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Construction Of InverSive Semigroups 
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(Department of Mathematics, Shimane University, Matsue, Japan) 

(Received October 6 1970) 

This is a supplement to the previous papers [5] and [6] of the author in 

which the structure of strictly regular semigroups has been clarified. By using 

the results of [5], [6], at first we shall show how to construct every inversive 

semigroup. Sec(;ndly in the latter half of the paper we shall investigate the 

relations between quasi-direct products and spined products, and give another 

proof for the structure theorem for strictly inversive ~emigroups which has 

been established in the previous paper [4]. Any n, otation 'and terminology 

should be referred to [5L [6], unless otherwise stated. 

S I . A constructiora theorem. Throughout the whole paper, the notation "a 

band E {E T E r}" means that "a band E which has r as its structure 

semilattice and whose structure decomposition is E - ~ {Er : T E r}" Hence 

('E {Er : '7 E r} rs a band" means that "E Is a band whose structure 

semilattice is r and whose structure decomposition' is E - ~ {Er : T E r}". 

Let A be an inverse semigroup, and r its basic semilattice. Let E {ET : 

T E r} be a band. Define equivalence relations 7rl' 7T2 On E as follows : 

(1.1), e 7Tlf if and only if ef - f and fe ~ e; 

(1.2) e 7r2 f if and only if ef - e and fe ~ f'. 

For e E E, ~ -e~ will denote the ~l~class and the 7T2-class containing e respec-

tively. Further, Iet E = {~ : e E E}9 E = {~ : e E E} , Er ~ {~ : e E ET } and 

~ Er =' '{~ : ~ E~r}9 T E r. 

to each ordered pair (~, ~) _of elements ~, V of A, Iet correspond a mapping 

P(~,~) : (E~~~-1 X E~~-1g) x (~~~_1 x ~~_1~) ~ E~g7(~l)-1 x ~(~~)-1~~ ' According to [6], the 
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of these mappings p(~,~) is said to be a set 

respect to A if it satisfies the follow~ing 

of quasi-

(1 . 3) 

(1) If ~2 ~ E r, then p(e,~) ( (el' fl) ' (e29 f2) ) = (ef e~f) ; where e, f are 

elements of E~ , Ev respectively such that ~ - e~1' ~e~ ~ fl' f - e~2 and 

f~~-~ . 

(2) P(~~'")'L p(~,1) ~(~,~')"B P(1') for all ~, ~; 2) E A. 

(3) For any ~ E A, e E E~~-1 and f E E~-1~, there exist h E E~-1~ and 

k E E~~-1 such that 

p(~,~-1~)'R Cr(e-',~) ( (e~, f~~) ? (~, ~) , (e~, 7) ) (e~, ~) .1) 

Now, especially we shall consider the ease where A is a weakly C-inversive 

(for the definitions of inversive semigroups and weakly C-inversive semigroups, 

see [5]).2) In this case, for ~ E A the equality ~~-I- ~-I~ holds. Hence for 

* - ~~ - ~~ - - -' ~ any (e~2 f) E E~~-1 X E..-1~ - E~~-1 X E~~-1, there exists (h, h) E E~~-1 X E~-1e such 

that (h, h) (e~, f) (in fact, h - ef) . Hence9 E..~-1 X Ee-1~ ~ { (~, ~~) : e E Eee-1 } . 

Let ~2) - {Q(~,q) : ~, ~ E A} be a set of quasi-direct factors of E with respect 

to A, and for each ordered pair (~. ~) of elements ~. V of A define a mapping 

~(~,v) : E~~-1XE~~-1 ~ E~v(~~)-1 by 

(1.4) ~(~,v) (e, f) h 

can get the system 

using this A, (1.3) 

if and 

{~(~,v) : 

can be 

only if cT(~,v) ( (e, ~) , (f, f) ) (h, h) 

~, ~ E A} A of these mappings 

rewritten as follows 

Then, we 

~ (~ , q) . By 

(1 . 5) 

(1) If ~, ~ E r, then ~(~,v) (e, f) ef. 

(2) ~(~~'v)'L ~(~,v) ~ ~(~,vv)'R ~(~'v) for all ~, ~9 h' E A. 

(3) For any ~ E A, e E E~~-1, there exists h E E~g-1 such 

~(~,~~-1)'R ~(~-1,~) (e, h, e) . e
 

that 

1) p(~v,")'L p(e,7) ((e~1' fl)' (e2, f2), (e3, f3)) means p(~~,") (p(~,7) ((e_1' f~1)' (e2, f~2)_), (e3, f~3)). 

and p(~,7")'B p(~,.) ((el' f~1)' (e2, f~2), (e3, f~3)) means p(e,7")((el' f~1)' p(e,.)((e~2, f~2), (e8, f~3))). 

2) In Ljapin [3], a weakly C-inversive semigroup has been called a completely regular 

semrgroup. It is well-known that a semigroup is weakly C-inversiVe if and only if it is 

a semilattrce of groups. The structure of weakly C-inversive semigroups has been clarified 

by Clifford [1] (see also Clifford and Preston [2], p. 128) 
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Therefore, in case where ' A is weakly C-inversive, we shall ' call a system 

{~(e,7) : ~, ~ E -A} of mappings ~(~,7) : E~,~-1 >

E~~(~v)~1 a set of quasi-direct 
factors of E wath re"'pect to A if it satisfies (1.5) . 

Now, Iet S be an inversive semigroup and E {ET : T E r} the band 

consisting of all idempotents of S. It is obvious from [4] that S is a union 

of subgroups ST 's of S, and for any a E S there exrsts a umque element a* 

of S such that aa*a ~ a, a*aa* ~ a* and aa* - a*a. In thi's case, if a is an 

element of ST then a* is the group inverse of a in. ST . Hereafter, we shall 

denote such a* by a~1 3) Since the greatest inverse semigroup decomposition 

a of S exists (see [6]), we can consider the factor semigroup S/cr A of S 

mod a. The semigroup A is an inverse semigroup and is also inversive, and 

hence A is weakly C-ihversive (see [5], 16]) . ･ Further, in this case it follow~s 

from [6] that (i) for ahy e E ET , the a-class containing e is Er ; (ii) the basic 

semilattice of S/a is E/aE = {Er : T E r}, where aE is the restriction of a to 

E, and hence the basic semilattice E/crE of S/a is of course isomorphic to r. 

Hereafter, we shall denote the a-class containing x by ~~. Further when we 

regard e, where e E E, as a subset of E we denote it by E:~ . Hence, Ee~ ~ ET , 

T E r, if and only if ~ T, i. e., Er E e. Then, the basic semilattice of Sla 

is {Ee~ : e E E/aE}, an~ the structure decomposrtlon of E Is E - ~ {E 

e E E/dE}=.4) 

Nowi let define A {~(;E,~) : ~, y E A} by 

(1.6) ~(~,~) (e, f) - uv (uv) ~1, where (e, f) E Ex~x~~1 X Ey-~-1 and u, v are 

elements of S such that iZ - x~, ~ = y, uu~l e and vv~l - f (for given 

x~, y E A and given (e, f) E Ex~3~~1 X Ey-y--1, such u, v are uniquely dete!rmi-

ned ; see [4]) . 

3) Let S be an inverse semigroup which is also inversive. Then for each a e S, there 

exists a unique inverse a/,.of ~ (i. e., an element a' such that; aa/a = a and a/aa/ = a/) 

Since S is inversive, there exists also a unique element a~i such that aa~1a = a, a~1aa~l 

= a~1a. Hence, necessarily al = a~1 and aa/ = a/a are satisfied m this = a~1 and au~1 

case. 

4) Hence, the structure semilattice of E can be considered as E/aE'. 
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Then, the following lemma is obvious from [6] : 

Lemma l. A is a set of quasi-direct factors of E {Ex~ : ~ E ElaE} zk'ith 

respect to A Sla, and the quasi-direct product EXA of E, A determined by 

A; that is, EXA such that 

EXA - {(e, ~) : ~~ E A, e E E*-"--,} ; 

~1.7) the multiplication in EXA : 

(e, ~) (f', y) ' -(o*(.,~) (e, f) , ~ y) 

is isomorphic to S. Especially, ~ : S~>EXA defined by ~ (x) ~ (xx~1, ~~) , 

x E S, i"' an isomorphisn~ of S onto EXA. 

Proof. Since A is weakly C-inversive, (4 . 1) of [6] can be rewritten into the 

form of (1.6) by using (1.4) . Further since (4 . 2) of [6] can be also rewritten 

into the form of (1.7) , this lemma follows from Theorem 3 of [6]. 

Next, we shall study about the A above. 

Lemma 2 . 

(1.8) A E ~, v and ~~-1 ~~~1 implies ~(~,~) (e, e) - e for e EE~~-1 (=E~7-i)' 

Proof. Let ~f, y be elements of A such that x~~~1 = ~y~1. ~(~,y) (e, e) == 

uv (uv) ~1 by (1.6) , where u, v are elements of S such that i~ - ~, uu~1 = e, 

~ = e. ~1 ~ e, we have ~(~,y) (e, e) ~ e. ~ ~ and vv Since uv (uv) 

By using Lemmas I and 2, we have 

Theorem I . Let S be an inversive semigl-oup, and E the band consisting of 

all idempotents of S. Let a be the greatest inverse semigroup decomposition of 

S, and orE the restriction of cr to E. 

Then 

(1) A - S/cr is a weakly C mversrve senagroup and Its baslc senalattece rs 

r E/a Further the structure decomposition of E is E - 2 {E 

e E E/aE = r} ; 
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(2) if ~(~,y) -: E-x~~1xEy-y--1 ~ E -1 is the mapping defined by (1.6) , then the x~y~ (x~~) 

system A = {~(~,~) : i~, ~ E A} is a set of quasi-direct factors of E with 

respect to A and satisfies (1.8) ; 

(3) the quasi-direct product EXA determined by A is isomorphic to S. 

Now, Iet A be a weakly C-inversive semigroup and r the basic semilattice 

of A. Let E - {Er : T E r} be a band. For each ordered pair (~, ~) of 

elements ~, ~ of A, Iet o*(~,v) be a mapping 0L E~~-1 x Ev~~1 into E~~(~~)-1 ' Let 

A =' {~t~,7) : ~, ~ IE A}. 

Lemma '3. If A satisfies (1), (2) of (1'.5) and (1.8) , then A sati"'fies also (3) 

of (1 .5) . 

Proof. For ~ E A and e E E~~-~, ~(~,~-1) (e, e) ~e by (1.8) . Hence2 

~(~,,'~-1)'R ~(~-i .~) (e, e; p-) = e. Therefore, we can take e as h of (1.5) . 

By using the lemma above, we obtain the following construction theorem 

Theorem 2 . Let A be a weakly C-inversive semigroup, and r the basic 

semilattiqe of A. Let E _ {Er : T E r} be a band. Let A {~(~,~) : ~, ~ E A} 

be a systein: of mappings ~(~,~) : E~~-1 x E~~-1 ~> E~~(~v)~1 satisfying (1.8) and (1), 

(2) of (1.5) . 

Th en 

(1) A. is a set of quasi-direct factors of E with respect to A ; 

(2) the quasi-direct product EXA of E, A, that is, EXA such that 

EXA -{(e, ~) : ~ E A, e E E~~-l} ; 

the multiplication in EX A : 

(e, ~) (f, ~) (~(~,v) (e, f) , ~~) 

is an inversive semigroup. Further every inversive semigroup is constructed in 

this fashion, up to isomorphism. 

Proof. The part (1) of the first half of the assertion is obvious from 

Lemma 3. Hence, we shall next prove the part (2) . At first, it is clear that 

the quasi-direct product EXA is strictly regular (see [6]). Take any element 

(e, ~) from EXA. Then, we have (e, ~) (e, ~~1) = (~(~,~_1) (e, e) , ~~-1) _ 

(e, ~~-1) (e ~ ) (e ~) (~(~ I ~) (e e) ~ ~) (e ~ ~) Smce ~~ ~ ~ 
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we have (e, ~) (e, ~~1) (e, ~~1) (e, ~) . Further, (e, ~) (e, ~~1) (e, ~) = 

(e, ~) (e, ~-l~) - (~(~,~-l~) (e, e) , ~~-l~) (e, ~) . 

Simi]arly, (e, ~~1) (e, ~) (e9 ~-1) _ (e, ~-1). Hence; EXA is inversive. 

The latter half of the assertion>:follow sfrom Theorem I and Lemma 3. 

S 2 . Spined products. Let A be a weakly C-inversive semigroup, and. r the 

basic semilatt.ice of A. Let E _ {ET : T E r} be a band. Since A is weakly 

C-inversive and r is the basic semilattice of A, the structure decomposition 

of A is A - ~ {Ar : T E r}, whe_re each Ar is a subgroup (of A) containing T 

(see [4], [5]) .5) Now for each ordered pair (~, ~) of ~, ~ E A, define a mapping 

O(~,v) : E..~ , >* 

(2. 1) ~(~,7) (e, f) Fef for (e, f) E E~~-1 X E~v~1 ' 

Since ef E E.~-1 E7v~1CE -1 - Ee7(~'j)-1 ' this ~(~,~) is well-defined. 
* ~~-1.,7 

If we put .A - {~(~,~) : ~,~ E A}, the'n 

Lemma 4. 

(1) A satisfies (1.8) and (1), (2) of (1.5) , and hence A is a set of quasi-direct 

factors of E w ith respect to A ; 

(2) the quasi-direct product E XA of E, A determined by A is a strictly 

inversive semigroup (see [4]) .6) 

(3) EXA - {(e, ~) : e E E~~-1' ~ E A} {(e ~) e E E=, ~ E A, , e E r} 

= U {E. X Ae : e E r}, and the multiplication in EXA is as follows : 

(e, ~) (f, ~) - (ef, ~~) for (e, ~) , (f, ~) E EXA. 

Proof. The part (1) is obvious from the definiticn of the ma~pings ~ (e,7) ' 

Next we shall show the part (2) : It is obvious from Theorem 2 that EXA is 

an mversrve senugroup Take an element x (h, ~) from EXA, and let 

xx~1 _ e. Let f be an idempotent of EXA such that f

element of EXA, f = (g, ~) foy some g E E, ~ E A. It is clear that ~ is zin 

5) In this case A-2(A Te= r) rmplres that A ~{A Te r} (~ means disjoint sum) and 
AIA. c~ A,, for all h, r E r. 

6) A sermgroup S is said to be strictly inversive if S is inversive and satisfies the follo-

wmg : If e, f are Idempotents of S such that f~:e and if xx~1 = e, then xf = fx. This 

concept was frrstly mtroduced by [4]. 
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ldempotent smce f Is an idempotent. Further it follows that xx~1 = (h, ~~-1) 

= e, since x~1 _ (h, ~-1). Now, f 

Hence, (gh, ~~~-1) _ (g, ~) . Similarly, (hg, ~~-l~) (gp ~) . Therefore, gh 

hg = g and ~･~~-1 = ~~-1.~ - ~, that is, ~ 

inversive semigroup is strictly inversive (see [4]), ~~ ~~ holds. Thus, we 

have xf = (hp ~) (g, 7]) - (g, ~~) = (g, ~~) (g, ~) (h, ~) - fx. Therefore, 

EXA is strictly inversive. The part (3) is obvious. 

The special quasi-direct product EXA given in Lemtna 4 is called the 

spined product of E, A with respect to r, and denoted by E ~

using the lemma above, we obtain the following result which has been estab-

lished also in the previous paper [4] of the author 

Theorem 3 . Let S be a strictly inversive semigroup, and E the band consisting 

of all idempotents of S. Let a be the greatest inver"'e semigroup decomposition 

of S and aE the restriction of a to E. Denote the a-class containing x by ~. 

Then 

(1) A - S/a is a weakly C-inversive semigroup, and the basic semilattice of 

A is r - E/aE . Further, the structure decomposition of E is E - ~ {E 

eE r} ; 

(2) S is isomorphic to the spined product of E, A with respect to r, i. e., 

S c:: E~I A(r). 

Conversely, Iet A be d ~ve~ly C-inver."ive semigroup and r the basic semi-

lattice of A. Let E { Er : T E r} be a band. Then, the spined product of E, 

A with respect to r is a strictly inversive semigroup. 

Proof. The part (1) of the first half of the assertion is obvious from 

Theorem l. Next, we shall prove the part (2) . For each ordered pair (~;, ~) 

of ~, y E A, define ~(~,~) : Ex~x~1 X Ey-y--1 ~> Ex~y(~x~y)~1 by (1.6) . Then the system 

A = {~(z,y) : ~~, y E A} of these ~(~,~) is a set of quasi-direct factors of E 

7) The concept ot the spined product of a band and a weakly C-mversrve senugroup was 

firstly mtroduced by [4] 
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with respect to A; and it follows frorn Theoren3; I that the quasi-dir~ct'preduct 

EXA of E, A determined by A is isornorphic to S. To show E~A = E M A ~r) , 

by telnlna 4 it is need only to show that A satisfics ~2 . l). Heneel we shall 

show tha:t ~{~,~) {e) f) = ef for e ~ Ex~~~1, f E Ey-y･--i. By the definition ef o*(s~,~, 

~ where u~ v are element~ of S such that ~~ := x~', ~ ~: ~, ~(~,~;~ ~e, f~ := uv ~u:v) ~ , 

uu~1 = e and v~'~t = f. Since S is strictly inversive; there exist a band !1 and 

a subgroup St of S for each r e J7 stich that S = ~ {,Jcit : t E !I} (~ meane 

diajoint sutn) and 3t vap C Slv for r, l/ E H ~see ~4]). Suppose that u E St 

arid v E Sv ' Then uz' E S(", .and hence uv (etv) ~i is the identity of the grbup 

Stv' On the other handp uu~1 E: St and vv~1 C Sy . Hence uu~tv~'~i C Sfv' 

Sinee uu~1vv~1 is an idernpctent contained in Stye uu~~vv~~ ~ uv (uv) ~~, that is, 

uv (u.v) ~i = ej. Consequently, we have ~(~,y) (e, f) ~= ef. ' Thus, d satisLie~ 

(2.i) . Therefore, the part (2) of the Lirst half is satisfied. The latter half of 

the assertion is obvious from Lemma 4. 

~~emarks. I . Let A be a weakly C-inversive semigroup, and A - ~,{AT : 

f E r} the structure decomposition of A (see [5i) . Let E = {Er : T e r. } 

be a band. In this case, we can also obtain the foliowing result : 

A quasi-direct product of E? A which is strictly inversive is uniquely determ-

ieeed up to isotnorph.isttt, afid . it is the spiited prod･uct of E, A u/ith respect to r. 

2 . The existence of a semigroup which is inversive but not strietly inversive 

is easily seen from sinlple exa~nples. For example; consider the ful traneform-

ation semlgroup yx on a set X = {a, b} . Then, J~rx Is mversrve but not 

strictly inversive. 
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