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It is well-known that an orthodox semigroup S is a generalized inverse semigroup if the set E ( S ) of 

idempotents of S satisfies one of the following identities : ( I .1) xlx2x3x4=xlx3x:2x4, ( I .2) xlx2x3xl = 

xlx3x2xl and ( I .3) xlx2xlx3xl =xlx3xlx2xl (see [4] ) . In this paper, we shall show that a regular [ * -] 

semigroup S is a g~neralized inverse [ * -] semigroup if E ( S ) [the set P ( S ) of projections of S I satisfies 

the identity ( I .2) [ ( I . 1)] , but it is not necessarily a generalized inverse [ * -] semigroup even if E (S ) 

[P(S)1 satisfies ( I .3) [( I .2)]. 

A regular semigroup S is called an orthodox semigroup if E ( S ) is a band. An orthodox 

semigroup is called a generalized inverse semigroup if E ( S ) satisfies the identity xlx2x3x4 = 

xlx3x2x4, that is , E ( S ) forms a normal band. The followings are well-known results , due to 

Yamada [4] 

RESULT I ( [4] ) . For an orthodox semigroup S, the following conditions are equivalent. 

( I ) S is a generalized inverse semigroup, 

( 2 ) E ( S ) satisfies the identity xlx2x3xl = xlx3x2xl ' 

( 3 ) E ( S ) satisfies the identity xlx2xlx~xl = xlx3xlx2xl 

RESULT 2 ( [4] ) . A regular semigroup S is a generalized inverse semigroup if and only if 

E ( S ) satisfies the identity xlx2x~x4 = xlx3x2x4 

THEOREM 3. A regular semigroup S is a generalized inverse semigroup if and only if 

E ( S ) satisfies the identity xlx2x~xl = xlx3x:2xl 

PROOF. The "only of' part is obvious. Assume that efge=egfe for all e, f, geE(S ) 

Let eeE(S) and x any inverse of e. Since e, ex, xeeE(S), we have 

x2=(xex) x{e(ex)(xe)e}x x{e(xe)(ex)e}x x 

Thus xeE ( S ) . It follows from Lemma 1.3 of [3] that S is an orthodox semigroup. By Result 

1 , S is a generalized inverse semigroup 

REMARK. A regular semigroup S in which E ( S ) satisfies the identity xlx2xlx3xl = 
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123 123 xlx3xlx2xl is not always a generalized inverse semigroup . Let S = O e 
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 a 
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table is as follows 
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Clearly E ( S ) = {O, e, f, g, h } and a is an inverse of b, so S is a regular semigroup. For 

any x, y, zeE(S) , xyx is either x or O, and hence xyxzx= (xyx ) (xzx ) = (xzx ) (xyx ) = 

xzxyx. Thus E ( S ) satisfies the identity xlx2xlx3xl = xlx3xlx2xl ' However, E ( S ) is not a band 

since ef= a~fE ( S ) , and hence S is not a generalized inverse semigroup 

A semigroup S with a unary operation * : S-S is called a regular * - semigroup if it 

satisfies (D (x*)*=x. (2) (xy ) *=y*x*, (3) xx*x=x. Let S be a regular * - semigroup. An 

idempotent e of S is called a projection if e* = e. Denote the set of projections of S by P ( S ) . A 

regular * - semigroup S is called a generalized inverse * - semigroup if E ( S ) is a normal 

band. Since E ( S ) =P(S ) 2 for a regular * - semigroup S (see [1]) , we can easily verify the 

following theorem . 

THEOREM 4. A regular * - semigroup S is a generalized inverse * - semigroup if and 

only if efgh=egfu for all e, f g, hep(S). 

REMARK. A regular * - semigroup S in which P ( S ) satisfies the identity xlx2x3xl = 

xlx3x2xl is not necessarily a generalized inverse * - semigroup . Let S = M ( G ; I , I ; Q ) wher]e 

eae 
G {e a } ra a two element group I {1 2,3} and Q=(qij) a e e and a unary 

eee 
operation is defined by * : (x ; i,j)-(x ;j, i ) . By Theorem 2 of [2] , S is a regular * -

semigroup and P(S ) = { (e ; i, i ) : iel } . Since qij=qji and G is an abelian group, (e ; i, i ) (e ; 

j J ) (e k k ) (e , i, i)= (qijqjkqki ; i, i )= (qikqkjqf" l' I ) (e , l, I ) (e k k ) (e ,J,J ) (e , l, 

i ) . Therefore, P ( S ) satisfies the identity xlx2x3xl =xlx3x2xl' But, for idempotents g= (a ; I , 
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2) and h= (e ; 2, 3), gh= (a ; 1, 3)~E(S ) . Hence S is not a generalized inverse * -

semrgroup 

Pef erences 

[ I I T. Imaoka, On fundamental regular * - semigroup, Mem. Fac. .Sci. Shirnane Univ. 14 (1980) , 19-

23 . 

[ 2 1 N. R. Reilly, A class of regular * - semigroups, Semigroup Forum 18 (1979) , 385-386 

[ 3 1 N. R. Reilly and H. E. Scheiblich, Congruences on regular semigroups, Pacific J. Math. 23 (1967) , 

349-360 . 

[ 4 1 M. Yamada, Regular semigroups whose idempotents satisfy permutation identities, Pacific J. Math 

21 (1967) , 371-392. 


