and in the case of the matrix C-1 9 having the form a20. . O 

O O' 
the matrix S is distributed according to the distribution ~ep (oc, ~ ; C-19) . 

Defmltlon 2 . 3 . 

Let a matrix S be (p, p) real symmetric matrix ; we call its distribution Fp (c~, 

~ ; ~2) , when its distribution has the probability element 
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(2 . 14) dF(S) _ 

1
 B,, ~ ~) det (S) (

 

o
,
 

a - p - 1 

2
 det (II. + S) 

_ a + p 
2
 

etr ( ' (~~)lFl c~~~; a2 ; (11'+S ) ~)dS 

S> o and c~, ,~>p - 1. 

otherwise. 

P7-0position 2 . 4 . 

Let a matrix S be distributed 

Then the distribution dF(S) and 

following probability element -

according to the 

the distribution 

distribution Fp (c~, ~ ; 

of eigenvalues have 

~) . 

the 

(2 . 15) d F (S) 
1
 B (-a._, ~ det (S) 
)
 

" 2' 2 

(r - p - 1 

det (11' + S) 
_*+p 

etr (- !~) 

. c~+~ IFI ( ) , c~:. 

2 ; 2
 

(11J + s-1) -l ~2) dS, 

(2 . 16) 

Pro po s itio n 

dF(D~2) - ~P(P+1) '_p_1 _'+p Bp(~, ~)4~ ' ' det (D ) 2 det (Ip+D~2) 2 

) ~2 It i=1 r~2 

a+~ C~ ' etr(-~)1F1 ~ ); 2 ' (1 +D-1)_1 ~ P (~2 ~2 i, p 12 ' rl i-2
 

i=1 

2.5. 

Let a matrix 

T (11'-S) -1Tl, 
S be 

where 

distributed 

S- TTl, is 

according to Bel' (cli, ~ ; 

distributed according to 
~) , then the 

F. (2c~, 2~ ; 
matrix 

~) . 
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