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ON　A　LINEAR　EXTRAPOLATION　PROBLEM　OF　SOME

　　　　　　　HOMOGENEOUS　RANDOM　FIELDS

Yauh1ro　Asoo

（Rece1▽ed　September，11．1973）

§1。　亙皿虹oa皿枇io皿a皿a　S岨m］ma．ry

　Let　V　be　theみd1mens1ona1Euc11dean　space　orかd．1mens1ona1sphere　Our

rand－om　f1e1d。（X（ω，z）フz∈γ）has　the　mean　funct1on　O　and　the　co∀ar1ance

funct1onR（卵1），and1t　be1ongsto　the　c1ass　L2（9）．We　ca111t　theんoク〃ogθ〃θo〃3

閉〃6o肋ガ6〃（加洗θωθα尾3θ郷θ）whene▽er　R（9ろ酪1）＝R（㍉21）for　any　g∈

G（γ），where　G（V）is　the　fuu　1inear　group　of　m．otions　preser▽ing　distances．

In　th1s　case，the　co▽ar1ance　funct1on　1s　of　the　form　R（ρ（2，尾！）），whereρ＝

ρ（2、〆）1s　a　d1stance　between2and1g1

　ルわブθoη6η眺α5∫舳θ砺αz伽ブ伽∂o〃伽〃X（2）ゐ60〃加〃伽加9吻∂ブα地

刎θα〃，then　the　co▽ar1ance　funct1on　R（ρ（2，〆））1s　a　pos1t1▽e　def1n1te　funct1on．

As　we11known，the　pos1t1▽e　d．ef1n1te　funct1on　has　the　spectra1representat1on

with　spher1ca1funct1ons　In　our　case21t　takes　the　fo11owmg　forms；

カブγ＝”（E〃6κゐ肋6α3θ），

・（M）叫）／箏←州

，where　R（O）＝F（十σc），

（1）

forγ＝8d（Spher1ca1space）2

肌・））一・（ト1）誠キ1』1）考1に・・1）舳

　　　　　　　　　　　　，wlhereω（γ）〉O　andl　R（O）＝Σω（γ）。

　　　　　　　　　　　　　　　　　　　　　　　　　　　　γ＝O
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on n concentric spheres with center at coordinate origin, and using these 

observati9ns, we will extrapolate any one point outside of these regions. Let 

an extrapolated value be X(z) ; our extrapolation error is measured by 

~2(z) - E(X(z) -X(z))2. (2) 
Our extrapolator X(z) is of the form, when we denote a point z by coordinate 

(~, e), ~ E Sd-1, and O ¥

O ¥

i~ i Sd~lc(') 
' (z; 99)X(~; 6i)dv(q)) , X(z) = ~ (3) 

, where dv(~) is the normalized Haar measure on Sd-1 

We will determine coefficients c(i)(z ; ~)(1 -~__ i ¥

and evaluate the Ininilnum value of O*2(z). We assume that these coefficienls 

beZong to the class L2(Sd-1). 

In the following, we treat these problems and in particular, for the case of 

n - I and z is the origin, we will give an explicit evaluation. U. D. Popov 

(1968) treated the same problem for V E2 and U. D. Popov and M. I. Yadrenko 

(1969) treated the case of V = Ed and n l. In the next paper, we will 

treat the case of hyperbolic space. 

In the present paper, we use the following notations 

H~a ; the space of harmonic polynomials of degree m 

(m - O, l; 2, . . . . . .). 

h(m, d) - dimension of H. 

S~(~) ; an orthonormal basis of the space H~a 

(k l, 2, . . . . . ., h(m, d)). 

L2(Sa ) ~: H (direct sum) ~d 

~=0 
Let the Founer expanslon of coefficrents c(')(z ; ~) be 

.. h (~, d) 

c(i)(z; ~9) =~ ~ c(i)(z; m, k)Sk(9)), (4) 
~+0 ~FI m 

S I . Euclidean space 

For fixed z;s E Ed, a set of observation points, from (3) we have 

"
I
 

R (P(z, z'))=~ sd_1 c(i) (z; 9))R (P (zi, zj))dv(99). (5) 
i=1 



Putting Zi ~ (e" ~) 
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and z:j = (ej, ~j), we get 

J ) R(P(zi'z ))=F2 d ~: " 
2
 ~=0 

h(In d) (d) 

~ am (ei 
k=1 

ej ) s~ (9?) S~,(9)j) (6) 
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(d) J'd-2 + m (Vei) oo 

io ~ ' Where a,n (ei'aj) =: ( l) 2 
V6 d~2 
2
 

Jd-2 + ~ (vej) 

v6]~d-2 dF(v) 
(2/2 

Substltutlng ' (4) ( ) ' ( ) We get and 6 IntO 5 , 

= h(~*d) ~ = ( R(P(z,,zJ)) F2 d) k)iS~(q)i) ~ ~ ~ a("d):(ei.6j) a(i)(z; m. 
2
 ~=0 k=1 i=1 

* h(.*,d) (d) 
= ~ ~ y. (z; m.k) S~(~9j) 

~=0 k=1 j 

' Where y(d) ( ) (e,i. ej) ~'(i)(z; m,k) j (z;m.k)=F2 d2 ~i;la_.'"d' 

(7) 

From the expression (7), we can determine coefficients T(~)(z: ; m, k) uniquely 

and the mat,rix A~(d) - (a(~d)(Oi, Oj)) is a positive deLinite symmetric matrix 

so that whenever det(A~(d)) ~ O we can determme coeffrcrents c(i)(z ; ~) 's 

uniquely. To evaluate the error o*2(z), we need an evaluation of ll X(z) 12 = 

E(X(z))2. While from (3) and (5), using (7), we get 

~2(z:) - F(+ ~o) IIX(z)ll2, 

d =" h(~d) * ~ ^ 2 ( llX(z)ll = 2 )~ ~ ,_~I '-~'1 a(d)(6,, 6 )c(')(z m, k) 8(j)(z; m, k) 
F2 

= k=1 = .= 

:::~' 
m= o 

h(m'd) 

~' 
k=1 

~ 8(i) z' m k .' ) y!d) 

~ (. , 
i=1 

(z; m, k) (8) 

In particular, when n - 1, we have 

*h(~'d) d~ La~) (e 6 )]2 
~2(Z) := F(+ o~)- ~~ F2( o' l 

~=0 k=1 2 / . a (d) (61' 61 ) 
Sk*(990) 

2
 

(d ) " [a(d)(eo'el)]2 
=F(+-)-F2 2 ~__~'o (m,d) a(d)(el,el) 

Thus we have 

Theorem 1 

when we 

a theorem 

In the Euclidean case, using an 

have observations on n-concentric 

>/O 

extrapolator 

spheres with 

of the 

center 

(9) 

form (3), 

at ongm, 
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the extrapolation error is given by the formula (8), and in particular when 

n 1, it is given by the formula (9) 

Corollary : For n l, the extrapolation error depends only on distance 

from origin. 

For the case of d = 2, the expression (9) becomes as 

(d, 2 * a~'(eo' el) 
(~2 (z) =F(+ oo) -~' 

~=-* a(d) (61, 61) 

Finally, we consider extrapolation of origin. In this case, 

.. h(~ d) 
R(p(z, zj)) R(O~ ~: ~ y(d)(z; m, k)S~ (~9j ), 

~=0 k=1 J 

so that T(ct)(z ; m, k) ~(m) ~ (k)R(O~ and 

d " ~ (d) a) 
(i) )i=1 j 1 

( = ('2(z)=F(+oo)-F2 2 ~ ~ ao (6i, 6i)8 (z; o,o)a (z; o,o) (10) 

in particular, when n - 1, we have 

d -2 

*J ~ (vel) 2 )
 

Fdj (
 

(~2(z)=F(+oo)- o v61/2"~'dF(v) 2
 

~ F(~)Jd-_2(v61) Jl2dF(v) 
j
o
[
 

( v e 1/2)" ~' 

In the latter case, the lower bound O is attained iff the spectral distribution 

function F(2/) jumps at ~j-values such that 

d ,V d~2 
F (1lel) = C, 0(
 
2)(v61 ) ~ "~* 

~2 

S 2 . Spherical space 

In this case, corresponding to (6), we have 

d -2 

2 ) *h(~'d) (d) (e,, 6 ) S~ (q)i) S~(99j)' (11) R(p(zi, zj))= F2(d ~ ~ a ~ ' 
7t ~2 ~=0 k=1 ' 

" I "~+d+2 F(v+ I ) where a("a)(ei, ej) =.~'~ LW (v) 2" (v-m)! F2 (d~1 +m) 
F(v+ d - 1) 

d2_1+ m 

C (COS al 
v-m 

sin (ei 

F(v+ m+ d + I ) 

d -1 

C2 +~ ~ ._~ (cosej)sin (ej) 
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and corresponding to (7) we have 

(~2 (z) =R ( O ) - 11 X(z) If 2 

*h(m~d) n n (i) I~(z)I12 2d~2F ~: ~' ~ ~a(d~) (ei, 6j)~ (z; m, k)c rd = 2 ) 71: ~2 nFO 'FI i=1j=1 

and for n ~ I we have 

d *h(m'd) [a(d) (60, 61)]2 (~2 (z) R(O) 2d~2F2 ;~~=0 (2~~ ok-l 
) ~ )2= ~'_ 2

 
a (d) 

, (61' el) 

(j ) 

s
 

k
 

m 

(; z
 

(~)o 

m, k) 

2
 

(12) 

(13) 
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= R (O) - 2d~2 2 d~" (
 

F 2 ~h(m,d) )o ' 

[
a
 
a
 

(d ) 

(d ) 

(eO, 61) J2 

(61, al) 
~~~pO. (1 4) 

Thus we get a theorem 
Theorem 2 : In the spherical case, using an extrapolator of the form (3), 

when we have observations on n-concentric spheres with center at origin 

(north pole), the extrapolation error is given by the formula (12), and in 

particular when n = l, it is given by the formula (14). 

Co rollary : For the case of n - l, the extrapolation error depends only on 

distance from origin 

We note that this result' parallels the result in the Euclidean case. 

Finally we consider extrapolation of the origin. We get 

(i) 

2 d ( " " (d) (6i, 6j)a 
2
)
 

llX(z)ll2= F2 (z; o, o) ~ (z; o, o) ~'~a 7t i=1 j=1 
l
 

and for n = , 

d Jl 

- F(v+ l) I ) C~ (cos el)W(v) 
(~2 (z) =R (O) - -'r(d - I ) ~H)F(V + d -

~ [F(d- I ) F(v+ I ) d=1 1 2 
v=0 -- F(v+d- 1)C.2(cos al)j W(v) 

The lower bound of error O is attained, in this case, iff spectrum distributes 

d ~1 
on 2)-values such that F(d - I )F( v+ I ) C~ (cos 61) ~ C 0

F(v+ d - I ) 



70 Yasuhiro Asoo 

(1) 

(2) 

(3) 

( 4) 

Ref erences 

U. D. Popov : On some problems of the extrapolation for homogeneous and isotropic 
random fields which are observed on the circles, Mat. Zam. 4(1968) , 589-598. (in Russian) 

U. D. Popov and M. I. Yadrenko : Some problems of spectral theory of homogeneous and 
rsotroprc random field, Theory of Probabilrty and its Applications 14(1969) , 531-540. (m 

Russlan) 

E. Wong : Homogeneous Gauss-Markov random tields, Ann. Math. Stat. 40. 1625-1634. 
N. J. Vilenkm : Special functions and the thory of group repreentatrons, Translations 

of Mathematical Monographs 22, AMS, 1968. 

Department of Mathematrcs 
Shimane University, 
Matse, Japan. 


