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In this paper we define a countably A-ultrabarreued space and A- UDF space, and we study 

a coumtably A-wlltrabarrelled space witln an increasimg sequence of balanced subsets. 

In this paper, we study a linear topological space which has an increasing sequence 

of balanced subsets 

Let E be a linear topological space (1. t. s). Let A c P(E) and 1_1 A.=E. Then 
A * ~A 

a balanced set Uo is said to be an A-suprabarrel in E if there is a sequence (.U~) of balanc-

ed subsets of E satisfying Uo :D U1 + U1 and U~ :D Un + I + U,,+ I for all n 'such that each 

Un absorbs all A* e A. If in addition Uo is closed, in which case each U* can be chosen 

to be closed, then Uo is called an A-ultrabarrel in E. In any case, we say that (U~) 

is a defining sequence for Uo 

DEFINITION 1. An l. t. s E[~] is said to be A-ultl'abal'l'elled rf ever)' A-ulira-

barl'el in E is a neigl･7bourhood of the ol'igin. 

Let E be an l. t. s and in special a family A be contained in the family of all bounded 

sets in E. Then for each positive integer n, (U(J))J~=0 be a sequence of closed balanced 

neighbourhoods in E such that U(J+1)+U(j+ 1)cU(j) for all j. If U(.j)= ~ U;,j) is 

,,=1 
an A-ultrabarrel, we call U(o) an A-ultrabarrel of type (c(). 

DEFINITION 2. We say tllat an l. t. s E[:~] is a coun.tably A-ultl'abal'relled space 

if in E, every A-ultl'abal'rel of tJ'pe (c() is a neighboul'hood of the ol'igin. 

THEOREM 1. Let (A,,) be an increasing sequence of ba,lanced sets of a countably 

" A-ultrabal'relled space E[~;] s'uch that E= Uf A~. A*+A,,cA~+1 for n= 1, 2,..., and 
~=1 

an arbitrary Aa eA is absol'bed by some An' Let (V(~)) be a balanced sequen,ce such 

that V(o):D V(1)+ V(1) ... V(j):) V(j+1)+ V(j+1) .... , , . . Then. if V(j) n An is a neighbour-
hood of tlle origin in A~ fol' al7y j=0, 1, 2,... and any n = 1, 2,,.., V(o) is a neighbour-

hood of the origin in E[~]. 

PRooF. By vrrtue of our assumption, there exists a balanced closed neighbourhood 

U;,o) of the origin such that A~+1 n U(o)cA~+1 n V(1). Then we have An n U(o)c 

An n V( I ). It is easy to see that there exists a defining sequence (U;,j))~ I of balanced 
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c1osed　ne1ghbourhoods　of　the　or1gm　f；or　each　U「三〇）such　that∠、∩U「三J）⊂λ”∩γ（J＋1）

f；or〃，1≧1　Smceλ”＿、⊂λ”わr／＜〃，we　haveλ”．、nσ三1）⊂λ”．1∩γ（J＋1）此r　any

醐≧1and－anyO≦ブくη．

　　We　sha11construct　a　sequence（桝o））漂：1of　ba1anced　c1osed　ne1ghbourhoods　of

the　ong1n　such　that　each　W三〇）has　a　dein1ng　sequence（〃三J））of　ba1anced　c1osed　ne1gh－

　　　　　　　　　　　　　　　　　　　　　　cobourhoods　of　the　or1g1n　each　豚（J）：r、肌（1）（1＝0，1，2，　）absorbs　a11．4、∈∠and

　　　　　　　　　　　　　　　　　　　　　　”＝1
W（o）⊂γ（0）．　Then　W（0）1s　a　ne1ghbourhood　of　the　or1gm　wh1ch1s　contamed　mγ（0）．

Ifwe　set

　　　　　　　W）一1（4「∩γ1ポ1）饒11二1∵二1’

th・・…hW）1…1…db・1・…d・・ighb…h・・d・fth・…gm・・d（W））晃。…
de血nmg　sequence　of〃三〇）for　each〃　In　fact，we　have　for1≦1くη

　　　　　　W）十W）＝（λ”一ゴnγ（川）十岬十1）十（λ”．∫∩γ（ゴ十1））十卯十1）

　　　　　　　　　　　　　⊂（λ”一、∩γ（・十1））十（λ”、∩γ（・十1））十岬十1）十卯十1）

　　　　　　　　　　　　　⊂（λ”＿（卜i）∩γ（ゴ））十叫ゴ）＝W三ゴー1）．

Forブ＝〃，we　ha▽e

　　　　　　　　　　W7三・）十W三・）＝σ三・十1）十σ三㎜十1）⊂σ三”）⊂W7三r1）．

For／＞η，s1nce（σ三1））1s　a　de丘nmg　sequence　ofσ三〇），the1ns1stence1s　a1so　true

　　　　　　　　　　　　　　　　　　　　　oo　　Now　we　show　that　each　W（J）＝∩W三J）absorbs　anλ、∈λ．In　fact　for　anarb1tra一

　　　　　　　　　　　　　　　　　　　　”：1
r11y　ixed　l　and　an　arb1trar11y丘xed■4、∈■4，there　ex1st　a　pos1t1ve　rea1nu正nberρ”and　a

positiYe　integerηo＞ゴsuch　that

　　　　　　　　　λ、⊂ρ”（λ”．ゴ∩卯）⊂ρ”（λ”．ゴ∩γ（州）

　　　　　　　　　　⊂ρ”（λ”、。。nγ（・十1））⊂ρ”帆谷

　　　　　　　　　　　　　　　　for　a11　　〃；≧〃o　　and　a11　　p＝1，2，．．．．

　　　　　　　　OO　　　　・　　　　　．　　　　　　．　　　　“0　　　　・　　　　　oO　　　　・　　　　　　　　　”0
Henceλ、⊂ρ、（W脾ρ　Smce　W（J）＝（（π9））∩（（〃㌶十、）and．（（π9））absorbs
　　　　　　　　p＝0　　　　　　　　　　　　　　　　　　　㎜；1　　　　　　　　p昌1　　　　　　　　　　　　”1昌1

∠、，λ、is　absorbed－by〃（∫）．　Theref；ore　each豚（ゴ）absorbs　a11λ、∈λ．

　　Fma11y　we　sha11show　that豚（0）1s　conta1ned　mγ（o）

　　　　　　　　　　卯）＝（λ”∩γ（1））十卯）⊂λ”∩γ（1）十岬）十σ三1）

　　　　　　　　　　　　　　　　　　　　　　　　⊂λ”∩γ（1）十σ三0）．
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Therefore　we　have

　　　　　　　　　λ”∩卯）⊂｛λ”∩［（λ”∩γ（1））十σ三0）］｝

　　　　　　　　　　　　　　　⊂1（λ”∩γ（・））十［レ”十∠”）∩σ1・）］／

　　　　　　　　　　　　　　　⊂（λ”。。∩γ（1））十（λ”。。∩σ二0））

　　　　　　　　　　　　　　　⊂（λ”キ。∩γ（1））十（λ”。。nγ（1））for〃＝1，2，＿。

Consequent1y　we　have

　　　　　　　　　　　　　　　　　　oo　　　　　　　　　　　　　　π（0）：）（∠”∩豚（0））

　　　　　　　　　　　　　　　　　　”＝1

　　　　　　　　　　　　　　　　　　oo　　　　　　　　　　　　　　　　⊂）［（λ”。。∩γ（1））十（λ閉。。nγ（1））］

　　　　　　　　　　　　　　　　　　”；1

　　　　　　　　　　　　　　　　　　◎o　　　　　　　　　　　　　　　　　　　　　oo
　　　　　　　　　　　　　　　　⊂）（λ”。ユ∩γ（1））十）（λ”。工∩γ（1））

　　　　　　　　　　　　　　　　　　”昌工　　　　　　　　　　　　”＝1

　　　　　　　　　　　　　　　　＝γ（1）十γ（1）⊂γ（O）

The　proof1s　comp1ete．

　　　The　fo11owmg　propos1t1on　fo11ows血om　the　above　theorem

　　PR0Posm0N1Lθ側わθoco〃θ伽oηψ1〃鮒舳〃岬w肋cん舳pαco舳oωγ
A〃卯肋〃rθ〃θ＾pαCθE［寛］榊0α〃．τ．8F［寛’］0η〃θな（λ”）わθ0η肋Cr㈱物Sθ〃θηCθ

　　　　　　　　　　　　　　　　　　oo
ψMα肌θ＾鮒舳ん肋oなE：）∠”，λ”十λ”⊂λ”。。伽〃＝1，2，．．．o〃o〃o棚卯〃γ
　　　　　　　　　　　　　　　　　”＝1
∠、∈山80わS0伽〃γS0榊∠”．丁灼θ〃洲8θψC0洲舳0〃Sぴ0〃0ψゲ伽rθ洲αf0〃

ψ班o〃o〃∠”（η＝1，2，＿）δsθψco舳舳oωsoな伽o吻肋．肋∫μc〃α1肋鮒伽p－

p物介0醐E［寛］舳0F［寛’］ゴSC0〃伽ω0〃Sび0〃0ψび㎝α〃λ”舳SC0耐肋ω0洲〃

伽0吻肋．

　　C0R0LLARY　　L勿（E，，）加0〃1〃c肥伽一ησ∫θ〃θ〃0θgグ11ηθαr醐わΨ0cθs　qグ0c0〃醐ト

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　o◎α〃γ∠刊1炉oわα叩ε〃θ♂ΨαcθE［z］舳cん肋〃E：）E”α〃∂o〃〃肋炉αrγλ、∈∠お
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　”＝1
αわS0伽〃パ0閉θE”，α〃1εば”加伽肋伽θ〃0pO10〃ψ寛0〃E”．τ吻θη五［寛］

1S伽洲α肋伽伽θ肋舳ψE”［寛”］．

　　PR00F　Let寛’be　the　topo1ogy　of　the　mduct1▽e111m1t　on・E［寛］　Then寛’1s丘ner

than寛　In　fact，a11canoru．ca1mappmg1”E”［Z”］→E［寛］1s　contmuous　Therefore

1t1s　su冊c1ent　to　showthatthe1d．ent1ty　mappmg∫血om　E［迂］onto　E［寛’］1s　contmu．ous．

Themapp1ng∫。∫、1s　restr1ct1on　of1on　E”［寛”］．Therefore∫1s　cont1mous　on　a11E”［寛”］

and　by　Propos1t1on1on　E［寛］　Hence五［寛］1s　the　mduct1Ye11m1t　of｛週”［寛”］｝　Smce

　　　　　　　　　　　　　　　　　　　　　　　　　　　oo寛”十11nduces　the　topo1ogy寛、　on　E”，E［寛］＝）一E閉［寛”］1s　the　str1ct1nduct1ve　H＝mit．

　　　　　　　　　　　　　　　　　　　　　　　　　　　”：1



22 Atsuo J61CHI 

The proof is complete 

THEOREM 2. Let (An) be an increasing sequence of closed balanced sets of a coun,t-
oo 

ablJ' A-u,Itl'abarrelled space E[~] such that E= ~) An' An+AnCAn+1 fol' n.= 1, 2,... 
n= 1 

and eac/7 A eA Is absorbed by some An' and let {~n}nOO=1 be a sequence of non-zero 

real numbers such th,at lim ~n= oo. Then If B is an, arbitrarily given bounded set, 
n+co 

there exists a positive integel' no Stich that Bc~noAno' 

PRooF. For each positive integer n, if B is not contained in ~nAn' it will be possible 
1
 to find an xn e B such that xn ~ ~nAn and hence yn = ~n xn ~ An' Since An is closed it is 

possible to find balanced neighbourhoods Vn of the origin such that (yn + Vn) n An = ip 

(n = 1, 2,. . .), and hence taking a sequence (V;i)),~c'=1 of balanced neighbourhoods of the 

. (j) :) origin such that Vn:DV'I)+V(1) V(j+1). JL (j+1) .. for any n,=1, 2,..., we n ' il T Vn " .... Vn 

have (y + T/(1)) n (A + V( 1))=ip- Theref_ore we. 11_ave vu~A,,+V;,1) for n=1 ' 

.-n n - ' - - - -- ' =""* ,, ,' 
The each set An + V;tl) (n = 1, 2,...) is a balanced neighbourhood of the origin and 

hence V ~ (A + V( I )) rs a balanced set The sequence (yn). n"~= I converges to O and all 

n= I n 
their terms are not contained in V. If we prove that Vis a neighbourhood of the origin, 

we have a contradiction and the theorem is proved. If we set 

W('j)= An-j+V(J+1) for j=0, 1,..., n,-1 

n _ V(j+1)_ f.or j=n, n+1,..., 

(W(j))Jqp=1 is a defining sequence of W;lo). In fact, for I ~ j 

W(' j) + W(j) = An- j + V(- j+ 1) + A . + VU+ 1) 

n n _ n . n - J n 
cAn j+An-j+ VflJ+1) + V(j+1) 

cAn-(j-1)+Vn(J) W,!J 1) 

Forj=-n, we have 

V(n+ I ) W(n) + W = (n) + V(n+1) c V(n)c Wff 1) n
 

n n 
n
 

For j > n, we have 

W(J)+ W(J) VflJ+1)+ V(j+1)c V(j)= W(J 1) 

~) co 
Here V= r¥ W(no).. If we set W(j)= r¥ W(j) each W(.j) n An is a neighbourhood of 

n' n=1 n=1 
the origin in An' Therefore by Theorem I W(o) = V is a neighbourhood of the origin. 

The proof is complete. 

PROPOSITION 2. Let (An). be an increasing sequen,ce of closed balanced sets of a 
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co 

countably A-ultrabal'l'elled space E[~] such, that E= ~J An' An+AnCAn+1 (n=1, 
~=1 

2,...) and each AaeA is absorbed by solne An' and let each U n An (n=1, 2,...) be 

sequentlally closed In An' Then U is sequentially closed in E[~]. 

PROOF. Let {x~} be elements of U such that it converges to x in E[~]. Then a 

set {x, xl, x2""} is bounded. Therefore by Theorem 2 it is contained in some An 

Since U n An is sequentially closed m An' x rs contained m U. The proof is complete 

PRoposrrroN 3. Let (An) be an increasing sequence of closed balanced sets of a 

" countably A-ultrabarrelled space E[~;] such that E= ¥J An' An+AnCAn+1 (n=1, 
n=1 

2,...) and each A. eA is absol'bed by some An' Then iffor evel'y sequence (xn)cE 

there is a sequence (pn) of positive 1'eal nun'lbei's such that the sequen,ce (pnxn) is bounded 

in E[~], then An is absol'ben,tfor som,e n. 

PRooF. If none of the sets A~ is absorbent, there is a sequence (xn) in E such that 

xn is not absorbed by An' By assumption there is a sequence (pn) of positive real num-

bers such that (pnxn : n e N) is bounded. By Theorem 2, this set is absorbed by A,n 

for some /n. This contradicts the choice of x,n' The proof is complete. 

DEFlNITION 3 Let A be a family of bounded subsets of an l. t. s E[:~] and let 

V Aa=E. If E[:~] satisfies thefollowing condition, then. }ve call E[~;] an A-UDF 

space : 

(a) A has a fundamental sequence (An) of balanced closed sets. 

.(.b) Let (U~o))~ I be a sequence of balanced closed neighbourh,oods and let 

(U(J))Jqp=1 be a defining sequence of balanced closed neighboul'hoods of U(o). Then if 

each set U(.j)= ~ U(j) absorbs all sets offunda,n'7en,tal sequ,ence (An)' U(o) js a neigh-

n=1 n 
bourhood of the origin in E[~:]. 

THEOREM 3. If a ultrabarrelled space E[~_] has a numel'able family {An} of 

" balanced sets in A such that E= ¥J An and for B, CeA, B U C, B+C and B are 
n= 1 

contained in A, tllen, E[~;] is an A-UpF space. 

PROOF. We construct the following sets 

A A1, A A UA +A UA2' A (A U .. UAn)+"'+(AIU .. UAn)""' 
2n- 1 

Then by Theorem 2 any Aa e A is contained in some Zm' Therefore ~ (An)nOO=1 is a 

fundamental sequence of A. The proof is complete 

LEMMA 1. Let(A~)"co=1 be an increasing sequence of balanced sets of a countably 
co 

A-ultrabarrelled space E[~] such that E= V An' An+AnCAn+1 (n=1, 2,...) and 
n= 1 
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ωcんλ、∈山8αわso伽〃バo榊λ”．〃ダわθCα〃c妙〃卯肋E［寛］α〃多ゴ8伽

〃θ川肋Hα眺おC0ηS伽肋妙0〃8αψ伽カr舳〃十σ，舳㈹M0州∫肋ダ
α〃σ肋〃柳げ伽〃吻〃わ0舳00∂げ伽0吻肋1〃五［寛］．ηκη伽陀θX赦Sり0Sポ

伽肋吻ぴη。舳ん伽チ多肋伽θ∫α〃θ・肋λ”。・

　　　PR00F　Ifthe1em血a1s　fa1se　there　ex1sts　ad－ecreas1ng　sequence（K）漂＝1of　c1osed

ba1anced　ne1ghbourhoods　ofthe　or1gm　and．a　sequence（〃”）票＝1ofe1ements　ofダsuch

that（〃”十κ）∩∠2”十3＝φforη＝1，2，．．．。　If　we　set

　　　　　　　w）一／ポo＋1））十榊ご1二11丁二∵

where　we　assume　that　K⊃篶十篶，．．．，κ⊃κ十1＋κ十1，．．．，that（γ三ゴ））is　a　sequence　of

c1osed　ba1anced　ne1ghbourhoods　of　the　or1g1n　such　thatκ⊃γ二1）十γ二1），　，γ三J）⊃

叩十1）十叩十1），、。。・・砒h・げ鮎⊂卯f…，ブ＝1，2，．．．。

Then　the　sequence（W三J））芦i1s　a　de丘n1ng　sequence　of　W二〇）　In臨ct　we　ha▽e　for

1≦ブく殉

　　　　　　卿）十W）二（ノ”一ゴ∩γ（ゴ十1））十γ鮒））十（■”．1∩γ（川）十碓ちU

　　　　　　　　　　　　⊂（■、．5∩γ（ゴ十1））十（■”．ゴ∩γ（川）十γ晦1）十脈ち1）

　　　　　　　　　　　　⊂（■”．（5一。）∩γ（ゴ））十榊。＝〃一1）．

We　haveforブ＝〃

　　　　　　　　　　　卿）十舛・）：榊。十榊。⊂γ鯨）⊂卿一1）．

Sm・・（γ三2。）艮。1・・d・丘・1・g・・q・・・…fκ。。，th・m・1・t・・・・…1・・t…　S・…〃（・）

　　◎◎
＝（〃二J）1s　anλ＿suprabarre1，W（o）1s　a　ne1ghbourhood　ofthe　ong1n1n　E［寛］
　”＝1

Ifwe　set

　　　　8＝豚（O）＝（■。∩γ（1）十γら1））n（4∩ザ（1）十〃））n…・・…・，

　　　　8i＝■1∩γ（1）ニトγら1），

　　　　苧＝（■・∩γ（1）十州十（■・∩γ（2）十帆

　　　　｛・一（■。∩r（1）十γ舳十（4・・∩γ（2）十γ魁）十…十（■・。一・∩r（”）十榊，

then　each　S”1s　a　ne1ghbourhood　of　the　or1g1n　and　S⊂∫”（η＝1，2，　）．

　　Here　if　we　take　P”εダsuch　that　P刎一p”⊂8”，we　ha▽e（P”十8”）n∠2”十2＝φ

（η＝1，2，　）．　In　fact1f　xo∈P。，∩〃閉∈ダandγ∈P”，thenγ＿xo∈P”＿P”⊂8、，w出ch

mp1iesγ一xo＝α”十α”十1＋　＋02”＿1＋o”，where　o，∈λユ∩γ（ド”十1）forド〃，，2〃一1
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and vne V~1+)2+V~2+)4+"'+V(3n"). If z ePn+Sn' we can write z=y+b~+cn' where 

bn e Sn and cn e Sn' Therefore we can write z=x0+a~+･･･+a2n-1+vn+en+en+1 
+"'+e2n-1+un+fn+"'+f2~_1+t~, where fi, eieAin V(i-n+1) for i=n,..., 2n-1 

and un' tneV(1) +V(2) +...+V(*) If we set g=a +･･･+a2n-1+e +en+1+"' 3n 
+e2n-1 +fn+ "' +f2n-1' we have g eA2n+2' Here we have x0+vn+un+tn eMn+ Vn' 

If we set q =vn+un+tn' by our assumption we have x0+q~A2n+3' If z e A2n+2, 

xo + q =z-geA2n+2+A2n+2CA2n+3' which rs a contradiction. Hence (Pn+Sn) 
n A2n+2 = c' 

Assume that P - P c S. If zo e P, there exists a posrtive integer no such that zo 

e A2n0+2' If w is an arbitrary element of Pno' then zo ~ w + Sno' that is, zo ~ w ~ Sno' 

Smce S c Sno' we obtain zo ~ w ~ S. Furthermore P - P c S and zo e P and hence we 

d~duce w ~ P, that is, P n pno = ip, which is clearly non true and the lemma has been 

ptoved. 

THEOREM 4 Let (An)na)=1 be an increasing sequence of balanced sets of a count-
oo 

ably A-ultrabrraelled space E[~;] such that E= ¥J An' An+AnCA~+1 (n=1, 2,...) 
~= 1 

and each A. e A is absorbed by some An' Then if each An is complete, E is complete. 

PROOF. Let ~~ be a Cauchy filter of E. Then there exists a positive integer no 

such that the filter ~~ described in this lemma, induces in Ano a filter ~~'. Obviously 

~~' is a Cauchy filter and therefore there exists an x e A~o Such that ~~' converges to x 

and also ~c~' converges to x. The proof is complete 

THEOREM 5. Let (An) be an increasing sequence ofclosed balanced sets ofa coun-
oo 

tably A-ultrabarrelled space E[~] such that E= V An' An+A~cAn+1 (n=1, 2,...) 
n=1 and each Aa e A is absorbed by some An' Then if completion ~[~] is a Baire set, 

there exists..an .A* which have an inner point. 

PROOF. Let x be an arbitrary element of ~[~] and ~~~' be a filter in E conVerging 

to x. Since ~ is a Cauchy filter, there exists a positive integer no Such th~t the filter 

~~ described in Lemma 1, induces a Cauchy filter ~~' in Ano' converging to. ~~. Hence 

if Ano is the closure of Ano in ~[~], then x e Ano and therefore ~[~] = n¥JcolAn' Since 

~[~] is a Baire set, there exists a positive number nl such that Anl has an inner po.int 

in ~[~:]. Hence Ani n E = Anl has an inner point in E. The proof is complete. 

COROLLARY 1. Let E[:~] be a countqbly A-ultrabarrelled space whose comple-

tion ~[~:] is'a Baire space. Let us assume that there exists a numerable sequence 
co 

(Bn) of balanced bounded sets such that Uf Bn=E and each Aa e A rs absorbed by 
n=1 

some B~. Then E[~:] is a quasinormed space. 

PROOF Let us put A B1' A2=BI +B2 +B +B2, 
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An = (BI + ･ ･ ･ + Bn) + " ' + (BI + ･ ･ ･ + B~), 

'_n-1 

co 

Then n~jl An=E. Therefore by Theorem 5, there exists an A~o Which has an inner point 

Consequently E[~:] is quasinormed. The proof is complete. 

COROLLARY 2. Let E[:~] be a countably A-ultrabal'relled space, Iet each AaeA 

be finite dilnension and let E[~] be a Bail'e space. Then if E1 is a closed subspace 

of E with at most nurnerable codilnension, this codilnension is finite. 

PROoF. If the codimension of El is infinite, there exists a sequence (xn)"oo= I of 

linearly independent vectors such that the space generated by them is the algebraic 

complementary of E . Let En be the space generated by E U {xl, x I for n = 2 

.... Since E1 is closed, E2 is also closed and in general E~, n=1, 2,... are closed 
3
,
 
subspaces Each of the set of the sequence (En)"oo= I is closed, balanced and without 

oo 

mner pomt Theorem 5 contiadicts the fact that E = ~/ En 
n= 1 

DEFINITION 4. We denote by ~:A' t/7e topology on E[~] which has all ~~-closed 

A-suprabarrel as a basis of neighbourhoods of the origin. 

LEMMA 2. Let A be a farnily of bounded sets and let E[~~;] be a countably A-

'ult/'abal'l'elled space. Then a setB is ~-precompact If and only if it is ~:A'-precompact. 

This can be shown similarly as in I, (1) in [1] 

PROPOSITION 3. Let (An) be a,n increasing sequence of balanced sets of a count-
co 

ably A-ultrabarrelled space E[~] su,ch that E= V An' An+AncAn+1 (n=1, 2,...) 
n=1 

and each, Aa e A is absol'bed by sorne An' Tl･ren if (An)nOO=1 js a sequence of Inetnzable 

sets in E[cr_], E[~;] is an A-ultl'abarrelled space. 

PROOF A sequence (xn)na)= I converges in E[~~] if and only if it converges in E[~A'] . 

In fact since ~~ c :~A', xn~>x in E[~:A'] implies xn~>x in E[~;]. Conversely if xn~>x 

in E[~;], a set {x, xl, x2,"', xn""} rs a ~;-compact set. Therefore it is a ~:A'-precom-

pact set and hence the topologies induced by E[:~] and E[~;A'] are equivalent on {x, 

xl' x2,"'}' Consequently xn~>x in E[~:A']. 

Let Vo be an A-ultrabarrel with a defining sequence (Vj)J~P= I of closed balanced sets 

and let (xn) be a sequence of A~ such that xn~>0 in E[~]. Then xn~O in E[~A'] 

Therefore there exists a positive integer ni Such that xn e Vi n Am for any n ~: ni. Since 

A~ is metrizable, each Vi is a neighbourhood of the ongin on Am for any m = 1, 2,.... 

Consequently an A-ultrabarrel Vo is a neighbourhood of the origin in E[~:] . The proof 

rs complete 
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