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ABSTRACT. We express [z] as an infinite series and give a new formula for the
partial sums of the divisor function.

Let [z] be the greatest integer < x and let |x] be the least integer > uz.
Vinogradov [3, pp. 37-38] proved that

1 1 =sin2rkz 0
x—[x]—i—;; k +7T(n+1)sinm:’

where |f| < 1. In this paper, using the following series, we express the step functions
[x] and |x]| as infinite series.

Lemma 1. Let f(x) be a real-valued function of a real variable that satisfies
|f(z)| < oo and let

N @
D=1 20 fapy
Then we have

0 otherwise.

() = {1 if x is a zero point of f(x),

Proof. If x is a zero point of f(z), then the lemma holds trivially. If x is no zero
point of f(z), then

Cy(z) :1+f($)2—2%
B f(x)? _ 0
1=1/(1+ f(z)?)

=1+ f(2)?
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In particular, taking f(z) = sin 7z, we have

1 ifre?Z,

Cy(w) = Cuin(z) = {o if 2 € R\Z.

Theorem 2. Forz € R

>, [sin 2kwx sin? mx
1 = _
(1) 2] x+; < km 2(1 + sin® 7Tl‘)k> ’
> [sin 2kwx sin?
2 = .
2) L] x—i—; < km T 2(1 + sin? 7Tl‘)k>

Proof. (1) The function

(2) = r—2kn  if (2k—1)r <2 < (2k+ 1)7 for k € Z,
T =0 if x = (2k + V)7 for k € Z.

is expanded in the Fourier series:

k
k=1
Hence
v 2] = g@2rz—m) 1 Csn(z)
2m 2 2
_ i (—=1)*tsin(2kma — k) N i sin% 7r2x :
— km £~ 2(1 + sin )
B i ( sin? sin 2k7rx>
- ——— —
£~ \2(1 + sin® 7x) km
(2) Since |z| = [z] + 1 = Cyn(x), (2) follows. O

Similarly, using Cy, (), we can express a discontinuous periodic function f(x)
that satisfies

f(zo+0)+ f(zo—0
flan) 2 X O 00 2 0)
at a point of discontinuity xy as infinite series.

Further, from (1) the following result is derived immediately.

Theorem 3. Let f(x) be a real-valued function on a real variable. Then for m,n €
Z, we have

n

Z[f(j)]zzf(wzz(sin@/;;rf(j))_ sin’ (£ () )

== 2 (1 + sin? (r £ (5)))"

j=m
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Next we consider the partial sums of the diviser function. Let d(n) be the number
of positive divisors of the positive integer n. Voronoi [4] proved the explicit formula

1
Zd logx+27—1)+1

n<z

2y d(l ) (K (/) + ¥ (4 v/n)

n=1

!
for x > 2, where ~ is Euler’s constant, K; and Y; are Bessel functions, and Z

indicates that the last term is to be halved if x is an integer. The latest result on
the remainder term defined by

Zd ) —x(logz+2y—1) forxz>2
n<x
is due to Huxley [2], who proved that
Az) =0 (x131/416 (log x)26947/8320) _

As a particular case of Theorem 3, we obtain a new formula for the partial sums
of the divisor function.

Corollary 4.

Zd(j) :”Zl+z ‘ (sin(2ll§:7r/j) B sin'(mr/j) . k) ‘

2 (14 sin®(nm/j))

the corollary follows immediately. O
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