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In this paper, we define the Jacobson radical and the Frattini subtriple system for 

Freudenthal-Kantor triple systems and investigate it. For the case of nilpotent triple system, 

it is shown that the Frattini subtriple system contains the Jacobson radical 

Introdwctiom 

The notion of radical plays an important role in the theory of algebras and 

triple systems. It seems to be interesting for us to know how the radical behaves 

in Freudenthal-Kantor triple systems. Thus in particular, we investigate the 
Jacobson radical and the Frattini subtriple system of the triple system in this article. 

Throughout this paper, we shall be concerned with algebras and triple systems 

which are finite dimensional over a field ~ of characteristic different from 2 or 3, 

unless otherwise specified. We shall mainly employ the notation and terminology 

in [7, 8]. 

S I . Preliumimaries 

For e = ~ 1, a triple system U(e) with triple product 

 is called a. Freudenthal-Kantor triple system if 

[L(a, b), L(c, d)] = L(
, d) + 8L (c, 
) (U - 1) K(
, d) + K(c, 
) + K(a, K(c, d )b) = O (K - 1) where L(a, b)c = 

 and K(a, b)c = 

 - 

. 

PROPOSITION 1.1 ([8]). Let U(8) be a Fi'eudentha/-Kantor triple "'ystem. If 

P i~~ a linear tran~'formation of U(e) such that P 
 = 
 and 
2 = - , , - , - , -]) is a Lie triplP.. system wit/'1 respect to the triple eld then (U(e) [ P

 
product 

[xyz] := 
 - 
 + 
 - 
. (1 - 1) 

In particular, if 8 = - 1, K(x, J') = O and P = Id (that is, U(e) is a Jordan triple 

system), then the triple product becomes [xyz] = 

 - 

 COROLLARY. ( [7, 17] ) Let U(e) be a Freudenthal-Kantor triple ~'ystem. Then 
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the vector .~pace T(8) = U(e) e U(8) becojnes a Lie 

triple product defined by 

ti'ip!p,_ ~~ysteln with respect to the 

a c e L(a, d) - L(c, b) K(a, c) e 
b d f - eK(b, d) 8(L(d, a) - L(b, c)) f 

(1 - 2) 

The Lie triple system T(8) defined above is called the Lie triple system associated 

with a Freudenthal-Kantor triple system U(8) . Then the standard imbedding Lie 

algebra L(e) = L(T(e), T(e)) ~) T(e) associated with T(e) is defined as follows ; 

[Xl, X2] := ([Hl' H2] + L(xl, x2)) ~) Hlx2 - H2xl (1 - 3) 

where X H + x,, H eL(T(e) T(8)), xi e T(8)(i = 1, ')_). 

An element of the Lie algebra L(8) is expressed as a linear combination of 

L(a, b) K(c, d) ~ x 

- eL(,e, f) 8L(b, a) y 
(1 - 4) 

PRoposmoN 1.2 ( [7] ). For a Freudent/'ral-Kantor triple ~"ystem U(e), the Lie 

triple system T(8) associated 14'ith U (e) and the standard ilnbeddin,g Lie algebra L(e) , 

we have 

(a) R(T(8)) = T(R(U(e))) 

(b) R(T(.8)) = R(.L(e)) n T(e) 

(c) R(L(8)) = L(T(,e), R(T(e)))eR(T(e)) 

where R(U(e)) (resp. R(T(e)), R(L(.e))) i~~ the solvable radical of U(8). (re~"p. T(e), L(8)) 

PRoposrrloN 1.3 ( [1l]). Let U(e) be a Fi'eudp._ntha/-Kantoj' triplp._ systeru vt'ith 

a l..pft neutra/ paij' (.u, v). (i. e. L(u, v) = Id). Then there exists a subtriple systenl S of 

U(8) such that U(8) = S ~ R(.U(8)) and S ~; U(8)/R(U(8)). 

We remark that the notion of Freudenthal-Kantor triple systems contains 
that of Jordan triple systems [13] , generalized Jordan triple systems of second order 

[12] , structurable algebras [2] and J-ternary algebras [1, 4] . 

S 2. Jacobsom radica~ 

In this section, we shall define the Jacobson radical for a Freudenthal-Kantor 

triple system and investigate it. 

DEFlNITION. The Jacobson radical of Freudenthal-Kantor triple system U(8) 

is defined by the intersection of all maximal ideals of U(8), with the convention 

that this intersection is U(e) if there are no maximal ideals. We denote it by 

JR(U(e)). 

Similarly, in the case of a Lie triple system T, we denote it by JR(T). (cf. [1l]) 
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This notion of Jacobson radical is different from that of [5] due to 
Prof. L. Hogben and K. McCrimmon for Jordan algebras 

LEMMA 2. I The Jacobson radical JR(U(8)) of U(e) i~~ contained in the dp..rived 

subtriple .".vstem 

. 
PRooF. In the case U(e) = 

, this is trivial. So we assume that U(e) ~ 

 . If x ~ 

 , then there is a subspace M of U(e) 
which is complementary to the subspace cx spanned by -x and so M contains 
. Then M is a maximal ideal of U(8). Since JR(~U(8)) i~ M, x ~ 

JR(U(8)). Therefore we have JR(U(e)) ~ 

. 
THEOREM 2.2 Let U(.e) be a Freudenthal-Kall,tor triplP.. ."yste/'n vt'ith a left 

neutral pair (u, v) . Then, we llave 

JR(U(e)) = 

 n R(U(e)), 
'vhere R (U(8)) i~~ the solvable radica/ of U(e). 

PRooF. If I is a maximal ideal of U(.e), then the fa.ctor triple system U(8)/I 

is simple or 

 = O. In the former case, since U(e:)/1 is simple, I contains R(U(e)). From Proposition 1.3, U(8) is decomposed to 

U(8) = Bo e) R(.U(e)) (2 - l) 
(BO is a semisimple subtriple system of U(8)). Hence I is of the form M + R(U(8)), 

where M is a maximal ideal of Bo' Since the semisimple subtriple system Bo can 

be expressed as the direct sum of simple ideals (.cf'. Theorem 2.5 in [7] ), the Jacobson 

radical of Bo is O. Hence the intersection of all such maximal ideals of U(.e) equals 

to R(U(.e)). In the latter case, since 

 = O, I contains . Hence the intersection of all such maximal ideals of U(e) contains 

. Considering two cases, we have 

 n R(U(e)) ~ JR(U(e)) :~ R(U(8)). (2 - 2) 

By Lemma 2.1 we have 

JR(U(e)) :~ 
 . (*~; - 3) 

Combining (2 - 2) with (2 - 3), we obtam 

JR(U(e)) = 

 n R(U(8)). 
This completes the proof'. 

COROLLARY. If U(8) i"' a pelfect (.tllat i"' U(8) = 

) Freude,_ntha/ Kantoi' t/'iple.. "'ysten'l }vith a lp..ft neutral pail', then vve have 
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　　　　　　　　　　　　　　　　　　∫。（σ（ε））：R（σ（ε））・

肋ρ鮒此伽，グσ（ε）1・醐ガ・卿1θヲ〃脇J・（σ（ε））＝O・

　　Coro11ary．　4ブび（ε）加αL＿30ん肋1β抑α4庇1z肋α1＿Kαπoダ卯ψ1θ5ツ8脇仰wゴ肋α

1ψη舳卯叫μか1”峨τ

　　　　　　　　　　　　　　　　J盈（σ（ε））＝〈σ（ε）び（ε）σ（ε）〉・

　　THE0REM12．3．　五勿σ（ε）加α珊湖〃例肋α卜K；α〃oダ卯〃θη8拒醐wゴ肋α1ψηα雀卯o1

μか醐〃（ε）い加肋1ψ・γ・脇醐・伽θれ肋σ（ε）・η鰍

　　　　　　　　　　　　　　　　　∫。（τ（ε））＝τ（∫盈（σ（ε）））・

　　　PR00F．　From　the　de丘ni虹on　of　Lie　trip1e　sy就em一τ（ε）associated　with　a

Freu－denthaトK－antor　tr1p且e　syste血σ（ε），we　h＆ve

　　　　　　　［τ（ε）τ（ε）τ（ε）］：＜σ（ε）σ（ε）σ（ε）〉㊥＜σ（ε）σ（ε）σ（ε）〉・　　　　（2－4）

H鋤ce　we　have　the　fo11owing

　　　　　　　　　　　　　　∫。（τ（ε））＝［τ（ε）τ（ε）τ（ε）］∩R（τ（ε））

　　　　　　　　　　　　　　　　　（byTheore㎜Ain［12］）

　　　　　　　＝（〈σ（ε）σ（ε）σ（ε）〉㊥〈σ（ε）σ（ε）σ（ε）〉）∩（R（σ（ε））㊥R（び（ε）））

　　　　　　　　　　　　　　　　　（by（2＿4）and　Prop．1．2）

　　　　　　　　　　　　　　　　　　＝∫盈（σ（ε））㊥∫盈（σ（ε））

　　　　　　　　　　　　　　　　　　　（by　Theore㎜。2．2）

　　　　　　　　　　　　　　　　　　　　＝τ（∫及（σ（ε）））．

This　co血、p且etes　the　proof

　　　THE0REM　2．4。　五釘　σ（ε）加　α　ハグα4庇材1卿←Kαη才oダ　炉担1θ　3γ8胞榊　wゴ肋　o　1ψ

㈱肋1μか伽れ（ε）わθ伽伽伽肋棚冴加g肋伽あ肌肋ち

　　　　　　　　　　　　　　　　　J。（L（ε））∩び（ε）＝J。（σ（ε））

w1鮒J。（L（ε））い1肥〃・6・α川伽・1げL（ε1）・

　　　PR00F，From　Theorem逓in［12］ヲit　fouows　that

　　　　　　　　　　　　∫。（五（ε））＝L（τ（ε）、R（τ（ε）））㊥∫。（τ（ε）ゾ　　　　　（2－5）

By　Theorem2．3ヲwe　have

　　　　　　　　　　　　　　　　J盈（τ（ε））＝τ（J。（σ（ε）））。　　　　　　（2－6）
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Combining (2 - 5) with (2 - 6), we obtam 

JR(L(e)) = L(T(8), R(T(e))) ~) ( JR(U(8)) ~ JR(U(e))). 

Hence we get 

JR(L(e)) n U(8) = JR(U(8)). 

This completes the proof. 
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S 3･ Frattimi swbtriple system 

In this final section, we shall define the Frattini subtriple system for 

Freudenthal-Kantor triple systems and consider it 

DEFlNITION. A proper subtriple system M of a Freudenthal-Kantor triple 
system U(8) is called the maxilna/ subtriple ~"ystem U (e) if the only subtriple system 

properly containing M is U(e) itself 

DEFINITION. The F/'attini subtriple system F(U(e)) of U(8) is the intersection 

of all maxinnal subtriple system of U(8). It means that F(U(e)) = U(8) if U(8) has 

no maxrmal subtriple system 

PRoposrrloN 3.1. The Fi'attini subtj'iple system F(U(8)) of U(e) is contained in 

the derived subtriple *'ystem 

 . 
PRooF. If 

 = U(e), then it is trival. Let 

 ~ 
U(e). Then we assume that x e F(U(e)), x ~ 

. Furthermore, assume that U(8) = B + 
+~x, where B is a complement of cx +  in U(e) as the vector space over a field ~. Let M = 

 + B. Then M is a maximal subtriple system of U(8) . From the assumption that 

x is an element of F(U(e)), it must belong to such subtriple system M. This is a 

contradiction. Hence, F(U(e)) is contained in 

 . This completes the proof. 

For every ideal A of U(8), we define A" by 

A" := A"~1 * U(e), AO = A, 

where A * U(8) = 

 + 

 + 

. 

An ideal A of a Freudenthal-Kantor triple system U(e) is called nilpotent if there 

exists a positive integer n such that A" = (O). The least such n is said to be the 

class of nilpotency of A. 

DEFINITION. The 'upper central series of a nilpotent Freudenthal-Kantor 
triple system U(e) is a sequence {Zi} of ideals Zi of U(e) defined inductively as 
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follows Zo = {O} and, for all i ~ O, Zi+1/Zi is the center of U(e)/Zi. i.e., 

Z1(U(e)) := {x e U(e)lx * U(e) = O} 

Zi(U(e))/Zi_ 1(U(8)) := Z1(U(8)/Zi_ 1(U(8))) (i ~ 1). 

If n is the class of nilpotency for U (e), then Z~ coincides with U(8). 

DEFlNITION. If H is any subtriple system of a Freudenthal-Kantor triple 
system U(e) rts ideali.-er I(.H) is the set 

H U {x e U(8)Ix * H ~ H} . 

We note the followmg 

{xe U(8)Ix * H ~ H} ~ fxe U(8)1 x * U (8) C Hf' 

 + 
 + 
 !~ x * I(H) ~ H, for all xeH. PROPOSITION 3.2. Let U(8) be a nilpotent Freudenthal-Kantor triple ~"ystem 

Then every proper subtriple systeln H of U(e) i~~ a proper subtriple ~'_ystem of its 

ideali_rer I(H). 

PRooF. We define a sequence {Hi} of subtriple system of U(e) such that 

Ho = H and Hi + I is the idealizer in U(e) of Hi f'or all i ~: O. By the induction, 

we can easily show that Hi ~2 Zi for all i ~ O. Since Z~ = U(8) if n is the class of 

nilpotency, we get H~ = U(e). This implies that Ho ~ H1 

PRoposmoN 3.3. Let U(e) be a Freudenthal-Kantor triple system and M be 
a maximal subtriple "'"ystem of U(8). If M contains U(e)", for solne integer n, then 

M i~~ an id_.eaf of U(s). 

PRooF. Let M be a maximal subtriple system such that M ;2 U(8)". Since 

U(8)" is an ideal, we can define the quotient triple systems U(8) and M by 

U(6) = U(e)/U(e)", M = M/U(e)". Then U(e) ~ M and (U(e))" = O. Hence U(e) 

is nilpotent. By Proposition 3.2, I(~) ~~ M . Since MIU(8)" is a maximal subtriple 

system of U(8)/U(.8)", it must be that I(M/U(.e)") = U(e)/U(e)" = U(8) . Hence M 

is an ideal of U(e) . Therefore this completes the proof 

Form Proposition 3.3, we have the following theorems. 

THEOREM 3.4. Let U(8) be a nilpot,_pnt Freud..pnthal-Kantol' triple ""ystem and 

M be a maximal subtriplP.. "."ystem of U(8). Then M i"'" an ideal of U(e). 

THEOREM 3.5. Let U(e) be a nilpotent F/'eudenthal-Kantor triple ~"ystem. Then 

the Frattini subtripl,_P "'ystem F(U(e)) of U(8) i*~ an idp~.al of U(8). In particular, 

F(U(e)) contains the Jacobson radical JR(U(8)). 
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