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It is well-known that an orthodox semigroup S is a generalized inverse semigroup if the set E (S) of
idempotents of S satisfies one of the following identities : (I .1) 21TaTsts=T1TsT2%s, (1 .2) T122m5m1=
23021 and (I .3) B2t =nxrix1 (see [41). In this paper, we shall show that a regular [%-]
semigroup S is a generalized inverse [* -] semigroup if E(S) [the set P(S) of projections of S ] satisfies
the identity (I.2) [(I.1)], but it is not necessarily a generalized inverse [* -] semigroup even if E(S)
[P(S)] satisfies (1.3) [(I.2)].

A regular semigroup S is called an orthodox semigroup if E (S) is a band. An orthodox
semigroup is called a generalized inverse semigroup if E (S) satisfies the identity £12:2324=
I1T3Z2Zs, that is, E (S) forms a normal band. The followings are well-known results, due to
Yamadal[4].

REsULT 1 ([4]). For an orthodox semigroup S, the following conditions are equivalent.
(1) S is a generalized inverse semigroup,
(2) E(S) satisfies the identity IiX2XsX1=Z1X3T21,
(3) E(S) satisfies the identity IiX2X1X3T1=X1T3L1L2%1.

RESULT 2 ([4]). A regular semigroup S is a generalized inverse semigroup if and only if
E (S) satisfies the identity T1X3%4=T1X3T2%s.

THEOREM 3. A regular semigroup S is a generalized inverse semigroup if and only if
E (S) satisfies the identity TiTaXsti=T1X3ToT1.

PrROOF. The “only of” part is obvious. Assume that efge=egfe for all ¢, f, gEE(S).
Let ¢€E(S) and x any inverse of e. Since e, ex, xe€E(S), we have

x2=(zex)*=x{e(ex) (xe)e}r=x{e(ze) (ex)e}r=x.

Thus zEE(S). It follows from Lemma 1.3 of [3] that S is an orthodox semigroup. By Result
1, S is a generalized inverse semigroup.

REMARK. A regular semigroup S in which E (S) satisfies the identity z2x:12:2:=
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Clearly E(S)=1{0,¢,f,g,h} and a is an inverse of b, so S is a regular semigroup. For
any z, y, 2€E(S), xyx is either x or 0, and hence xyxzr= (ryr) (xzr)= (rzx) (xyr)=
xzxyx. Thus E (S) satisfies the identity Z122012321 = L1x3012211 . However, E(S) is not a band,
since ef=a£E(S), and hence S is not a generalized inverse semigroup.

A semigroup S with a unary operation * : S—S is called a regular * - semigroup if it
satisfies (1) (x*)*=x. 2) (xy )*=y*x*, (3) zx*x=x. Let S be a regular * - semigroup. An
idempotent e of Sis called a projection if e*=e. Denote the set of projections of Sby P(S). A
regular * - semigroup S is called a generalized inverse * - semigroup if E(S) is a normal
band. Since E (S)=P(S)? for a regular * - semigroup S (see [1]), we can easily verify the
following theorem.

THEOREM 4. A regular % - semigroup S is a generalized inverse % - semigroup if and
only if efgh=egfh for all e, f, g, hREP(S).

REMARK. A regular * - semigroup S in which P(S) satisfies the identity 212:xs2:1=
Z1232,%; is not necessarily a generalized inverse * - semigroup. Let S=M (G ; 1, I ; Q) where

e ae
G={e,a} ia a two element group, /=1{1,2,3} and Q= (g;)=|a e ¢ |, and a unary
e e e

operation is defined by #* : (z;¢,7)—(x;j,¢). By Theorem 2 of [2], S is a regular *-
semigroup and P(S)={(e;i,i):i€1}. Since ¢;;=¢;; and G is an abelian group, (e; i) (e;
Gii) ek k) (esi, i) = (qugingri; i, 1) = (Quduidii 3 i, i) = (e;i,i) (e; k, k) (e;7,7) (e,
i). Therefore, P(S) satisfies the identity L1221 = 2123227:. But, for idempotents g= (a; 1,
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2)and h=(e;2,3), gh=(a;1,3)ZE(S). Hence S is not a generalized inverse 3 -
semigroup.
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