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Let (E,(I), E,(I,); U(4)) be a special amalgam of regular bands. In [2], the author
showed that the amalgam (E,(I;), E,(I,); U(4)) is strongly embedded in a regular band
whose structure semilattice is the free product of I; and I', amalgamating 4 in the class
of semilattices. In this paper, we shall show that for any bundled semilattice I" of a special
amalgam (I'y, I',; 4) of semilattices, the amalgam (E,(I';), E,(I";); U(4)) can be embedded
in a regular band whose structure semilattice is .

Let o be a class of algebras. For a family of algebras {4;:iel} from .,
each having Ue o/ as subalgebra, the list ({4;: ieI}; U) is called an amalgam from
/. We say that an amalgam ({4;:iel}; U) is strongly embedded in an algebra
B if there exist an algebra B in .«/ and monomorphisms ¢;: A; — B, i€, such that

(1) dilu=djlu for all i, jel,

where ¢;|, denotes the restriction of ¢; to U. We say that a class o/ of algebras
has the strong amalgamation property if every amalgam from ./ is strongly embedded
in an algebra from /. If A, = A; for all i,jel, an amalgam ({4;:iel}; U) is
called a special amalgam from /. We say that &/ has the special amalgamation
property if each special amalgam from .o/ is strongly embedded in an algebra from
/. Tt is well-known (see [4]) that in a class of algebras closed under isomorphisms
and the formation of the union of any asccending chain of algebras, each
amalgamation property follows from the case in which |I| = 2. If |[I| = 2, we write
an amalgam ({4, 4,}; U) simply by (4,, 4,; U).

For an amalgam (E,, E,; U) of semilattices, a semilattice E is called a bundled
semilattice of the amalgam if (E,, E,; U) is strongly embedded in E by
monomorphisms ¢;: E; — E, i = 1, 2, say, such that for e;e E; and e¢;e E; with i # j,
if e;¢; <e;¢; (in E) then there exists ue U satisfying e; <u (in E)) and u <e; (in
E). A band B is called a [left, right] regular band if it satisfies the identity
axya = axaya [ax = axa, xa = axa].

It is well-known (see [2]) that the class of regular bands does not have the
strong amalgamation property but it has the special amalgamation property. In
[3], the author introduced the concept of bundled semilattices and showed that an
amalgam (E,(I";), E;(I,); U(4)) of normal bands can be embedded in a normal
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band whose structure semilattice is a bundled semilattice of the amalgam (I'y, I',; 4)
of semilattices and further that an amalgem (S(I"), T(A4); U(4)) of generalized inverse
semigroups can be embedded in a generalized inverse semigroup if the amalgam
(I, 4; 4) of inverse semigroups can be strongly embedded in an inverse semigroup
A such that E(A) is a bundled semilattice of the amalgam (E(I'), E(A); E(4)) of
semilattices, where S(I") means that I is the structure inverse semigroup of S and
E(I') denotes the set of all idempotents of I. In his paper [1], T. E. Hall proved
that the class of generalized inverse semigroups has the strong amalgamation
property by showing that any amalgam (S, T; U) of inverse semigroups is strongly
embedded in an inverse semigroup A such that E(A4) is a bundled semilattice of
the amalgam (E(S), E(T); E(U)) of semilattices.

Hall’s result raises the question of whether the class of quasi-inverse semigroups
(that is, regular semigroups whose idempotents form regular bands) has the special
amalgamation property or not. Unfortunately, we can not answer the question
yet. To solve the problem, firstly we have to know whether a special amalgam
of regular bands is strongly embedded in a regular band whose structure semilattice
is a bundled semilattice of a special amalgam of their structure semilattices. In
this paper, we shall show that the latter problem is affirmative. The notation and
terminology are those of [1] and [6], unless otherwise stated.

Let E be a left regular band and U its subband. By [5], there exist semilattices
I' and 4 and left zero semigroups E, , ye I, and U;, 6€4, such that I'> 4, E; > U,
for all 6e4 and the structure decompositions of E and U are E ~ X {E,: ael}
and U ~ 2 {U,: ae 4}, respectively. Let ¢;: E - E;, i = 1, 2, be isomorphisms such
that E, nE7 U. Hereafter, we identify an element u in U to u¢; in E,,
i=1,2. Then there exist semilattices /'y, I', and left zero semigroups Ef, ael;,
i=1,2, such that E,~X{Ef:ael}}, i=1,2, I'xl,=I, I''nI',=4 and
E$nE3=U, for all ued. Let 2 be a bundled semilattice of the special amalgam
(I'y, I'y; 4), and let us consider that I'; and I', are subsemilattices of 2 satisfying
I''nl’,=4. Let A be the subsemilattice of Q generated by I, Ul,. It is obvious
that 4 is also a bundled semilattice of (I'y, I',; 4).

Let F be the set of all finite non-empty words a,, a,,-:-a, in the alphabet
E,UE,, where a, €E, i=1,2. If a,eE{, o means i. The multiplication of two

words in F is defined by juxtaposition. It is obvious that F is a semigroup. Let
~ be the congruence on F generated by {(a,, ---a,.a g, g, (A, Ay, )00, ) E

L an?® i o+ 1

Fx F:a=d,,}. Denote F/~by B. Let @ the congruence on B generated by
R = {(a,,a,,~a,,, Gy 04,y by bp,---by YEB X B:ioyoy---0t, = By 5B, (in A)}.
It is clear that B/6 is a left regular band whose structure semilattice is A.

ﬂn

DErFINITION. Let aeE.  An element a,, a,,---a,, in B is said to have the property
P;(a) if there exist u Uy, U v, €U, g, ,€4" such that

a1> Ugyseeosllg s Upps Upyseeis Uy
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(1) up, =1,

g1

(ii) o;7;2 0y0y--a, (in A) for all 1=j=n,

(i) (@, ¢y Vo,,€U  if i # a; =m, say,

n

(iv) a= l_[ udk(aak(b%l)vtk'

k=1

LemMAa 1. Let acE. If a,a,,-a, 0 bgbg,---by and a,a,, -a, has the
property Pi(a), then by by,---by ~has the property Pa).

ProoOF. Assume that a, a,,---a, has the property P;j(a). Then there exist
Ugys Ugysnoesgs Upps Deysenns U €U, 0y, 1,€4' satifying (i), (ii), (i) and (iv) in the
definition above. For any 1 <j < n, it follows from (iii) that o;u;7;€I; and that
(0,0,7,)(020,75)++(0,0,T,) = & say, is an element of 1.

In order to show the lemma, it is sufficient to prove that if a, a,,-a, (RUR™?)
by bg,---bg, then by by ---by has the property P,(a). Firstly, we consider in the
case that by by, by, = a,,0,,0,,C,. ¢, wC,, (in B) and a0y -0, = p;9;--, (in
A). For any 1 <j<t, let oj=1j=1if y;el;. If y;¢ I}, there exits o’e 4 such
that y; > ¢ > ¢ (in A), since 4 is a bundled semilattice of (I';, I',; 4). So, let
oj=1;=0', and pick up and fix an element u; in every such U,,. For any
1<j=t, set

T1?

_{1 if y;ely,
luyif oyl

J

If y; #1i, then u,.c, v, =u,eU, since ¢;=7;1;=0 and U,, is a left zero

a;TVITY
t

n
semigroup. Since 0,04T oy T = Eel’;, we have
k¥Yk Yk kik“k i
k=1 k=1

n
1—[ uak(aakd);}l)vtk n ua,;(c),kqby-}l)vté =a.
k=1 k=1 R

Thus by, by, -+ by, has the property P;(a). Next, we consider in the case that m < n
and by, =a, for all 1<k<m. Since BBy = (01 %) (ys1-0,), We can
easily verify that by by,---by has the property Pi(a).

COROLLARY 2. Let a be an element of E;, i=1,2. If a 0 a,a,,---a,, (in B),
then a,,a,, - a,, has the property P;(ad;").

LEMMA 3. We use the notation above. Let Y: E;— B/0, i =1, 2, be mappings
defined by

ay,=ab  for all ackE,; .
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Then W, and \r, are monomorphisms such that Y|y = Y,y and E; Yy NE, = Uy,
Therefore, the special amalgam (E, E,; U) is strongly embedded in B/8.

Proor. Let a, and by be elements of E;, i = 1, 2, such that a,\; = bg;. Then
a, 6 bs. By the corollary above, we have a=p and a,=bs;. Thus ¥, is a
monomorphism. It is obvious that ¥, |, = ¥,|,. Let a,e E; and bye E, such that
a\yy = bgy,. Then a, 6 by. By the corollary above, there exist u, and v, in U
such that 6 >0, t2 B, Lay; Yu,eU, 1(bgps Yv.eU, api' =1(bgp; v, and
bpy; ' = 1apy u,. Then a,=by,eU. Hence we have E; ¥ NE,, = Uy,.

LemMMa 4. Let A be a subsemilattice of a semilattice Q and B a left regular
band whose structure semilattice is A. Then B can be embedded in a left regular
band whose structure semilattice is Q.

PrOOF. Let B~ X {E,: o€ A} be the structure decomposition of B. For each
ae, take a symbol e,¢ B, and let E = {e,eQ}. Define a multiplication on-E by
e,ep = e,5. For any aef, let

y _{Eau{ea} if aed,
o {en) if a¢A.

Let F={a,a,, a,:a,cA,} and the multiplication on F is defined by
juxtaposition. Let ¢ be the congruence on B generated by {(a,,a,, " a,,, 0y, Gy, a4,
bg,bg,---bg YEF X Froyoy---a,=fy BB, (in Q)}. It is clear that F/0 is a left
regular band whose structure semilattice is 2 and that F/0 ~ 2 {B,: acQ}, where

B, = {(a,,a,,--a,)0: a,,€ A,,, a 0,0, =0 (in Q)}.
Now, we have the following theorem.

THEOREM 5. The special amalgam (E,, E,; U), defined above, can be strongly
embedded in a left regular band whose structure semilattice is any bundled semilattice
of the special amalgam (I'y, I'y; 4) of semilattices.

Let (E,(I";), E,(I';); U(4)) be a special amalgam of regular bands. By [6],
there exist left regular bands L,(I';), L,(I,), V(4) and right regular bands
R, (I'}), Ry(I';), W(4) such that E, = L, ><IR,(I';), E, = L,><}AR,(I',), U = V<
W(d), LynL, =V,RinRy, =W and I''nI, = 4, where L, ><IR,(I";) denotes the
spined product of L; and R, with respect to the common structure semilattice
I',. Let Q be any bundled semilattice of a special amalgam (I'y, I',; 4) of
semilattices. By the theorem above and its dual, there exist a left regular band
L(2) and a right regular band R(Q) such that the special amalgams (L,, L,; V)
and (Ry, R,; W) are strongly embedded in L and R, respectively. It is obvious
that (E,(I,), E5(I;); U(4)) is strongly embedded in a regular band LI><IR(%).
Thus, we have the following main theorem.
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THEOREM 6. A special amalgam (E,(I'y), E,(I"5); U(4)) of regular bands can

be strongly embedded in a regular band whose structure semilattice is any bundled
semilattice of the special amalgam (I'y, I'y; A) of semilattices.
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