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A semigroup S is called externélly commutative if S satisfies the permutation identity
xyz=zyx. In this paper the structure of externally commutative semigroups will be
_studied. Tt will be shown that an externally commutative semigroup is a certain specml ideal
extension of a commutative semlgroup by a null semlgroup

§1. Introduction

‘ Recently, S. La_]os [2] introduced the concept of external commutatmty to
semigroups, and 1nvest1gated the class of these semigroups.
A semigroup S is called an externally commutative semigroup (EC- semlgroup)
if it satisfies the following permutation identity:

Xyz = zyX.

It has been noted in [2] that simple semigroups, regular semigroups and
cancellative semigroups are all EC-semigroups. : '

However, an externally commutative semigroup is not necessarily commutative.
We can see this fact from the following simple example:-

ExamMPLE. Let T be a null semigroup with |T| = 3. Let 0 be the zero element
of T, and let a,beT\O such that a#b. Let N={c,d} be a set, and put
S=NUT Define multlphcatlon in S as follows: cd=a, de=b;uv =0 if u, ve
Tict=tc=td=dt =0 for teT; and ¢?=d*=0

Then, S is an EC-semigroup but not commutative.

In this paper, we shall consider several conditions for an EC-semigroup S in
order that S is commutative.  Further, we shall describe every EC-semigroup as a
certain special ideal extension of a commutative semigroup by a null semigroup

(see [1]). . \

-§2. Some special cases

First of all, it should be noted that an EC-semigroup satisfies all permutation
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identities X;X, -+ X, = X1z X2z '** Xur» Where n=4 and = is a permutation on
{1, 2,---n}. This was pointed out recently by S. Iyanaga in his letter. Hereafter,
we shall say that a semigroup S is universal if it satisfies S = S.

By using this result, we have easily the following:

ProPOSITION 1. A universal EC-semigroup S is commutative.

Proof. Let a, beS. Then, a = a,a, and b = b, b, for some a,, a,, by, b,€S.
Then, ab = a,a,b, b, = b b,a,a, = ba (since § satisfies any permutation identity on
{X1, X2, X3, X4 })-

THEOREM 2. An EC-semigroup is commutative if and only if ab = ba is satisfied
for any elements a, be S\ S>.

ProoF. The “only if” part is obvious. The “if” part: If §*> = S, then it follows
from Proposition 1 that S is commutative. Assume that S> # S. Let xeS* and
yeS\S%. Case 1. xeS° In this case, x = x,x,x; for some X, x,, x3. Now,
X1X,X3y = PX;X,X3, and accordingly xy = yx. Case 2. xeS*\S>. In this case,
there exist x;, x,€S5\S? such that x = x;x,. Then, xy = x,x,y = yx,x, (by EC-
property) = yx, x, (by the assumption) = yx. Therefore, xy = yx is satisfied for any
x, yeS.

PROPOSITION 3. An EC-semigroup S is commutative if S* is weakly reductive
(for definition, see [1]).

ProoF. For a,beS\S?> and for xeS? there exist x;,x,€S such that
X = X;X,. Now, since § is an EC-semigroup, abx, x, = bax,x, is satisfied. That
is, abx = bax. Similarly we have xab = xba. Now, ab, baeS? and S? is weakly
reductive. Accordingly, ab = ba. Therefore, it follows from Theorem 2 that S is
commutative.

THEOREM 4. A weakly reductive EC-semigroup is commutative.

ProoF. We shall show that S? is weakly reductive. Let a, be S%, and assume
that ax = bx and xa = xb for all xeS2.

There exist aja,,b,,b,, x;, x,€8 such that a =a,a,, b=>b,b, and x = x, x,.
Now, aja,x;x,=>b;b,x;x, and Xx,;x,a,a,=x,;x,b;b,. Since S is an EC-
Semigroup, X;X,a,d, = X,a.a,x, and x,x,b,b, = x,b;b,x,. By weakly reduc-
tivity, aya,x; = b,b,x,. Similarly, we have x,a,a, = x,b;b,. Then, again by
weakly reductivity, a,a, = b b,, that is, a =b. Therefore, S? is weakly reductive.
Then, it follows from Proposition 3 that S is commutative.

THEOREM 5. Let S be an EC-semigroup. If S satisfies the following condition:

(C) for any a, beS? axy = bxy and xya = xyb for all x, yeS implies a = b,
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then S is commutative.

Proor. For a, beS, abxy = baxy and xyab = xyba for all x, yeS since S is
externally commutative. Since ab, baeS? ab = ba. Thus, S is commutative.

THEOREM 6. Let S be an EC-semigroup such that S28*2 -2 8" =8§"*"1,
where n=2. Then, if the Rees factor semigroup S/S" is commutative and S" is
weakly reductive, then S is commutative.

PROOF. Since the proof can be given in an anologous way to that of Propsition
3, we omit the proof.

§3. General case.

Finally, we shall consider the construction of all possible EC-semigroups by
using concept of ideal extensions of a commutative semigroup by a null semigroup.

Let T be a commutative semigroup, and N a null semigroup. Put N* = N\O0,
where 0 is the zero element of N. Let 4, p be mappings of N* into the translation
semigroup TL(T) of T. (Since T is commutative, every left translation is also a
right translation, and vice-versa. We shall call it a translation.) Let A4 =4, and
Ap=p, for AeN*. Let ¢: N* x N* > T be a ramification (see [1]), and put
(A, By¢ =[A4, B]. Then,

THEOREM 7. If the system {p 4; A,; ¢: A€ N*} saisfies the following confitions:
(C.1) ppps = pp.a (the inner translation (see [1]) induced by [B, A)),
(C2) Agdy=Aap (the inner tramslation induced by [A, B]),
(C3) Ay=p, on T2
(C4) Aam = Pp.ap
(C.5) Aupc = pcra=Acpa= Pahc, and
(C.6) [A Blpc=I[B,Cli=[B, AlAc,
then S = TUN* is an EC-semigroup under the multiplication ° defined by

(N.1) sot=st for s,teT, (N2) scA=sp,, Acs=sk, for seT, AeN¥,
(N3) A°B=[A, B] for A, BeN*.

Further, every EC-semigroup can be constructed in this way.

Proor. It is easy to see from the conditions (C.1)-(C.2) that S becomes
a semigroup under the multiplication given by (N.1)-(N.3). Next, we shall show that
aofoy=yofoa for a, B, yeS. It is obvious that this is satisfied if two of o, B, y



42 Miyuki YAMADA -

are elements of T. Suppose that at least two of «, B, y are elements of N*. For
A,BeN* and se€ T, A°Bos=sA,p and scBoA =spg 4. Since Az = pp.4 ON
T, Ao B°S“S°B A Fmally,A °oBoC'= [4, B]pc—[B A]AC~C Bo A.

To prove the latter half let S be an EC-semigroup, and put T= S2 and
N = 5/§* (the Rees factor semigroup of modulo 5?). Then, it is obvious that T
is commutative and N is a  null semigroup. Let N\O = N* and define
A; N¥ > TL(T), p: N* > TL(T) and ¢: N* x N* > T as follows: AA= 1,, where
sdy= As; Ap = p4, Where sp, = sA; and (4, B)¢p = [A, B] = AB. Then, it is easy
to see that the system {A,; p,; ¢; Ae N*} satisfies (C.1)-(C.6) and the multiplication
in § = TUN* is given by (N.1)-(N.3).
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