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A semigroup S is said to be regular if it satisfies the following condition 

(C. 1) For any a E S, there exists an element a* E S such that aa*a - a and 

* * a* a aa -
In this case, such an element a* is called an inverse of a. In general, for an 

element a of a re-gular semigroup, an inverse of a is not necessarily unique. 

It is well-known that an inverse of a is unique for every element a of a 

regular semigroup S if and only if S is an inverse semigroup. For an inverse 

semigroup S, we shall denote the inverse of a E S by a~1. Let S be a regular 

semigroup, and L; the set of all idempotents of S. Then B is not necessarily 

a subsemigroup of S. If B is a subsemibaroup of S, then S is said to be strictly 

regular. Moreover, in this case ~ is called the band of idempotents of S. 

The main purpose of this paper is to study the structure of semigroups S 

satisfying the following (C. 2) : 

f (1) S is a strictly regular semigroup with zero, and 
(C. 2) 1, (2) every non-zero idempotent of S is primitive .(see L2]) . 

Now, Iet S be a semigroup satisfying (C. 2) . Since S is a ptimitive regular 

semigroup, it follows from Preston L3] that S is a O-direct union of {Si : i E 

I}, where each Si is a completely O-simple semigroup in which the set of 

idempotents constitutes a subsemigroup. Hence our problem is reduced to the 

problem 0L determining the structure of semigroups S satisfying the follow~ing 

condition ' 

(1) S is completely O-simple, and 

(C. 3) ･ (2) the set B of idempotents of S is a subsemigroup of S (i. e., 

B forms a band) . 

We shall call a semrgroup satrsfymg (C 3) a generalized Brandt semigroup. 

Remark. It is well-known that a semigroup S is a Brandt semigroup if and 

only iL S satisfies (1) of (C. 3) and the following : 

(C. 3, 2*) The set ~ of idempotents of S forms a semilattice. 
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In the follol~rlng *'ctrons we shall mainly deal with generalized Brandt 

semigroups. 

S 1. Characterizatioms of generalized Brandt semigroups. At first, we have 

the_ following theorem : 

Th*orern 1. A se;ni,.(rroup S is a generalized ~randt seml:group if an,d only 

if S satisf.les 

(1) S is a strictly re,r.fular senzl:r.'roup wlth "e/ o O 

(1. l) ･ (2) eveJly non-zero idempotent of S is p7'imitive, and 

(3) for any non zero idelnpotents e, f, eSf~ {O}. 

Proof. Let S be a generalized Brandt semigroup. Since S satisfies (1) of 

(C. 3) , it is obvious from Clifford and Preston [2] that S satisfies (2) and (3) 

of (1. l) . Further, it also follows from (C. 3) that S is strictly regular. Hence 

S satisfies (1) of (1. 1) . Conversely, Iet S be a semigroup satisfying (1. l) . 

Since S is strlctly re*aular, S satisfies (2) of (C. 3) . Further since S is regular 

and since S satisfies (2) and (3) 0L (1. 1) , S is completely O-simple (see L2]) . 

Hence, S is a generalized Brandt semigroup. 

Next, we shall show another characterization of generalized Brandt semi-

groups. 

Lemma 1. If S is a gen,eralized ~randt semigroup, then (1) efe e and 

fef- f or (2) ef fe O for every non-zero idempotents e, f of S. 

Proof. Since efe is an idempotent and efee eefe efe, we have efe O or 

efe e. Similarly, fef f or fef - O. 

Case I (efe O) . In this case, efef = O and fefe = O. Hence ef (ef) 2 O 

and fe (fe) 2 =0, and hende ef fe O. 

Case 2 (efe e) . If fef O, then we have ef fe O by an analogous 

way to Cas3 1. Hence we have efe O, which contradicts to our assumption 

efe - e. Therefore fef ~ O, and hence fef f. 

Lemma 2. I.et B hp_ the band of idempotents of a _Q'eneralized E:ra7idt semi-

group S. Then ~ rs a normal bandl) and accordin*Q'Iy S is a gelre/ altzed 

. . 2) mverse senztgroup . 

l) A band G (that is, an idempotent semigroup) is said to be normal if it satisfies the 

polynonuat Identity xyzw=xzyw. It has been proved by [5] that a band G is normal if 

and only if it satisfies the polynomial identity xyzx=x-~yx 

2) A regular semigroup G is caned a generalized inverse semigroup ' if the rdempotents of G 

form a normal band (see [6]) 
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Proof. Let e, f and g be elelnents of Ef. If at least one of these e, f and 

*'1 is the zero element O of S, then clearly efge egfe = O. Suppose that all 

the elements e, f, g are not O. By Lemma 1, efge O or efge e. 

Case I (ef*c'e O) . If ef = O, then fe O. Hence g (fe) O, and hence 

e_"'fe ~ O. If ef ~ O, then e (ef) ~ O. Hence efe ~ O, and hence efe = e. 

Therefore, we have *"'e = g (efe) g (ef) e. Since e (fg) e O, we have efg -

e (efg) O. Hence g (ef) = O. Accordingly ge= (*p'ef) e- O, which also impl_ies eg 

O. Thus we have egfe O, and hence egfe efge O 
Case 2 (efge ~0) . Since e(fg) e ~ O, we have e (fg) e - e. If egfe O, then 

it follows from Case I that efge O. This contradicts to our assumption. 

Therefore egfe ~ O, and hence egfe e Thus we have efge e*ofe 

~ rs a normal band S Is a generalized inverse senu Since S is regular and ' 

group. 

By usin*a Lemmas 1, 2, we obtain the following theorem 

Theorem 2. A semigrou_p S with zero is a *o'eneralized ~ran.dt semigroup if 

and only if S is a generali_'ed inverse semi*.droup and completely O-silnple. 

Proof. If S is a generalized Brandt semigroup, then by Lemma 2 S is a 

generalized inverse semigroup. It is obvious from the definition of generalized 

Brandt semigroups that S is completely O-sinrple. Conversely, Iet S be a 

~aeneralized inverse semigroup which is also completely O-simple. Then since 

the set of idempotents of S is a subsemigroup of S, S is a generalized Brandt 

semlgroup. 

Remark. It is well-known that a semigroup S is a Brandt semigroup if and 

only if S is an inverse semigroup and completely O-simple (e. _Q'., see L2]) . 

Theorem 2 is analogous to this result. 

S 2. A structure theorem. If S is a generalized Brandt semigroup; then it 

follows from Theorem 2 that S is a generalized inverse semigroup. Hence the 

followinba result follows from the author L6], L7] : 

The relation p on S deLined by 

(2. 1) a p b if and only if {a* : a* is an inverse o{ a} {b* : b* is an 

inverse of b} 

rs a congruence on S, and 
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(1) the fac,or semigroup S/p of S mod p is an inverse semigroup ; 

(2) S/p E~ ~ (where ~ is the congruence class containing e) 

(2. 2) is an idempotent if and only if e is an idempotent of S ; 

(3) p I ~ (the restriction of p to ~) gives the greatest semilattice 

decompositron of ~ where B is the band of idempotents of S. 

Of course, it is obvious from (2) of (2. 2) that every congruence class of B 

mod pB = p 1 1~ constitutes a complete (congruence) class of S mod p. 

Further, we have 

Lemma 3. S/p is a ~;randt semigroup. 

Pro0L. It is obvious that S/p is regular. For x E S, Iet ~ be the congruence 

class containing x mod p. At first, we shall show that O {O} . Let O ~. 

Then since O is an inverse of O, O - eOe e. Hence O {O} . Now, Iet e, f be 

idempotents of S/p such that ~ f _ f e - ~ ~~. Since ef fe ~~ and e, f 

are idempotents of S, we have O ~ e efe and O ~ f fef. Therefore, e pBf 

since pB gives the greatest semilattice decomposition of B. Henc_e e p f, 

which implies e f. Thus, every non-zero idempotent of S/p is primitive. 

Next, Iet e, f be non-zero idempotents of Sl(~. Since e, f are non-zero 

idempotents of S and since S is completely O-simple, there exists x of S such 

that exf~ O. If e x f = O then e".'*f - O, which implies exf O. This contra-

dicts to exf~ O. Hence e x f~ O, and hence e S/p f~{O} . Therefore, Slp 

is completely O-simple. Since S/p is completely O-simple and an inverse 

semigroup, S/p is a generalized Brandt s~.migroup. 

From Lemma 3 and the author L6], it follows that S rs Isomorphic to a 

semigroup S* constructed in the following way 

Let g be a Brandt semigroup, ! the basic semilattice of g~ (that is, 

the semilattice of idempotents of g ) . In this case, it is obvious that ab 

ba O for any a b E ! (see [2]) Let L, R be a left normal band and a 

right normal band 3) respectively having L -~ {Lk : kEy} and R - ~ JLRk : 

k E J} as their structure decompositions (for the definition of structure 

decompositions, see L6]) . 0L course, it is obvious that the zero element O of 

g~ is contained in !~ -' and' each 0L Ro and Lo consists of a single element : 

Put Ro = {O.} and Lo {Ol}' Let S* be the quasi-direct product (abbrev. 

3) A band G is said to be left [right] normal If rt satrsfles the polynomral Identrty xy 

xzy [xyz=yx*-] (see [8]). 
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Q-product) Q (L R Jc4)4~)~ ~) R ; !) of L, g~ , R wrth respect to ~f (see 

L6]) . That is, 

Q(LR g ~)R ; y) {(e, a, f) : e E L~~ fE R aE ~-1*' 

(2. 3) g~ } , where a~1 means the inverse of a in J~;)4~)~ ; 

the multiplication in Q (L ~ g R R ; y) : 
(e, a, f) (g, b, h) (eu, ab, vh) , where u E L~b(~b) -1 and v E R( b) I b4) 

Now, we obtain the L0110wing result as to S* : 

Lemma 4. (1) (e, a, f) E S* implies (i) a O, e ~ Ol ' f O or (n) a ~ O e 

~ Ol' f~ O.. 

(2) (e, a, f) , (b~, b, h) E S* and ab O imply (e, a, f) (g, b, h) = (Ol' O, O,.) . 

(3) (e, a, f) , (g, b, h) E S* and ab ~ O imply (e, a, f) (g, b, h) (e, ab, h) . 

Proof. The part (1) is obvious from the fact that Lo {Ol} and Ro {O,.} . 

Further the part (2) is also obvious from the part (1) . Hence, we shall next 

prove the part (3) . Suppose that (e, a, f) , (g, b, h) ES* and ab ~ O. If aa~1 

~ ab (ab) -1, then O (aa~1) (ab (ab) -1) ab (ab) -1. Hence ab (ab (ab) -1) ab 

- O, which contradicts to ab ~ O. Therefore, aa~1 ab (ab) -1. Similarly, we 

have b-1b - (ab) - Iab. Now (e, a, f) (g, b, h) - (eu, ab, vh) , where u E L.b(~b)-1 

L~~-1 and v E R(~b)-]~b Rb-1b' Since u E L~~-1' e E L~~-1' v F_1 Rb-1b' h E 

Rb-]b and since L~~-1' Rb-1b are a left zero semigroup, a rlght zero semigroup 

respectively, we have eu e and vh h. Hence (e, a, f) "Oo', b, h) (e, ab, h) . 

From the above-mentioned lemmas, we have the following theorem : 

Theorem 3. For any general'ized Brandt selnigroup S, there exist a ~randt 

semigroup g, having !~ as its basic semilattice, and families of sets 

{I~ : a E y}, {J~ : a E !}, where each of lo, Jo consists of a single element, 

such that S is isomorphic to the semigroup S* defined by 

S* { (e, a, f) : e E I~. l' fE J~ ~, a eEJc4/~~'=~ } and 

the multiplication in S* : 

(2. 4) f (e ab h) if ab ~ O (e a f) (g b h) ' ' ' ' ' ' ' I (Ol' O, O~ if ab - O, 

where Ol' O, are the elelnents of lo , Jo 7~espectively. 

Conversely, any semigroup S* constructed as in (2. 4) is a g eneralzzed Brajidt 

semigroup. 

4) By [6], it has been shown that (eu, ab, vh) does not depend on the selection of u, v. 

Hence the product of (e, a, f) and (g, b, h) is ' well-defined 
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lemmas. Let S* be 
see that S* satisfies 

Brandt semi~group. 
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half of the assertion follows 

a semi*aroup constructe_d as in 

(1) , (2) and (3) of (1. l) . 

f rom 

(2. 4) 

Hence, 

th,e above-mentioned 

Then it is easy to 

S* is a generalized 

S 3. Matrix representations. By Clifford and Preston L~] (see also Rees L4]) , 

a semigroup S is a Brandt semigroup if and only if S is isomorphic to a Rees 

A X A matrix semigroup over a group with zero and with the A X A identity 

matrix as sandwich matrix. Hence, it follows frorn Theorem 3 that : For any 

genera]ized Brandt semigroup S, there exist a Rees A X A matrix semigroup 

g over a group with ,zero Go and with the A X A identity matrix P as 

sandwich matrix and families of sets {Ik : k E !}, {Jk : k E !}, where 

J is the set of idempotents of J(~~~;1~~)~; and each of lo, Jo consists of a single 

element, such that 

S* { (e, a, f) : e E I~,,-1, fEJ~~_1' aE g } ; 

the multiplication in S* : 

' (e, ab, h) if ab ~ O, (3 1) (e a f) (g b, h) 1 !
 
. (Ol"O, O.) if ab = O, 

where Ol' O are the elements of lo, Jo respectively. 

In this case, 

J(;4;~/7 { (x) ~F : (~, /~) E AXA, x E Go}5), where all (O)1p' (~, /~) E 

A X A, should be considered as the same element denoted by O (in 

(3. 2) fact, this element O becomes a zero element with respect to the 

multiplication in g ) ; 

the multiplication in J~~~~~~ 

(x) ;p (y) .v ~ (x o~..y) R7' where ~p. means the Kronecker o~ 

Definition. Let Go be a group with zero O, and P a J x I matrix over Go 

If there exist families {11 : ~ E A} and {JI : ~ E A} of subsets 11' J1 of I, J 

such that 

(1) I= ~{11 : ~ E A}, J - ~ {J/ : ~ E A} (1 means disjoint *sum) , and 

(2) all elements in J1 x lp Submatrix of P are (i) O if ~ ~ /~ and (ii) I if ~ 

= I~L, then at present we shall call P the J x I semi-identity tnatrix of t'ype 

{Jlxl2 : ~ E A}. 

5) (x)~p denotes the A XA matrix which has x in the ()* /1) PO Itron and has O m an the 

other posrtrons 
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(xpf*x) ,f' where pf' 

e E 11 for some 

P) has the type (1) ,f' 

idempotents of Mo (G 

there exists /~ E A 

hence (1 pfg 
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idempotent. 

is an idempotent. 

the set of i 

I, J ; P) rs a 

Now, Iet us 
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Rees matrix semigroup over a group with zero and wilh a 

matrix as sandwich matrix is a generalized J~randt semigroup. 

MO (G ; I, J ; P) be a Rees IXJ matrix semigroup over a 

and with a Jx I semi-identity matrix P as sandwich matrix. 

matrix P be of type {J; x IR : ~ E A}. This MO (G ; I, 

completely O-simple semigroup (see [2]) . Now, Iet (x) ,f ~ 

(e f) E Ix J be an idempotent of MO (G ; I, J ; P) . Then (x) ,f~ (x) ,f (x) ,j' 

is the element in the (f, e) -position of P. Hence f E J1' 

~ E A and x 1. Therefore, any idempotent of Mo (G ; I, J ; 

e E 11' f E J1' ~ E A. Now, Iet (1) ~f' (1) gl,, be any two 

; I, J; P). Then (1),f(1)qh- (1 p 1) . If pJ~ ~ O then 

fg ct* ' such that f E Jp, g E Ip. Hence e E Ip and h E Jp, and 

1) ,lo (1) ,h, e E Ip, h E Jp. Thus (1) ,f(1) is an idempotent If gl* 

1) ,h - O. Hence of course in this case (1 pfg 1) et' is an 

Therefore, the product of two idempotents of Mo (G ; I, J ; P) 

Since Mo (G ; I, J ; P) is completely O-simple and since 

idempotents of Mo (G ; I, J ; P) is a subsemigroup, this Mo (G ; 

generalized Brandt semigroup. 

consider about the semigroup S* given by (3. 1) and (3. 2) . 

(~; /h) ~ AXA, x (1~ Go} , J of (3. 1) is the set {(1)1A 

I(1) 11' J(1) J1 for every non-zero idempotent (1) 11 11 ;1 

I U {Ii : ~ E A} and J U {JI : ~ E A}. Now, Iet P be the 

' matrix of type {JI x IA : ~ E A} over Go and let 11410 (G 

I, J ; P) be the Rees I x J matrix semigroup over Go and with P as sandwich 

matrix. Then, the mapping ~ : S* --:>. Mo (G ; I, J ; P) defined by 

I
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! ~ (e, (a)1p' f) (a) ' rf a ~ O, 'f 

(3. 3) I ~ (Ol' O, O~ O 

is an isomorphism of S* onto Mo (G ; I, J ; P) . 

Therefore, we obtain the following theorem by using Lemma 5 and 

above-mentioned result : 

Theorem 4. A semigroup S is a generdized ~rardt semigroup if and 

if S is isomorphic to a Rees matrix selni*(lroup over a group with zero 

with a semi-identity Inatrix as sandwich matrix. 

the 

onl y 
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