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In 1961, A. T. James [1] introduced the zonal polynomial of real positive definite 

matrix and he described some properties and a method of calculation of it. 

Lately, he [2] also showed that it is ' an eigenfunction of the Laplace-~eltrami 

operator. The '_onal polynomial plays significant roles in di-~*tribution problem** 

of eigenvalues related to the normal multivariate distri.bution [3]. In the 

present paper, we will describe a representation of the group G'L (k ; R) and 

its spherical functions guided by N. J. Vilenkin [4]. Our assumptions I and 2 

in the following may be satisfied with zonal polynomials. We also give a 

deLinition of (zonal) spherical function of the group GL (k ; R) guided by K. 

Maurin [5] and we show that our zonal spherical function is in agreement with 

the latter definition. 

S I . Definitiola of spherical functions and son~_e properties related to the 

representation A(2f) (g) of th:e group GL (k ; R) 

Let { {g}(2)}(f), g E GL (k ; R) be a representation of the group GL (k ; R) 

on the space Vf of hornogeneous polynomials of degree f of the matrix 

~;t ~ S, where ~;t is the space of real positive definite matrices of order k. 

Owing to Thrall [6]-Hua [71 's result, the representation space space Vf is 

completely decomposable mto rrreducrble mvanant subspaces V(f) on which 

representation A(2f,,. . ., 2fk) (g), g E GL (k ; R), acts, 

Vf = O V(f), 
( f ) 

where (f) (Jf;; _ ' ~ jf'k) 's are partitions of f into k parts such that fl >l 

f2 >/" '-/~~ f'k >/ O and fl+f･"+ . . . +fk f. 
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0n　th，e1rreduc1b1e1n▽a．riant　spaceγ（、），we　ha∀e　the　representa．t1on

　　　　　　　A（2∫）rg）X（8）＝A（軌，．．．，助虎）（9）X（81＝X（9i1陸一1’），　　　　（1）

　　where　g∈Gム（尾；R）夕g－1is　the　inverse　of　g設nd　gi1’is　the　transposed

　　of　the　inverse　of　g　and　X（8）1s　a一∀ector　of　V（ブ）．

Tlhe　d1㎜ension　of尤he　space　y（f）is

　　！vて2∫）二1v（2∫1，固曲両，2五）＝1）（2ノー十居一1フ2ノら十居一2，。臼、，2ノ㌔）／1）（居一1，。。，多o、，

　　where　D（。，、。、多、）is　the　d甜erence　prod－uct．

The1nf1n1tes1ma1operator　of　the　representa．t1on　A（2グ）㎏、，g∈Gム（尾，思，1s　g1∀en

by

　　　　　　　　　　　　危　　　∂
　　　　　　Alζ）＝一2Σ：3、、　　　　（1くzく居）フ
　　　　　　　　　　　　α一・　∂3ユ、

　　　　　　　　　　　　ゐ　　∂
　　　　　　碑）＝一2恥∂㌦　（1くりく是’クキ＾

Let　X8；（8），。。、，X路）（8）　be　a　basis　of　the　space　γ（ブ）and　X（8）be　a．vector　of

γ（ブ）；then　we　ha∀e　the　un1que　representat1on

　　　　　　　w
　　X18）＝ΣαムXξ落（8）、whereW＝W（2∫）andα乙（1くzく！V’）鮒e　comp1ex
　　　　　　乞＝1

　　numbers．

In　particu1ar，

　　　　　　　　　　　　　亙　　　　λ（。∫）「g）X1兵；（8）＝Σ棉）rg）Xξヂ；（8）　　（1くクく凧　　　　（2）

　　　　　　　　　　　　　ゴ：1

In　the　fo11ow1ng　we　constmct狐　sca1ar　product　for　which　the　represen施tion

λ、、）（。工。∈0（冶い。m。軌L。・X（8）一圭α、瑚（8）独州8）一圭閥芋；b。

　　　　　　　　　　　　　　　　　　　　　．仁1　〃　　＿　＿　　　　　　　仁1
マectors　of　y（ブ），and　we　define（X（8），γ（8））＝Σα、β。，β、gs　are　c⑪mp1ex　con〕u一

　　　　　　　　　　　　　　　　　　　　　　　乞：1
gate　Ofβ、茅S，a－nd

／・（・岬）／イ（・（帥（尻）・（鮎η）（危醐）舳 （3）

O（此）
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where dV(') is the normalized Haar measure on the group O (k]. We easily 

find that the expression (3) defines a scalar product in the space V(f) and 

Inoreover it has a property 

 - 
, (4) 

for any h E O (k). 

Whence we have a proposition 

Proposition 1 

The repre"'entation A(2f) (h), h IE O (k) is a unitat v representation of the group 

O 'k) with re.'pect to the scalar product (3) and it i." a completely reducible 

representation. 

We will descrrbe explicrt evaluation of the scalar product (3) . Since 

N A(2f) (g)X(S) ~ aiA(2f) (g) X~'f:; (S) 
i=1 

N N jL;__'~1 ( iL__r'l c~iX;"f)(g,)X{f; (S) 

we have an expression 

NN  ~ ~ afJf) ai~3 ' 
i=1 j=1 

where 

N a;;) f (1 ~: )r;,f)(h) X(f) (h)dV(h) 

' Ij l=1 
o(k) 

The number a(f) 's are evaluated in the following way ; i
 
j
 

N af;) f ~: X;,t) (h) XfJf)(h)dV(h) 

l=1 
o(k) 

r ~ '(;fi)(h) ;~fjf) (h)d,V(h) 

l=1 s~(k) 

N + f ~ )(;~)(h) XfJr) (h)dV(h) 

l=1 
o (h) 
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; where SO~k) is the special orthogonal 

part of the group O (k). 

In the integral over. O-(k)~ let h J~kh, 

orthogonal involution such that 

R)and It~ Spherical Functions 

group and O- k, is the 

where Jh is the special 

13 

l mpro per 

mproper 

xl xl x . . . , x/* xk x2 , 

and h E S O(k~ ; since dV(h) is the normalized Haar measure on a compact 

group O (k), we have the following result, 

let ;r(f)(h) ()(j.~)(h)) [X(f)(h), . . . , X~)(h)], Xff)(h)* be the conjugate transposed 

of X;f)(h), and ;C(n(h)* be the adjoint matrix of the matrix X(f)(h) 

(f) 

a,j -
1
 

Vol ~O (k)) J
 

x~f)(h)* [E,~+ ;c(f)(J~)* X(f)(J*)] X~f)(h.) dh, (5) 

SO(k) 

where Vol(O(k)) 

measure on the 

To see effects of 

another ,basis in the 

is the 

grou p 

linear 

space 

total volume of the group O(k), dh is the Haar 

O(k) and EN is the unit matrix of order N. 

transformation of basis, Iet Y{f';(S) 's (1 

V(f) and let 

Y{,;', (S) N ~ T,('~) X{~; (S) 

j=1 

(1 ~~~ i (6) 

1) Let 

and 

* A(,,) (g) Y{~;(S) ~ X~,~~) (g) Y{~;(S) 

j= * 

define ntatnces r(f) (T;f,)) and 

(1 ~~~ i 

then we have the 

where 

relation 

X( f) (g) ~rl( f) 

~rl(f) is the 

InVerSe 

X( f) (g) (X;{) (g)), 

X(f)(g)r(f) 

matrlX of r(f). 
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2) Let 

~  = ~f3f) and A(f) A(f) be the matrices (a(f)) (a{~)) 

respectively, then we have the relation 

A(f) - r(f)' A(f) r(f) 

wbere r(f) rs the conJugate matnx r(f)' is the transposed matrix of 

rc_f)., respecti=v~ely. 

From these results, we have a proposition ' 

Proposition 2 

The scalar product (3) i.' invaridnt urder the lirlear transformation of basi"'. 

Now let X~;~ (S) 's (1 ~~_ i 

with respect to the scalar product (3) and be meeting the relation (2) , thel'~l 

we have following results : 

 

lv~ 

- ~ Xff)(g) Xff)(g~) for any g E GL(k , R) 
l=1 '" j 

and since A(2f)(h), h E O:k) is a umtary representation 

N 
~: )(ff)(h)Xrf)(h) - o*ij (1 l

 
j
 l=1 

Il~i_ this case_, we have also results 

N  ~: ai ~i, 

i=1 

Niv ~N - ~: ~ C~i~j ~ ;~{{)(g) Xl(f)(g) 
' ( 2 f ) 

i=1 j=1 l=1 

for any g E GL(k ; R). 

In the following we assume 

Assumption 1 
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In the space V(f) there exists a vector X(S) ~ O such that 

A(2f)(h)X(S) X(S) for any h E O(k) (8) 

Under the assumption l. Iet X~lf;f.S) in a basis be the above vector X(S), 

then we see that ;~{{)(h) l, '(ff)(h) O(2 

(f) I Under the assumption I we see that our representation (1) is a 

representation of class one with respect to the subgroup O k) [4]. Let X~';; (S) 's 

(1 

ssion (8) . 

We define spherical functions, zonal spherical function, and associate spherical 

function of this representation ; 

(a) The spherical function is defined by 

X(g) - 
, g E GL(k ; R) (9) 

for any vector X(S) E V(f)' 

We note that it has a property X(hg) X(g) for any h E O(k)9 that isp it 

may be considered a function on- the left coset space O (kyGL (k .; R). It must 

be a function of g/g from results of the invariant theory, where gP is the 

transposed of g. In .the explicit expression, we heve 

X(g) ~*'1 j"L~1 ceia;~) X;･,f)(g) for the vector XrS) ~ aiX{f';(S,. 
i=1 

(b) The zonal ."pherical function is the function 

X{;; (g) 

 
jv 

~~ a;fj);r;･~)(g), g (1~..~) E GL(k ; R) 
j= 1 

We nc~te that it has a property 

X{};(hlgh2) X{;; (g) for any hl' h2 E O(k) 
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whence it must be a symmetric function of eigenvalues of g/g and it may . be 

considered a function constant-valued on the sphere h(gg/) h/, h E O(k)., with 

center Ek (the unit matrix of order k) passing through the real positive definite 

matrix gg/ E ~~. 

(c) Associate spherical functrons are f unctions 

 
' ' ' ' " ('f) ' 

N ~ d~f) x;/~) (g) 
j=1 'J 

(2 /+_~ i ¥

(11) 

These may be considered functions on the right coset space 

and must be func.tions of g*o'l. 

Since we have a result ~;t - GL (k; R)/O (k), zonal spherical 

associate spherical functions are functions on the space (~t. 

In particular, with respect to the above defined unitary basis 

following expression of these: 

GL (k ; R)/O (k) 

function and 

we have the 

(d ) The spherical f unction 

Xrg) 
N ~ ai Xi~) (g) . 

i=1 

(9') 

(b') The zonal spherical f unction 

X{*,;(g) X{{>(g) (10') 

(cl) Associate spherical f unctions 

x{f'; (s)> x;{) fg) (2 (11') 

To see effects of linear transformation 

Y{Ifj(S), . . . , Y{fN))(S) be another basis such 

(8) and the transfor(nation is given by the 

results, 

of a basis 

that Y{}; (S) 

ex pression 

on these 

satisf ies 

(6) ; we 

definitions let 

the expressiorL 

have following 
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The spherical function 

Xfg) 

 
[r(f)*A(f)' X(f)(g)a](i,1) ' (12) 

17 

where X(S) ,L;_71 ai X(("f))(S) .4!r'l ~iY((~f;(S) and 

is the (1. 1) element ef matrix [ ･ l, a/ (al 

is the transposed of a vector ce. 

[ ･ l(1,1) 

~ " '~ C~N) 

(b) The aonal spherical function 

Y((If}(g) - 

 

[r(f)* A(f)' ;~(f)(g) r(f)](1'1)' (13) 

(c) Associate spherical functions 

 

[r(f)* A(f)' X(f)(g) r(f)](i,1)' 

~~here [ ･ l(i,1) Is the (i, 1) element of 

(2 

In the following, in addition to the assumption 

Assumption 2 

matrix [ ･ l, 

l~ we assume 

(14) 

In the space V(f) there exi~'ts only one normalized vector sati.';fyiug 

assumption l. 

Let X(("f))(S) Y(("f; (S) (1 ¥

that X((1j; (S) Y{If;(S) satisfies the expression (8) . In this case the transforrn 

ation matrix r(j) must be of the form 
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1 O r(f) o f(f) where r(f) E U(N 1) smce r(f) E U(N). 

Thus, we have following relat:ons ; 

(a) The spherical functiol) 

X(g) [)C(f) (g) c~]a,1) X(g). (12/) 

(b) The zonal spherical function 

Y{};(g) - X~lf;(g) (13/) 

(c) Associate spherical functions 

N 
 - ~: 7ijX;{)(g) (14/) 

j=2 

(2 

From these results we have a proposition 

Proposition 3 

With respect to two unitary bases constructed as the above, spherical 

functions and the zonal spherical function of the representation (1) of the 

group GL(k ; R) are invariant under the linear transformation of basis. 

Exam ple 

k 1 2n+1, we have For partrtron (2f) (2f, O - ) , k 2n or k 

{2f} {2f}/+{2f 2}/+...+{2(f t~} + +{O} 

where {2f} is the character of representation A(2f. Oh~1) (g) of the 

group GL(k ; R) and {2f} / and so on, are characters of represent 

ation 

 of the group O(k) and so on. 

Thus, in this case, our assumptions I and 2 are satisfied 
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We give an explicit result for the case k 2, f l. Let X{If))(S) tr(S) 

X{2f; sl2 ((1, 2) element ot the matrix S) and Xf3f;(S) s22 ((.2, 2) element of the 

matrix S) be a basis of V(f)' At first we construct a unitary basis of V(f) 

from these vectors. We have matrices 

1 O O 
)((f)(J) O -1 O ? and 

O O l 

1 -sin 20/2 ~in2 O 

X(f) (h) X(f) (O) O cos 2e -sin 20 

O sin 2e cos 20 

cos O -sin e 

for h h(O) E SO(2). sin O cos O 

Whence using the formula (5) , we have the matrix 

1 O l/2 
O 5/8 O 

A ( f ) 

1 /2 O 3/4 

Thus, X((fl;(S) = tl-:S), X{2f))(S) V 8sl2/5 , X{3f; V 2 (s22 tr(S)/2) is a 

unitary basis of V(f). Using this unitary basis, we have following results ; 

(1) The spherical function 

Let X(S) ~ ci f{'f))(S), where ci (i - 1, 2, 3) are complex numbers, then 

i=1 

we have the corresponding spherical function 
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X働一・・炉r・■1・・パ）1・・イ音げ川一、プ÷（㎏㌣）蝸

　　　　　　　　　一（g・1g・1■）。2、），g∈Gム（2；R），where（・）、、is　the（1，2）

　　　　　　　　　・1・m・・t・fth・m・t・1笠（④），・nd…n田

　　（2）The　z6na1spherica1function

　　　　　　　　　　xl｝；r創＝雌…’9一）／2夕9∈Gム（2；軌

　（3）Associ就e　spherica1functions

　　　　　　　　　　《　　　　　　　《
　　　　　＜A（・・）（9）x榊），珊（8／＞一■5／2（9一’1g－1）、、，

　　　　　　　　　　《　　　＾　　　　　　　1　　　　　＜A（・∫）「g）X榊），X1男（8）〉一一＿一（（9一’セー1）1r（9一・セー・）、2）。

　　　　　　　　　　　　　　　　　　　　　1／2

Put　g91■1＝T∈6才，then　we　haye　a1so

　　　　　xl｝；（9）＝か（T）／2，

・五（物（・）・8（・1珊；（・）・一ノ与払

　　　　　　　　　　　　　　　　　　　　　1　　　　　＜（・ブ）（9）珊；（8），X1多；（8）〉＝、一＿（彦11一¢、2），

　　　　　　　　　　　　　　　　　　　　■2

　　　　　　　　where彦121s　the（1，2）e1ement　of　the　m就r1x　T　and　so　on。

§2。豚⑪鰍且蛾雛1鰯且f醐硫1棚⑪囲曲㊧g醐鞭飢（居；沢）

LitGbetheg「ou・飢（尾1R）・・dKb・出…b・・…O（居！1・t・i…畑
就f…tw・p・・…h・t・h・p…（qK）i・・G・1f・・d細・，・h・…，c。（K＼GlK）フ

th…t・f・・…m…f・血・・1…d・fi・・d・・K＼GlKw・th・・皿p・・1。。pP。。・。，i。
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a conunutative Banach algebra and after K. Maurin [5] we give an definition 

of zonal spherical function on the g,roup G GL (k ; R) and we prove that our 

zonal spherical function defined i'n S I satisfies this definition. 

Let Co (G) be the set of col:Itinuous functions defined on G with compact 

supports ; for fl ' f2 E Co (G), we define a product flf2 by the convolution 

fl* f2? 

(flf2) (gl) (fl*f2) (gl) Jrfl(glg2~1) f2 (g2) dg2, gl E G, 

where dg2 is the bi-invariant measure on the group G. 

Let f E C(K¥GIK), the set of continuous functions on K¥G/K ; 

f(klg) f(gk2) f(klgk2) f(g) for any g E GL (k ; R), kl' k2 E O(k), 

whence owlng to results in invariant theory, the function f(g) must be a 

symmetric function of eigenvalues of gg/ and also it must be a symmetric 

function of eigenvalues of g/g, that is, C(K¥G/K) is the set of symmetric 

continuous functions of eigenvalues of real positive definite symmetric matrices. 

Now let functions fl' f2 be elements of Co(K¥GIK), we have 

f
G
 

(flf2) (klglk2) fl(klglk2g2~1) f2(g2) dg2 

f fl(glk2g2~1)f2(g2) dg2 

~ fl(glg~ l) f2 (gk2) d (gk2) fl (glg~1) f2 (g) dg f
G
 

(flf2) (gl)' kl' k2 E K and gl ~ G. 

Thus, when fl' f2 E Co (K¥G/K), flf2 E Co (K¥G/K). Using the above remark 

w, e see also that for fl' f2 E Co (K¥G/K), 
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1 f ( f f2) (g ) fl (g]g2~1) f2 (g2)dg2 

G
 

J -1 2-1' = f(gl g2 (i g2') f2 (g2'g2) dg2 
,. 

G
 

f (f lg~I~ dg ( f)( ) g EG f2 1 gl' 1 ~ l) fl(g/ )fi 2 (gl'g 
o 

G
 

Thus we- have a proposltion 

Proposition 4 

The pair (GL(k R), O(k)) is a Gelfand pair. 

Now we define the zonal spherical spherical function and 

on the group G as follows (cf. [5], pp. 227) ; 

Definition l 

spherical functions 

A - complex valued function (L) (g) on the group G is called a zona/ spherical 

function if 

(1) (L) E C(K¥G/K) ; that is, co (g) is a sym'netric contin:ous function of 

eigenvalues of matrix S E (~ + 
k, 

(2) (D defines a homomorphism between Co ( K¥GIK) and the complex number 

field C by 

f
 

~ : f~ ~(f) 
 f(g-*)a)(g)dg, f E C*(K¥G/K) ; 

a) satisfies 

that is, 

l) ~ (af*+~f,) a~(f*)+~~(f,), 

~ ( f* f,) ~ ( f*) ~ ( f,) 

c~, p E C and f*, f, E C (K¥G/K) 

2
)
 

f
G
 

when Ilfl~f211 Ifl f'Idg ~ O' 

I ~ (fl)~ ~ (f2) f ~> O' 
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K．Mlaur1n（［5］，Proposit1on3，P．230）Pro▽ed　that　a　funct1onω∈c（K＼G／K）

1sa－zona．1spher1caIfunct1on1ff（1）ω（θ）＝1フθ1stheun1tofGand

　（2）　for　any∫∈oo（1ζ＼G／1ζ），the　con∀o1ut1on　equaton

　　　　　　　　　　　　（∫＊ω）（9）：λ（∫）6（と），λ（∫）∈C

量S鋤t豆S丘6d苗

　A固丁一Ja㎜es［3］㎜ent1oned．that　h1s　zon盈1po1yno＝m1aユc（∫、（8）1c（デ）（風），8∈6才，

亙ん1s　the　un1t　matnx　of　order是，be1ong1ng　to　y（∫），has　a　property

∫・（∫）（・岬／・⑦（亙）州1）一・（力（・）／q・（恥・ω（・）／q凧・・…ユ

　　　　　K

　　　　　T∈財．

Th。。w．h。∀。。。。。p。。i・i。べ

　Proposition5

　　τ加伽・肋πC（ブ）（8）／C・ρ（E1）ゐ”・伽Z・・伽ブ1・αZ伽・伽、9グ加gブ・妙

　Gム（尾；R〉α〃伽αぬ伽・・伽αみ・ηθ・・伽・Z〃・・θα〃〃・〃脈α吻！∈C。（K＼G／K）、

　Defm1tion2

　　A／鮒地〃ψ∈’c（K＼G）あα・伽ブケωけ舳肋〃ゲ∫・ブ伽y∫∈c。（K＼G／K）

　カ∫励ψθ3伽00卿0肋カづ0〃θψ励0〃

　　　　　　　　　　　　（∫・ψ）（。）一ル）細，λ（∫）三C．

　　A伽1三〇㍗三C（G／K）叶1伽伽二ξωZ畑o””・ブ肋”∈C・
　（K＼GlK）・¢・肋ψθ3伽・・肋・脇・〃螂肋・π

　　　　　　　　　　　　（ψザ）（9）：λ（！）ψ（9），λ（ノ＝）∈C．

We　note　that　these　zona1spherica1fmct1ons　and1eft　spher1c盆けunct1㎝s航e

functions　on　the　space6才、
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　In　the　fo11owing　we　prove　that　our　zona1sphenca1fmct1on　X器（g）＝

＜五（2グ）（g）Xξ｝；（8），Xξ｝；（8）＞defmed1n§1satisf1es　those　requirements　in　def1n1tion

1．　Under　our　assumpt1ons1　and－2，Xξお（8）1s　theマector　sat1sfy1ng　these

assumpt1ons．　The　space　γ（∫）1s　a　un1tary　space　and　λ（2グ）（g），g∈G工（居；R）1s

a　contmuos　representat1o皿of　the　group　GL（冶，R）and　llA（2グ）（9）xξ｝圭（8）1－s

bounded　on　compact　subset　of　the　group　G。

　（1）For　any冶1，居2∈O（尾），g∈Gム（尾；R），we　h卯e　Xξ｝書（冶1g石2）＝Xξ｝；（g）、whence

　　xξ｝；（9）∈o（Kl＼G／K’）．

（・）嫉∫∫（ゴ1榊）伽・・∫∈・・（・／・／・）・・・・・・・・・・・…1・・

　　　　　　　θ

　　a）for　a血y！1ヲ五∈Co（K＼G／K）and。α，β∈C，

　　　　　　　　　　《　　　　　　　　　　　　　　　　　　　　　　　　　＾　　　　　　　　　　　　　　《

　　　　　　　　　X8（α尤十β五）＝αX；｝；（五）十βXξ｝；（五），

　　b）　for　any！しJら∈oo（1（＼G／1（），

1勅（五）一麦舳一1∫挑一・）X挑）か∫地一・）・1お（・）鋤

　　　　　　　　　　　　θ　　　　　　　　　　　　　　　　　　　θ

　　　　　　　　　　く∫1他一・）一地一1）ll・1メ（・）1∂・

　　　　　　　　　　　　θ

　　　　　　　　　　く〃∫1地一・）一挑一1）1砲

　　　　　　　　　　　　　θ

　　　　　　　　　　一〃∫1他）一地）1幽

　　　　　　　　　　　　　　　　　o

　　　wheresup｛llA（。ヅ）（9）Xl｝；（ξ）ll；9∈Cαイ尤）UCαブ）（尤）｝く〃。

　　　　《Thus，Xξ｝；（グ），グ∈Co（K＼G／K），1s　aい■1ドcont1nuous　fmction
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c) for any f], f E C (K¥GIK), we have 

X{If} ( fl* f2) f ( fl* f2) (g~1)X{If;(g)dg * 

G
 

f f 1~l fl(g~1g )f2(gl)X{If; (g)dg dg 

GG 
f f -1 - fl(g )f2(gl)X((If;(g g)dg dg 

GG 
f f -1 fl(g )f2(gl)X~f)(g g)dg dg 

GG 
f f -1 i=1 N fl(g )f2(gl) ~] Xi{) (_,gl~1) X(f) (g) dgldg 

il 

GG 
2~'*>~,~ Jr fl(g~1) X;{) (g)dg f2(gl) ;rifi)(gl~1)dgl f

 
i=1 . 

2] J fl(g~1) X;f) (g)dg J f2(gl~1) ;r(f) (gl)dgl ; 
li 

i=1 

since f E Co(K¥GIK)~ we have 

f fl(gl) X;{) (gl)dgl f f
 

l (gl~1) X{{) (klglk2)dgl 

f I f f fl (gl~1) dg 'r;~) (klglk2) dV(kl) dV(k2) 

G o(k) o(k) 
~il f fl (gl~1) )((f) (gl)dgl' whence 

11 

G 

we get the relation X{;; ( fl*f2) = Xffl; (fl) X{If; (f2)' 

Summarizing these results, we have 

Proposition 6 

Under the assumptions I and 2, the function X{fl; (g) is a zonal spherical 

function: in the sense of Definition I . 
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