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The concept of projective double Lie algebras on a Lie algebra is introduced, and they 

are investigated on real simple Lie algebras of odd-dimension. The results are applied to 

classifying all geodesic homogeneous local Lie loops in projective relation with any odd-

dimensional real simple Lie group 

Hmtrodwctiom 

In the previous paper [4], we have investigated how to determine geodesic 

honnogeneous local Lie loops in projective relation with a given Lie group (G, ~), and 

shown that any one of them is brought from a double Lie algebra (a Lie algebra with 

the same underlying vector space) t,. on the Lie algebra g of (G, /l) satisfying the 

relation ; 

adblp c Del g 

where adb denotes the adjoint representation of the Lie algebra b-

In this paper, all such double Lie algebras on any odd-dimensional (real) simple 

Lie algebra are determined in the main theorem (Theorem 1). Applying this to the 

theorems in [4], we classify all geodesic homogeneous local Lie loops which are in 

projective relation with an arbitrarily given real simple Lie group (G, //) of odd-

dimension, and show that they are Akivis local loops (Theorem 3) 

The first author would like to express his gratitude to Prof. Y. Kanie for his 

kind advices and valuable discussions during the preparation of this paper 

S 1. Maim theorem 

Let V be a finite-dimensional vector space over a field ~, g = (V, [ , 19) a Lie 

algebra with the underlying vector space V. 

DEFlNITION. A Lie algebra lp = (V, [ , Ib) on V will be called a projective double 

Lie algeb/'a on g if the relation 

(1.1) adbb c Der g 



40 Manabu SANAMI and Mlchihiko KIKKAWA 

holds, where ad~ denotes the adjoint representation of the Lie algebra b and Dei' g the 

Lie algebra of derivations of g. 

EXAMPLE 1. For any fixed element p of ~, Iet gp = (V, [ , Ip) be a double Lie 

algebra on g with the bracket operation given by 

[X, Y]p:= p[X, Y]g (1.2) 

for X, Ye V. Then, gp gives a projective double Lie algebra on g. 

In this section, the projective double Lie algebras on a real simple Lie algebra 

will be investigated. It should be noted that all discussions in SS1-2 are valid for 

complex Lie algebras. 

The main theorem is as follows ; 

THEOREM 1. Let g = (V, [ , Ig) be an odd-dimensional rea/ siinple Lie 
algebra. Then, any projective double Lie algebra on g must be the Lie algebra gp 

obtained from g by (1.2), for some real number p. 

To prove this, we first show the following ; 

PROPOSITION. Every projp_.ctive double Lie algebra b, on a real silnple Lie algebra 

g is isomorphic to g, unless it is an abelian Lie algebra. 

PRooF. Let b = (V, [ , I~) be a projective double Lie algebra on a simple Lie 

algebra g = (V, [ , Ig), that is, b satisfies the relation (1.1). Since g is simple, it is 

isomorphic to adgg = Der g under the adjoint representation of g. Then, by (1.1), 

there exists a Lie subalgebra a of g such that 

adbb = adga 

and so that 

(1.4) a ~~ b/3(fy), 
where 3(b) denotes the center of b 

Let P : g x g -> g be a nondegenerate bilinear form on g which is g-invariant, i.e., 

(1.5) p([X, Y]g, Z) + p(Y, [X, Z]g) = O 

for X, Y, Z in g. Since ad~b c adgg holds, p is b-invariant and b can be decomposed 

into a direct sum of minimal ideals mutually orthogonal with respect to p. In 

particular, we have a direct-sum decomposition of b ; 

(1.6) b = 3(b) e al' 
where al = (3(~))i is a semi-simple ideal of ~. 
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By (1.4) we get 

(1.7) al ~; a. 
The property (1.5) and the first equality of (1.3) imply 

p([g, a]g, 3(b)) = p(g, [a, S(t)_)]g) 

= p(g, [~, 3(b)]b) 

= {O}. 

rs a subspace of (3(b))i = al' Thus, we obtain from (1.7) Hence we see that [g, a]g ' 

the following ; 

(1.8) dim [g, a]g ~ dim a. 
On the other hand, since the subalgebra a of g is semi-simple by (1.7), the 

relations 

(1.9) a = [a, a]g C [g, a]g 

must be satisfied, which show 

(1.10) dim a ~ dim [g, a]g' 

From (1.8), (1.9) and (1.10) it follows that a is an ideal of g, and that a = {O} or 

a = g because g is simple. If a = {O}, then b = 3(lp), that is, the double Lie algebra 

~ on g is an abelian Lie algebra. If a = g, then 5(b) {O} and b a ~ a g = , which 

completes the proof. q.e.d. 
S 2. The proof of the nlaim theorem 

We prove Theorem 1. Assume that g = (V, [ , Ig) is a real simple Lie algebra of 

odd-dimension and b a projective double Lie algebra on g. If b is an abelian Lie 

algebra, it can be considered to be the Lie algebra go given in Example I for p 

= O. If b is not abelian, then, by Proposition in S 1, there exists an isomorphism 

ip : b ~' g of Lie algebras. Since lp is assumed to satisfy the relation adbb c adgg 

= Der g, we get adbb = adgg and 

ip~ I ･ adgg ' ip = adgg. (2. I ) 

Conversely, if an invertible endomorphism c e GL ( V ) satifies (2.1), then the 

double Lie algebra b = (V, [ , I~), given by 

(2.2) [X, Y]b := ip ~ I [ipX, ip Y]g 

satisfies adbb = adgg, that is, lp is a projective double Lie algebra on g, and b is 
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isomorphic to g under ip. Thus we can describe the set g~(g) of all non-abelian 

projective double Lie algebras on g as follows : 

(2.3) ~~(g) = {ipglip- I . adgg ' ip = adgg, ip eGL(V)1･, 

where ipg denotes the double Lie algebra on g with the bracket operation given by 

(2.2). It is evident that ipg = g if and only if c is an automorphism of g, 

Set 

~(g) := {ip eGL(V)Iip~1 ･ adgg ' ip = adgg}. 

Then we can show that it is a subgroup of GL(V) containing the automorphism 

group Aut(g) of g. For any ip e ~~(g), we can define 7cip e GL (V) by the following 

equation ; 

[(1cip)X, Y]g = ip[X, ip~1 Y]g (2.4) 

for X, Ye V. Then, we get a group homomorphism lc : ~(g) -> Aut(.g) such that ITip 

= ip if and only if ip e Aut(.g). Hence, it , follows that each projective double Lie 

algebra b e~~(g) is obtained from a unique element ip e Ker 7~ by lp = ipg. If ip 

= p ' idv for some non-zero real number p, then it is evident that ip e Ker lc and the 

corresponding projective double Lie algebra lp = ipg on g is given by 

(2. 5) [X, Y]b = p[X, Y]g, 

that is b = gp in Example 1. Conversely, suppose that ip is an element of 
Ker lr. Since V rs assumed to be of odd-dimension, ip has a non-zero real eigenvalue, 

say p. Let WP be the eigenspace of this eigenvalue. Then WP is an ideal of g. In 

fact, for any X e g and Ye WP, the endomorphism ip e Ker lc satisfies the relation 

ip [X, Y]g = [X, ipY]g, (2.6) 

which shows that [X, Y]geWP. Since g is simple and WP is non-empty, we get WP 
= g, i.e., ip = p ' idv' 

Thus, Theorem I is proved. q.e.d. 

REMARK. From (2.6) we see that the main theorem is valid for any central 

simple Lie algebra of arbitrary dimension (cf. L2] Ch. X) 

S 3･ Projectivity of shmple Lie growps 

In this section, we give a result concerning the geodesic homogeneous local Lie 

loops in projective relation with a given simple Lie group of odd-dimension. This is 

an immediate consequence of the main theorem 
Let (G, //) be a Lie group with the Lie algebra g considered to be defined on the 

tangent space V = T.(G) of G at the identity element e. For any projective double 
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Lie algebra ~ = (V, [ , Ib) on g, denote by A(X), X eb. , the exponential of the 

endomorphism adbX, i.e., 

(3.1) A(X) = e'dbx 
For any normal neighborhood of e, we can define an analytic local mutiplication 

p by 

(3.2) p(exp X, exp Y) = /4(exp X, exp A(X) Y) 

as far as both of the left- and right-hand sides are defined, where exp : g -> G denotes 

the exponential map of the Lie group (G, I/)･ We can summarize Theorems 2.1, 2.16, 

3.2 and 3.3 in [4] as follows : 

THEOREM 2 ([4]). Let (G, /1) be a Lie group vvith t/･le Lie algebra g = (V, [ , Ig) on 

the tangent ~~pace V = T*(G) at the identity e. A geodesic homogeneous local left Lie 

loop P around e is in projective relation 14'ith (G, //) tf and only tf it can be given by (3.2) 

with re~~pect to a pi'ojective double Lie algebra b = (V, [ , Ib) on g . 

EXAMPLE 2. For some real number p, Iet gp = (V, [ , Ip) be the projective 

double Lie algebra on g given by (1.2) in Example 1. Then, by Theorem 2 above, we 

' get a geodesic homogeneous local Lie loop /lp in projective relation with the Lie 

group (G, pl). The local multiplication pp defined by (.3.2) has the following 

expression ; 

/lp(x, y) = xP+ Iyx~P (3.3) 

where x' = exp rX for any real number r if it is well-defined for x = exp X (cf'. 

[5]). This example has been found by M. Akivis [1], which will be called Akivis 

loca/ Ioop. 

Now, we can apply Theorem I to the Lie algebra of any simple Lie group of 

odd-dimension, and we get by Theorem 2 the following ; 

THEORE~l 3. Let (G, pl) be a (real) simple Lie group of odd-dilnension. Then, a 

geodp..sic homogeneous local (left) Lie loop P at the ide,_ntity e whic/7 i~･" given by (3.2) i~' 

in projective relation vvith (G, ,l) tf and on.ly tf p i~' an Akivis local loop, that i~", it can be 

expressed by /lp in E.xan'rplP.. 2 above for some /'eal number p. 

PRooF. Since the Lie algebra g = (V, [ , Ig) of (G, /4) given on the tangent space 

V = T.(G) at e is a real simple Lie algebra, Theorem I assures that b is a projective 

double Lie algebra on g if and only if ~ = gp in Example 1, for some real nuniber 

p. Then, any geodesic homogeneous local Lie loop P at e must be expressed by 

/lp in Example 2. Conversely, for any real number p, the local multiplication /lp in 

Example 2 is a geodesic homogeneous local Lie loop which is in projective relation 

with the given Lie group (G, //) (cf. [5]). q.e.d. 
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