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In the previous paper [ 4 ], the concept of a p-system in a regular semigroup has been introduced ; and it
has been shown that every * -operation in a regular semigroup S is determined by some p-system in S, and
conversely in a regular semigroup S with * -operation the projections of S form a p-system in S. On the other
hand, the structure of orthodox SLI (straight locally inverse)-semigroups has been clarified in [ 5 J. In this
short note, the p-systems in an orthodox SLI-semigroup will be studied.

§ 0. Introduction

Let S be a regular semigroup equipped with a unary operation * : S—S satisfying the
following three axioms :

(1) zx*zr=zx for zES,
(2) (z¥*=x for €S,
(3) (xy)*=y*x* for r,y<S.

In this case, Sis called a regular * -semigroup. An element x of S is called a projection if x=
z* and z’=x.
Let S ba a regular semigroup, and E (S) the set of idempotents of S. A subset P of
E(S) is called a p-system in S if it satisfies the following : Let V(a) be the set of all inverses of
a for a€S.

(1) For any a€S, there exists a unique a*€V(a) such that aa*, a*a€P,

(2) for any a€ S, a*PaC P and aPa*CP, where * is the unary operation in S
determined.by (1),

(3) P*CE(S).

It has been shown in [ 4] that if P is a p-system in S then S becomes a regular *-
semigroup under the unary operation * determined by (1) above. In this case, the unary
oprration % above is called the * -operation determined by P. It is easy to see that the set of
projections of the regular % -semigroup S concides with P. Conversely, if S is a regular -
semigroup with * -operation # , then the set P of all projections is a p-system in S, and the -
operation * determined by P coincides with # ; thatis # = . If there exists at least one p-
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system in a regular semigroup S, then S is called involutive. Therefore, we can say that S is
involutive if and only if a s -operation is well-defined in S.
Now, let S be a locally inverse semigroup, that is a regular semigroup such that

(1) eSe is an inverse semigroup for each ¢e€E(S).
If S further satisfies the following :

(2) E(S) is adisjoint union of maximal subsemilattices, then S is called a straight locally
inverse semigroup (SLI-semigroup) (see[21).

It has been shown in [ 2] that if S is a SLI-semigroup then S is a rectangular band x of
subsemigroups { Sy : € x }, where E (S,) is commutative for each a € x. The main purpose of
this paper is to find out all the p-systems, accordingly all the * -operations, in an orthodox SLI-
semigroup.

§1. Involutive orthodox SLI-semigroups.

Let S be an orthodox SLI-semigroup. Then, S is a rectangular band yx of {S, : a€y },
where S, is a subsemigroup of S for &€ x such that E (S,) is a subsemilattice. Since E(S) is a
band, E (S) is a rectangular band x of {Eq : @€ x }, where E,=E (S))=E(S) N S,. Let ¢ be
the homomorphism of S onto x defined by r¢p=a if E S,, and 7 the congruence on S induced
by ¢. Let @&, 7 be the restrictions of ¢, to E=E (S) respectively. On the other hand, since S
is an orthodox semigroup, there exists an inverse semigroup I"(A) (where A is the semilattice
of idempotents of I') and a surjective homomotphism ¥ : S—I'(A) such that A¥ ' is a
rectangular subband of E for each A€ A (see [11]). Let y¥ =T, for yETI. Then, every T;isa
rectangular band for A€ A. Let & be the congruence on S induced by ¥'; that is, x&y if and only
if xU=y¥. Let U5, & be the restrictions of ¥, & to E respectively. Since x is a rectangular
band, yx is the direct product of a left zero semigroup I and a right zero semigroup J : x X I X J.
Now, tz N &=¢x (the equality on E ; further, in fact 7N §=¢s (the equality on S)), and hence
E is isomorphic to a subdirect product E/zs % E /&g of E/tp and E/Eg. It is obvious that E/tp=
x (isomorpic) and E/g=A. Hence, EZy ¥ A, and an isomorphism 6 is goven by ef= (eg,
eU)Ex %A for e€E. Now, identify ¢ with (ed, e¥).

Then, we can assume that E=y ¥ A. Let P be a p-system in E. Let # be the % -operation
in E determined by P. Let ¢, fbe elements of E such that ezzf. Then, since e, f€ E, for some «,
¢ and fhave forms e= ((7,7), ) and f= ((i,7), 8), where (i,j) EIXJand A, 6EA. Let * =
((k,s),e)and f*=((u,v), o). Since ¢* is an inverse of ¢, e=2A.

Similarly, 6=4. Now, ((,7),1) (k,s),A)=((i,s),A)EP, ((k,s),2) ((4,7),2)=((k,
i), A)EP, ((4,7),0)((#,v),6)=((i,v),0)EP and ((u,v),d)((,7),0)=((u, (),
0)EP. Hence, ((i,5),2) ((u,v),0) ((i,s),A)=((4,s), Ad) EP. Similarly, ((k,7),20),
((,v),A0), ((u,j),20) EP. Since each L-class of E contains only one element of P, it
follows that k=u.

Dually, we have s=v. Therefore, f*=((k, s), 5). Hence, e?zzf¥. Thus, we have the
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following :

LEMMA 1.1. The congruence tx is a % -congruence (seel 31), and accordingly Pz is a
p-system in X.

Since yx is involutive, |I|=|J| (where| |means cardinality), thatis x is a square band, and
every L- [R-] class contains just one element of @=Pg¢z. Now, it is easy to see that for ¢, fEE
=y ¥A=(Ix]J) %A, where e= ((i,7), 1) and f= ((k,s),0), eLfif and only if 1=0 and s=
jleRf if and only if =8 and k=i] (where L[R] is Green’s L[R ]-relation).

LEMMA 1.2. Let e=((i,7),a) and f=((i,j), B) (hence, ¢, fEEy). Then, e=f if
and only if a<p.

PROOF. Since ((i,7),a) ((i,7),B)=((,7),B)((i,j),a)=((i,j), a) implies a8
=pa=a, that is, a<B. Conversely, a=f implies ((¢,7),a)=((,7), aB)=((,J5), Ba),
and accordingly e<f.

LEMMA 1.3. If e=((i,j),a) €P and f=a, then ((i,j),BEP. That is, ¢EP, fEE
and f<e implies fEP.

PROOF. Since each R-class contains an element of P and there exists an element having
the form ((k,s),B), it follows that ((k,# ), ) € P for some u. Then, since P is a p-system,
we have ((4,7),a) ((k,u),B)((i,),a)=((,j),B)EP.

Let Ps=E;NP for 6€y.

LEMMA 1.4. For any e€ E;, there exist p € Py and g€ P,, where 6Lo and ORy, such that
epe=e end eqe=e.

PROOF. There exists pE€ P such that pLe. Let p= ((k,s),8) and e=((7,7), a). Since
pe=p and ep=e, ((k,s),B) ((i,7),a)=((k,s),B)and ((i,7),a)((k,s),B)=((17),
a), and accordingly ((k,7),aB)=((k,s),B) and ((4,s),aB)=(((i,5), «). Hence, B=
aB=a and s=j.

Thus, p= ((k,7),a). Now, ppe= (k,j), and hence pEPq,. It is easy to see that
(k,j)L(i,7)in x.

Further, it is also obvious that epe=e. Dually, there exists ¢ € P, where 7Rd, such that ege
=e.

Since Ppr= Qis a p-system in the square band y, for any ¢ of x there exist a unique 8 of @
and a unique ¢ of @ such that eLd and 0Ro respectively. Denote d, 0 by §=¢; and 0=¢,.
Under these notations the lemma above is rewritten as follows :

(C.1) For any e¢€E,, there exist pEP, and ¢EPe, such that epe=e¢ and ege=e.

LEMMA 1.5. For any ¢€Q, P.=E..

PROOF. For any e€Q, &;=¢ and ¢,=¢. Hence, for any ¢<€ E,, there exists p & P; such
that epe=e. Let e=(4,5),e=((i,7),8) and p=((i,7),a). Then, epe=e implies f=a.
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Since pEP and B=a, it follows from Lemma 1.3 that e=((i,5),8) €P.

THEOREM 1.6. Let F be a subset of E(S), where S is the above-mentioned orthodox
SLI-semigroup. Then, F is a p-system in E(S)if and only if it is a p-system in S.

PROOF. The “if” part is obvious. The “only if” part : We have already seen that S is
isomorphic to a subdirect product x ¥ I'(A) under the isomorphism 6 defined by 0= (x¢,
z¥') since N §=1rs. Hence, we can assume that S ¥ I"(A) by identifying x and (z¢, z¥). Let
FCE(S)=xXACyx%¥I'(A) be a p-system in E(S). Let zE S. There exists an inverse x° of
x. Since xx°€E(S), there exists pEF such that pRxx°. Since xRxx°, it follows that zRp.
Similary, there exists ¢EF such that xLgq.

Now, there exists a unique inverse x* of x such that x*Lp, x*Rq, xx*=p and x*r=4q. Let
xz=((i,7),a) and x*=((k, s), ). Then, a=p. Take any 2= ((u,v), ) from F. Then,
zhx*=((i,7),a)((u,v),7) ((k,s),a)=((i,s),ara). Since p=zx*=((i,s),a)EF
and aya=a, it follows from Lemma 1.3 that ((7, s), aya) EF. Hence, rhx*€F. Similarly,
we have r*FrCF. Finally, F?*CE(S)is obvious. Thus, F is a p-system in S.

§ 2. The p-systems in S.

In this section, we shall determine all the p-systems in the above-mentioned orthodox SLI-
semigroup S=x XI'(A)=(IxJ)%XI'(A), where |I|=|]].

By Theorem 1.6, we need only to find out the p-systems in E(S)=E=y % A. Let PCE
be a p-system in E. Then, it follows from the results above that there exists a p-system @ of y =
IXJ such that

(C2) (1) P=3A{E;:0€Q} (disjoint union), and

(2) for any e€ E., where ¢ € x, there exist pE E,, and ¢gE E., (where ¢, [&,] is the
element of @ such that e,Le[¢,Re]) satisfying epe=e and ege=e.

Conversely, let @ be a p-system in x =IX]. Let P=>{E;: 6€Q}. Then, if P satisfies
(2) of (C.2), then Pis a p-system in E. In fact : p>C E (S) is obvious. First, we shall show that
if e= ((¢,7), @) €E,, where p= (i,j), then there exists ((k,j), @) €E,, and ((i,v),a)€E
E,,, where (k,j) =y and (i, v)=p,. By (2) of (C.2), there exist pE E,, and ¢< E,,, such that
e=¢pe and e=eqe.

Let p= ((k,7),B), where (k,j)=. Then, ((i,7), a)=((i,7),a) ((k,7),B) ((,]),
a) implies @< {3. Now, consider pep= ((k,7),B8) ((i,5),a) ((k,7), B)=((k,7), a). Since
pepE E,y, it follow that ((k,7), ) EE,,. Similarly, there exists ((i,v), a) € E,,. Now, let e=
((4,7), @) €E,, where p= (i, j ). There exists pE E,, and g€ E,,, such that p= ((k, j),&) and
g= ((i,v), a). Then, eLp and eRq. Therefore, there exists an inverse e* of e such that ee*=¢q
and e*e=p. Hence, of course ee*, e¥¢e€P. Now, let h= ((w, t), 7) be an element of Eqw,,
where (w,t) €Q. Put e*=((a,b), a). Since ee*=gq and e*e=p, ((i,7),a)((a,b),a)=
((i,v),a)and ((a,b),a) ((i,j),a)=((k,j), a), and accordingly b=v and 'a=k. Thus,
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e*=((k,v),a). Therefore, ehe*=((i,7),a) ((w,t),r) ((k,v),a)=((,v), ara).
Since ((i,v), ) €EE,,, we have ((i,v), aya) EE,,. That is, ehe* € P. Similarly, e*he €
P. Thus, P is a p-system in E(S).
Accordingly, we have the following :

THEOREM 2.1. Let S be an orthodox SLI-semigroup. Then, S is a rectangular band
of subsemigroups {Ss : 6€ x }, where E (S;) is commutative : S=>{S;:0€ x }. Let x=1I%],
where I is a left zero semigroup and ] is a right zero semigroup.

(1) If S is involutive, then X is a square band, that is, |I1=|]].
(2) Every possible p-system in E(S) is also a p-system in S, and vice-versa.

(3) Incase|Il=|]|, take a p-system Qin x, and put P=>{E;s:0€Q}. For any € x, let
€1, & be the elements of Q such that eLe, and eRe, respectively. Then, if P satisfies the
condition (2) of (C.2) then P is a p-system in E(S) (accordinfly in S). Further,
every p-system in S can be obtained in this way.

REMARK. Let I, J be a left zero semigroup and a right zero semigroup respectively
such that |7]=|]]. Let x =Ix ] be the direct product of I and J. Of course, x is a square band.
Let 7 be a 1-1 mapping of  onto J. Then, {[a, an ) : aE I} becomes a p-system in y . Further,
every p-system in ) is constructed in this way.

ExXAMPLES. LetIbaa set consisting of two elements @ and b ; that is, /= {a, b }. Then
x=1IX1Ibecomes a square band under the multiplication defined by (i,5) (k, s)= (i, s) for
(¢,7), (k,s)EIXI=yx. Let A= {0, 1} be a semilattice in which multiplication is given by 00
=0-1=1-0=0 and 1-1=1. Consider the direct product y XA=(IXI) XA of x and A.

(I) LetE={((a,a),0), ((a,b),0), ((b,a),0), ((b,5),0, ((b,b),1)}. Then, E is
a subdirect product x ¥ A of x and A. Since the p-systems in x are (1) {(a, a), (b,
b)} and (2) {(a, b), (b, a)}, the possible p-systems in E are (1) {((a,a),0),
(6,0),0), (b,5),1)} and (2) {(a, ), 0), (b, a),0)}. The first one is a p-system
in E, but the second one is not a p-system in E since the set does not satisfy (2) of
(C2).

(IID Let E={((a,a),0), (a,b),0), (b,a),0), (b,5),0), (b,a), 1), (b,b), 1)}.
Then E is a subdirect product x ¥ A of x and A. It is easy to see that the possible p-
systems in E are (1) {((a,a),0), (b,5),0), (b,b),1)} and (2) {((a,b),0),
((b,a),0), ((b,a),1)}. However, each of them does not satisfy the condition
(2) of (C.2). Therefore, in this E there is no p-system.
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