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Let G be a Lie group. An analytic local multiplication p at the identity element I of 

G is associated with a Lie algebra on the tangent space of G at 1. It is shown that // is a 

geodesic homogeneous local left loop which is in projective relation with the group 

multiplication /10 (Theorems 2.1 and 2.16), and that any geodesic homogeneous local left 

loop in projective relation with po is gi-ven by such a p (Theorem 3.3). 

Introductiom 

The theory of analytic local loops was originated by A. I. Mal'cev [15] in 

1955. He proved that any analytic Moufang loop is characterized by its tangent 

algebra which is called Mal'cev algebra. In 1964 the author introduced ( [5]) Iocal 

100ps on any linearly connected manifolds, which are called now geodesic local 

loops, by means of parallel displacement of geodesic curves along geodesic 

curves. This concept was introduced, independently, by L. V. Sabinin [17] and 

developed by him since 1972 (cf. [17], [18], [19]). In [2], M. A. Akivis introduced 

the tangent algebra of any analytic local loop as an algebraic system with a bilinear 

product and a trilinear product satisfying some algebraic relations (cf. [1], [2] , [3], 

[18]), which has been named Akivis algebra ([4])･ However, the tangent Akivis 

algebra does not characterize the local loop in general 

On the other hand, generalizing the concept of Lie triple system of E. Cartan 

which is an algebraic system characterizing Riemanman symmetnc space in local, 

K. Yamaguti [2l] introduced in 1 958 an algebraic system called general Lie triple 

system. It is also defined by a bilinear product and a trilinear product satisfying 

those relations which are presented by K. Nomizu [16] as relations of torsion tensor 

and curvature tensor of the canonical connection on reductive homogeneous 

spaces. In 1975, the concept of homogeneous Lie loops was introduced by the 

author [6] (cf. L. Sabinin [18]). It is a class of loops on differentiable manifolds 

characterized by their tangent algebras, called the tangent Lie triple algebras. The 

latter is a general Lie triple system on the tangent space at the identity which is 

given by the value of the torsion tensor and the curvature tensor of the canonical 

connection evaluated at the identity (cf. Definition 1.3). In 1986, K. H. Hofmann 

and K. Strambach [4] clarified the interrelation between the tangent Akivis algebra 
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and the tangent Lie triple algebra of any homogeneous Lie loop. The theory of 

homogeneous Lie loops is a complete generalization of the theory of (real) Lie 

groups and Lie algebras to loop theory (cf. [6] , [7]). Although this theory treats of 

global loop multiplications on manifolds, it was motivated by the local theory of 

geodesrc loops in linearly connected manifolds. In this paper, we shall turn back to 

the theory of local loops and consider projective changes of group multiplication on 

any Lle group into homogeneous local loops, in a neighborhood of the identity 

element. Here, the word "projective" means that the system of geodesic curves 

(regarded as straight Imes) rs preserved The changes are also restncted to preserve 

"homogeneity" of multiplications (cf. Definition I .5) 

After preparing some terminology and results for local left loops in S 1, we 

introduce in S 2 an analytic local left loop // on a Lie group G. Each local 

multiplication // is associated with some Lie algebra ~ on the tangent space To (G) at 

the identity I (cf. (2.2)). It is shown that the local multiplication /1 is a geodesic 

homogeneous local left loop (Theorem 2.1), and that it is in projective relation with 

the group multiplication po of G (Theorem 2.16). In S 3, it is proved that any 

geodesic homogeneous local left loop on a Lie group which is in projective relation 

with the group multiplication is reduced to the multiplication // given above 

(Theorem 3.3). Finally, in S 4, we shall remark that the construction of // has an 

algebraic interpretation, by comparing the results developed in Part I ( [14] ) . 

S 1. HomogeHBeows local left loops 

In this section, we look at the theory of analytic homogeneous left loops 

developed in [6], [10], [1l], [12] and [13] again from local point of view 

Let G be an analytic manifold of dimension n. For some fixed element I in G, 

we consider a local multiplication around I . 

DEFlNITION 1.1. Let W be an open neighborhood of (1, 1) in G x G. An 
analytic mapping 

pl: W-> G 

will be called a homogeneotls local left loop at I if it satisfies the followings 

( i ) //(1, x) = x, /1(-x, 1) = x whenever (1, x) (resp. (x, 1)) belongs to W 

( ii ) If (x, 1) belongs to W, then there exists an open subset V of G containing 1, 

such that the left translation L* : V- G ; L*y = /d:(x, y) is a diffeomorphism onto 

an open subset of G containing 1 
(iii) The multiplication /1 has the left invei'se prope/'ty, that is, L~ 1 = L*-* holds 

~1 = L~1 1, and the map for x 

L~1 : (x, y) ~>L y 
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is analytic in its domain 

(iv) Any left inner mapping L*,y Satisfies 

/4(L*,yz, L*,yw) L* ykt(z w) 

whenever the left and the right sides of the equality are defined. Here, we call 

the map L*,y: z H> Lu(;.,y) L*Ly a left inner lnapping if it is well-defined 

In the following, we denote by To(G) the tangent space 'of G at the identity 

element 1. Smce any left inner mapping L*,y is a local diffeomorphism leaving the 

identrty I fixed, its differential dL*,v is an invertible linear endomorphism of To (.G) 

Let ~ : W-> G be a homogeneous local left loop in G at the identity 1, where W 

rs an open submanifold of G x G containing (1, 1). In any connected open 
submamfold U of G such that I e U and U x U is contained in W, we can give a 

linear connection VU associated with /1. In fact, for any vector fields X and Y on U, 

set 

(1.1) (Vx Y)* = X* Y- dL*d/1(dL~ IX*, dL~ I Y*) 

at each point x in U, where d// : To(G) x To(G) ~' To(G) is the bilinear map whose 

value d//(Xo, Yo) for Xo and Yo in To(G) is given by differentiating /~(u, v) in the 

direction (Xo, Yo) at (u, v) = (1, 1). Then, the vector field Vx Y on U satisfies the 

conditions for covariant differentiation, which defines a linear connection VU on 

U. Moreover, if V rs another open submanifold such that (1, 1)e V x V in W, the 

assocrated linear connection Vv coincides with VU on their common domain 

DEFlNITION I . 2. The linear connection associated with /1 which is given on any 

open submanifold U with (1, 1)e U x U in W will be called the canonical connection 

of the homogeneous local left loop /1 at 1. 

REMARK. It is evident that if (G, p) is a homogeneous Lie loop, then it is a 

homogeneous local left loop at its identity and the canonical connection defined 

above rs reduced to the global one in the sense of [6] and [10] 

We can see that the extensive theory of the canonical connection of 
homogeneous Lie loops and left loops developed in the articles [6]-[17_] is still valid 

in analogous way for homogeneous local left loops, and that the theory of tangent 

Lie triple algebras of homogeneous left loops is available for local ones. For 

instance, if // is a homogeneous local left loop at 1, the torsion tensor field S and the 

curvature tensor field R of the canonical connection V are defined in some 

neighborhood of I and they satisfy VS = O and VR = O, respectively, whose values So 

and Ro evaluated at I are given by 

So(X, Y) = d//(X, Y) - dp(Y, X), (1.2) 

Ro(X, Y) = dL(X, Y) - dL(Y, X) (1.3) 
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for any X and Y in To(G) (cf. [1l]). Here dL(X, Y) denotes the endomorphism of 

To(G) obtained by differentiating the linear endomorphism dL~,, of To(G) in the 

directions (X, Y) at (u, v) = (1, 1). 

PROPOSITION 1.1. The tangent space To(G) at I forlns a Lie triple algebra 

(general Lie triple system of K. Yamaguti [2l]) with the operations ; 

 = So(X, Y), 

 = Ro(X, Y)Z 

for X. Y and Z in To(G). 

PRooF. It is obvious because VS=0 and VR=0 hold in a neighbourhood of 1. 
q. e. d. 

DEFlNITION 1.3. The Lie triple algebra obtained in Proposition I . I above will 

be called the tangent Lie triple algebra of the homogeneous local left loop /1 at 1 

DEFlNITION 1.4. (cf. [6] ) A homogeneous local left loop /1 at the identity I in G 

rs said to be geodesic if, for each geodesic curve x(t) of the canonical connection 

passing through x(O) = 1, the differential dL*(t) : To (G) -> T*(t)(G) of the left translation 

L*(t) mduces the parallel displacement along the geodesic curve. 

It is easy to show ; 

PROPOSITION I . 2. Every geodesic curve x(t) through the identity x(O) = I in the 

geodesic /"romogeneous loca/ Ieft loop // is a 1-pa/'alneter local subgroup (i.e., associative 

local subloop) of p, that is, 

x(t + s) = p(x(t), x(s)) 

as far as both sides are well-defined. 

In the same way as Theorem 7.8 in [6], we can show; 

THEOREM 1.3. Let // (resp. p) be a geodesic homogeneous local left loop at 1 
(resp. r) in an analytic mamfold G (resp. G) and assume that dim G = dim G. Then, 

there exists a local isomorphism ip : U ~' U of // to p tf and only tf t/'rere exists an 

automorphism c : To(G) -> To(G) of the tangent Lie triple algebras of /1 and p such that 

ep is equal to the dlfferential dip of ip at t/･re identity 1. 

In the theory of homogeneous (left) Ioops, it is very useful to associate the 

homogeneous system n with each homogeneous loop p (cf. [8] ) by 

n(_x, y, z) = L*l/(L~ I y, L~ Iz). ( I .4) 

For any homogeneous local left loop u in this paper, we will consider the same 

operation n given by (1.4) as far as the right hand side is well-defined, and it will be 

called the hornogeneous systew associated with the local left loop //･ The 
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fundamental equalities for homogeneous system hold also for this 11 in a 
neighborhood of I (cf. [9] , [10]) 

In [13] we have introduced the concept of projective relation in geodesic 

homogeneous left loops, and investigated how the relation holds on R". Now, we 

consider two geodesic homogeneous local left loops p and p in the same analytic 

manifold G at the same identity I . In the following, their canonical connections will 

be denoted by V and V , respectively. 

DEFlNITION 1.5. Two geodesic homogeneous left loops // and p at the same 
identity I are sald to be in proje_.ctive relation if they satisfy the following conditions 

(i) and (ii) m some neighborhood U of 1 

( i ) Any geodesic curve of V is a geodesic curve of V, and vice versa. 

(ii) The following mutual equalities are valid in U ; 

(1.5) ~(x, y, rl(u, v, w)) = n(~(x, y, u), ~(x, y, v), ~(x, y, w)) 

(1.6) n(u, v, ~(.x, y, z)) = ~(n(.u, v, x), ~(u, v, y), n('u, v z)) 

S 2. Construction of horrnogeneows local left lloops on Lie growps 

Let G be a real Lie group with the group multiplication xy = //o(x, y) . Then, 

/40 can be regarded as a homogeneous Lie loop. It is geodesic since the canonical 

connection is reduced to the ( - )-connection of E. Cartan, whose curvature tensor Ro 

vanishes identically while the tosion tensor So gives the Lie bracket of the Lie 

algebra ~; of G. In the following we denote the Lie bracket of ~ by [ , Io. Then, 

we have 

SO(X, Y) = [X, Y]o 

Ro(X, Y)Z = O for any X, Y, Z m (~; 

Thus, the tangent Lie triple algebra of //o is reduced to the Lie algebra ~i of G 

In this section, we construct in G another homogeneous local left loop // at the 

identity element I of G, and show that p; is in projective relation with l/o. Here, we 

regard ~; as a Lie algebra on the tangent space To(G) at I with the Lie bracket [ , Io 

that is, ~; = (To(G), [ , Io). Following the notation in Varadarajan [20] (cf. Th 

2.15.4, p. 1 19) we denote the exponential map at I by exp : To(G) -> G and the 

product of exp X and exp Y in G by 

exp X exp Y= exp C(X : Y) 

for any X and Ycontained in some neighborhood ~~ of O in To(G) so that C : ~X x ~~ 

-> To (G) is an analytic map 

Now, assume that there is given another Lie algebra ~ on To (G) whose Lie 

bracket, denoted by the usual bracket [ , I , satisfies a relation to ~; ; 
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（2．1）　　　　［X，［XZ］o］＝［［X，γ］，Z］o＋［X［X，Z］］o，

that　is　to　say，every　adjoint　operation　ad£X　of£is　a　derivation　of⑥．We　denote

the　exponent1a1of　the　end－omorph1sm　ad2X　of巧（G）by

　　　　　　　　　　　　　　　　　　λ（X）＝θad2x，X∈珊G）．

For　the1ater　use　we　show　here　some1emmas　onλ（X）and　C（X　γ）above　In　these

1emmas　a111etters　X，X　Z　d－enote　arb1trary　e1ements　of珊G）

　　　LEMM1A1．　λ（X）加α〃α〃o肋01ア11な榊gジ肋θムたα1σθ加α⑯α〃ゴλ（X）i1＝λ（一X）．

　　　LElM1M1A2．　λ（士X）3X＝3X力γ8，τ∈Rヲλ（X）X＝X．

　　　LEMMA3．　λ（λ（X）γ）＝λ（X）λ（γ）λ（X）‘1．

　　　LEMMA4．　C（5X：τX）＝（8＋f）X，C（X：0）＝C（0：X）＝X，

　　　　　　　　　　C（一X：一γ）＝一C（γ：X），

　　　　　　　　　　C（X：C（γ：Z））＝C（C（X：γ）：Z），

　　　　　　　　　　C（一γ：Z）＝C（一C（X：γ）：C（X1Z））．

　　　LEMlMA5．　λ（X）C（γ：Z）＝C（λ（X）γ：λ（X）Z），

　　　　　　　　　　C（X：λ（X）γ）＝λ（X）C（X：γ）．

　　　For　the　proof　of　Lemma5we　use　the　fo11owmg　formu1a（Baker－Campbe11－

Hausd．or肝formu1a1n　Varadar則an［20］Lemma2153，p　118）

　　　　　　　　　　　　　　　　　C（X：γ）＝Σ二。C”（X：γ），

where

　　　C1（X：γ）＝X＋X

　　　（η十1）C”。。（X：γ）＝去［X－XC”（X：γ）］o

　　　　＋Σ、≧・，・、≦。K・、Σ此、，．．．，比、＞。　［C此、（X：γ）・［…［C此、、（X：γ）・X＋γ］o…］o

　　　　　　　　　　　　　　　此1＋’’．十比p＝”

and　K2p’s　are　rat1ona1mmbers　The　proofs　of　the　other1emmas　are　om1tted
　　　We　associate　with　the　Lie　a1gebra2＝（恥（G），［，］）an　ana1ytic　m．u1tip1icationμ

around　the　identity　e1ement1of　the　Lie　group　G　as　fo11ows：For　any　norma1

neighborhood　σ　of1，set

（2．2）　　　　　　μ（x、γ）＝expC（X：λ（X）γ）　　　for　x＝expX，γ＝exp　X

whenever　x，γ，expλ（X）γand　expX　expλ（X）γbe1ong　toσ　　Smce　the　exponent1a1

map1s　an　ana1yt1c　d1価eomorph1sm　and　smce刈X）γand　C（X　γ）are　ana1yt1c　m　X
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and Y, we see that the multiplication // is analytic in a neighborhood Wof' (1, 1) in G 

x G. It is clear that // does not depend on the choice of the normal neighborhood 

U. 

Hereafter, all equalities on // should be understood to be assumed that both 

sides of the equalities are well-defined 

THEOREM 2. 1. Let G be a Lie group vvith the identity element 1. Assume that a 

Lie algebra ~ on the tangent space To (G) at I is given and satisfies the relation 

(2.1). Then, the analytic local multiplication /1 around 1, given by (2.2), is a geodesic 

homogeneous local left loop at 1. 

To prove this theorem we show the following propositions : 

PROPOSITION 2.2. The identity I of G is a (two-sided) identity of the 
multiplication ,1, that is, 

/1(x, 1) = p(1, x) = x for x = expX. 

PROOF Thrs rs tnvral by setting X = O or Y= O in (2.2). q.e.d 

PROPOSITION 2. 3. Every 1-parameter subgroup x(t) = exp tX(t e R) of G is a I -

parameter subgroup of p too, that is, 

/1(x(t) x(s)) = x(t + s) for s teR 

PRooF. Lemma 2 shows this immediately. q. e.d 
COROLLARY 2.4. The element x~1 = exp ( - X) is the (t,4,0-sided) inverse of x 

= exp X, with respect to u. 

PROPOSITION 2.5. The multiplication ,l has the left inverse property, that is, 

//(x~1, /1(x, y)) = y for x = expX, y = exp Y 

PROOF. By applying Lemmas 5, 2 and 4 to the left-hand side of the equation 

above, we have 

~(exp ( X) ~(exp X exp Y)) = p(exp (- X), exp C(X : A(X) Y)) 

= exp C(- X : A(- X) C(X : A(X) Y)) 

= exp C(- X: C(A(- X)X: A(- X)A(X)Y)) 

= exp C(C(- X : X): Y) 

exp Y 

PROPOSITION 2.6. The left inner mapping for x = exp X, y = exp Y is given by 

L*,yz = expA(X)A(- C(X: Y))A(Y)Z for z = expZ. 



8 M1ch1h1ko　KIKKAwA

　　　PR00F　From　the　d－e丘n1t1on　ofμand　Lemmas　above　we　obta1n，

　　　exp．1（Lス圭，y）L，Lγz）＝C（一C（X：λ（X）γ）：λ（一C（X：λ（X）γ））C（X：λ（X）

　　　　　　　　　　　　　　　　C（γ：λ（γ）Z）））

　　　　　　　　　　　　　　　＝λ（X）C（一C（X：γ）：λ（一C（X：γ）C（X：C（γ：λ（γ）Z）））

　　　　　　　　　　　　　　　＝λ（X）λ（一C（X：γ））C（一C（X：γ）：C（C（X：γ）：λ（γ）Z））

　　　　　　　　　　　　　　　＝λ（X）・4（一C（X：γ））∠4（γ）Z．　　　　　　　　　　　　　　　　　q．e．d．

　　　C0R0LLARY27　L、（亡）L、（、）＝L、（、十、）ノかx（τ）＝expなX

　　　PR00F・　Proposition　2・6　br　x（τ）　and　x（8）　shows　L、（、），よ（、）＝id　since

λ（∫X）λ（＿C（8X：τX））λ（広X）＝I（The　id－entity　map　on恥（G））．　　　　　　　　　q．e．d、．

　　　PR0PosITI0N　2・8・　L兀，γμ（z，w）＝μ（L又，yz，L工，〕，w）　ノbグ　x＝expX，　γ＝exp　X

z＝exp　Zα〃6w＝exp附

　　　PR00R　Set　L（X，γ）＝λ（X）λ（一C（X：γ））λ（γ）．　Then　we　get　exp・iL、，、μ（z，w）

＝L（X，γ）C（Z：λ（Z）W）＝C（L（X，γ）Z：L（X，γ）λ（Z）豚）by　Proposition2．6．　On

the　other　hand－by　Lemma3，we　have

　　　　　　　　　　　　　　L（X，γ）λ（Z）＝λ（L（X，γ）Z）L（X，γ），

wh1ch　shows

　　　　　　　　L、，γμ（z，w）＝expC（L（X，γ）Z：λ（L（X，γ）Z）L（X，γ）π）

　　　　　　　　　　　　　　　＝μ（exp－L（X，γ）Z，expL（X，γ）閉7）

　　　　　　　　　　　　　　　＝μ（L、，γ・，L、，γw）・　　　　　　　　　q．e．d．

　　　Summ1ng　up　Propos1t1ons　22，23，25　and　28，we　see　that　the　1oca1

mu1t1p11cat1onμ1s　a　homogeneous1oca11e血1oop　at1

　　　PR0PosITI0N29　　τ乃θんo肋oσθ〃θo〃8106α11ψ1ooρμ弧σεo6θ3κ

　　PR00F　Choose　a　normaI　coord1nate　system　of　the　L1e　group　G　at1，so　that

・＝・・pXh・・1t・1－th・…dm・t・・㌧Xユf・…yX：XJ∂ヌm…1ghb・・h・・d・f
O　in％（G），where｛∂タ｝is　the　natura1basis　of巧（G）with　respect　to　this　coordinate

sysle皿工hen・by干「oposition2・2・the1’Pa「amete「・・bg「o・p・（亡）＝・・p玄X・τ∈R・

sat1s丘esx（τ）＝X，X（τ）二0and

　　　　　　　　　η（x（τ），X、（f），X工（ご））＝肌、（工）ψ（犯工（刊X、（、），犯、（＿、）Xよ（な））

　　　　　　　　　　　　　　　　　　　　　　∂2
　　　　　　　　　　　　　　　　　　　　＝∂、∂。1（…）・（”十H）

　　　　　　　　　　　　　　　　　　　　＝0．
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Hence every 1-parameter subgroup x(t) = exp tX, t e R, is a geodesic curve of the 

canonical connection V. Let Y(t) = dL.(t) Y be a vector field along the geodesic 

curve x(t) given by left translations of any Y= Y(O) in To(G). Then we have 

n(x(t), x(t + u), Y(t)) = L*(t)//(x(u), Y) 

= dL dL Y *(t) *(~) 

= Y(t + u) 

by Corollary 2. 7. Hence we get 

d Y 
V.(t) Y(t) = dt n(x(t) x(t) Y(t)) = O 

along the geodesic curve x(t) , that is, the left translation L.(t) mduces the parallel 

displacement of Y along the geodesic curve x(t) with respect to the canonical 

connection V of /4. q.e.d. 
Since p is homogeneous, we can show 

d Y 
dLp dt = ~(p dL x(t) dL Y) 

for any point p. This means 

COROLLARY 2. 10. The parallel displacement of tangent vectors at I along the 

geodesic curve x(t) = exp tX is preserved by any left translation Lp. 

The proof of Theorem '2. I is completed by Proposition 2.9 above. 

REMARK. In [5] we have introduced a local multiplication in any differentiable 

manifold with a linear connection, which is called a geodesic local loop. Proposition 

2.9 above shows that the homogeneous local left loop p considered here is a geodesic 

local loop at I with respect to its canonical connection V. Moreover, Corollary 2. 10 

shows that the local multiplication /lp at p given by 

ktp(x, y) = n(p, x, y) 

is a geodesic local loop at p with respect to V. 

Now, we are at the stage of showmg that the geodesic homogeneous local left 
100p p at I is in projective relation with the group multiplication po of the Lie group 

G. We denote the group multiplication uO by juxtaposition as usual, that is, ,10(x, y) 

= xy. The homogeneous system ~O associated with po is given by 

no(x, y, z) = yx~ Iz. 

On the other hand, the homogeneous system n assocrated wrth the homogeneous 
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1oca11eft1oopμ1sg1venby（14）1nane1ghborhoodof1，that1s，

（2．3）　　　　η（・、γ，・）＝μ（・，μ（μ（ズ・，γ），μ（ズ・、・）））．

　　PR0PosITI0N211　　τ乃θ乃o榊oθθ〃θo〃88γ8κ閉η弧σ〃θκわγ

　　　　　　　　　　　　　　　η（X，γ，Z）＝Xμ（X－1γ，X－1Z）．

　　PR00F．For　x＝expX，γ＝expγand　z＝expZ，（2．3）imp1ies

　　　　　　　　　exp■1μ（x，γ，z）＝C（X：λ（X）λ（λ（一X）C（一X：γ））

　　　　　　　　　　　　　　　　　　C（λ（一X）C（一X：γ）：λ（一X）C（一X：Z）））

　　　　　　　　　　　　　　　　　＝C（X：刈C（一X：γ））C（C（一X：γ）C（一X：Z））．

Hence，we　get

　　　　　　　　　η（x，γ，z）＝exp　Xμ（exp（一X）exp　X　exp（一X）exp　Z）

　　　　　　　　　　　　　　：xμ（ズ1γ，ズ1・）．　　　　　　　　　q．・．d．

　　PR0PosITI0N212

　　　　　　　　η0（・，リ，η（・，γ，・））＝η（ηO（・，・，・），η0（・，・，γ），ηO（・，・，・））

　　PR00F　If　we　set　w＝o〃一1，then1t1s　su冊c1ent　to　show　that　the　equat1on

（2．4）　　　　　　　wη（x，γ，z）＝η（wx，W，wz）

ho1ds　m　a　ne1ghborhood　of1　By　Propos1t1on211above，we　have

　　　　　　　　　　η（WX，Wγ，W・）＝WXμ（（帆）一1（W），（WX）一（W・））

　　　　　　　　　　　　　　　　　　＝WXμ（X－1γ，X－1Z）・

　　　　　　　　　　　　　　　　　　＝wμ（x、γ，z）．　　　　　　　　　　　　　　　　　　　　　　　　q．e．d．

　　PR0PosITI0N213

　　　　　　　　　　　μ（・，η0（・，・，W））＝η0（μ（X、・），μ（X，・），μ（X，W））

　　PR00F　For　x＝expX，〃＝expσ，o＝expγand　w＝exp㎎we　have　by　usmg

Lemma4，

　　exp－1μ（x，ηo（〃，o，w））＝C（X1λ（X）C（γ1C（一σ：W）））

　　　　　　　　　　　　　　＝C（X：C（刈X）γ1C（一λ（X）σ：刈X）W）））

　　　　　　　　　　　　　　：C（C（X：刈X）γ）：C（一λ（X）σ：λ（X）W））

　　　　　　　　　　　　　　：C（C（X：λ（X）γ）：C（一C（X：λ（X）σ）：C（X：λ（X）W）））

　　　　　　　　　　　　　　＝expゲ1μ（x，o）μ（x，〃）・1μ（x，w）
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= exp~ 1 770(/1(x, u), /1(x, v), /1(x, w)) q.e. d. 

PROPOSITION 2. 1 4. 

n(x J' n (u, v, w)) n (n(x, y, u), n(x, y, v), n(x y w)) 

PROOF. By Proposition 2. 1 1 we have 

n(x, y, ~o(u, v, w)) = x/1(x~ Iy, x~ I no(u, v, w)) 

= xpt(x~ I y, no(_x~ Iu, x~ Iv, x~ Iw)), 

and, by Proposition 2. 13, 

no(n(x, y, u), n(x, y, v), n(x, y, w)) 

= no(x/1(x~ I y, x~ I u), x//(x~ I y, x~ Iv), x,l(x~ I y, x~ I w)) 

= xno(/1(x~ I y, x~ I u), /1(x~ I y, x~ I v), ~(x~ I y, x~ I w)) 

= x,l(x~ I y, no(x~ I u, x~ I v, x~ I w)). q.e.d. 

PROPOSITION 2. 1 5. Any geodesic of // through I is a geodesic of pto, and vice 

versa. 

PROOF. By Proposition 2. 3 and the proof of Proposition 2. 1 1, we see that all 1-

parameter subgroups are the system of geodesic curves through the identity 1, with 

respect to both of the canonical connections of p and //o , respectively. q. e. d. 

From Propositions 2. 12, 2. 14 and 2. 15 we obtain the following ; 

THEOREM 2. 16.. Let G be a Lie group with the Lie algebra ~5. Assume that a 

Lie algebra ~ is given on t/･7e tangent space To (G) at the identity 1, such that t/･le 

relation (2.1) is satisfied. Then, the geodesic homogeneous local left loop // at 1, given 

by (2.2), is in projective relation with the group multiplication of the Lie group G. 

S 3･ Projectivity of Lie groups as horrnogeneous loops 

Let G be a Lie group and (~ = (To(G), [ , Io) its Lie algebra, where To(G) denotes 

the tangent space at the identity 1. Assume that there exists a Lie algebra ~; 

= (To(G), [ , l) on To(G) satisfying (2. 1), that is, 

ad~X[Y. Z]o = [adLX Y, Z]O + [Y, adj3XZ]o 

for X, Y, Z in To(G). In S 2, we have seen that the local multiplication /1 given by 

(2.2) is a geodesic homogeneous local left loop at I (Theorem 2.1) and that ,1 is in 

projective relation with the group multiplication of G (Theorem 2. 16) . In this 

section, we will show that any geodesic homogeneous local left loop at I which is in 
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projective　re1ation　with　the　group　mu1tip1ication　must　be　given　by（2．2）associated

with　some　Lie　a1gebra£．

　　Choose　a　norma1coordmate　ne1ghborhood　at1m　G，so　that　any　e1eme：n．t　x

＝expX　m1t　has　the　coordmate　x一＝Xユ，w1th　respect　to　the　natura1bas1s　By

Baker－Campbe11－Hausdor肝formu1a1n　Lemma5，we　have

　　　　　　μo（expX，expγ）‘＝C‘（X：γ）

　　　　　　　　　　　　　　　　＝Xj＋戸十（去［X，γ］o）i＋…．

S1nce　the1oca1mu1t1p11cat1onμ1s　g1ven　by（22），we　have

　　μi（e・p・X，・・p広γ）＝σ（3X：λ（3X）τγ）

　　　　　　　　　　　　　＝・Xi＋τ（λ（8X）γ）ゴ十如（［X，λ（sX）γ］o）ゴ十…．

　　　　　　　　　　　　　：8Xi＋玄プ十航［X，γ］i＋去就（［X、γ］o）‘十03（∫，広），

肚om　wh1ch　the　va1ue　of　the　b11mear　mapψ　％（G）×恥（G）→恥（G）fo11ows，

　　　　　　　　　　　　　　　　∂2
（3・1）　ψ（X・γ）一∂、∂τ1（…）μ（・（・）・γ（1））一［X・γ1・圭［X・γ1o

On　the　other　hand，Propos1t1on26mp11es　for　x（3）＝exp3X　andγ（エ）＝exp戊

　　♂五、（、），ア（亡）：λ（5X）λ（一C（8X：なγ））λ（τγ）

　　　　一／・・∫・・…／／1一…（…1l・苦［ムl1・）・／／1・1…1・・／

　　　　＝1一・姶ad。［X，γ］o＋・d．Xad。γ）一・2ad．Xad．X

　　　　　一¢2ad£γad£γ十03（s，τ）．

遇y　d－i脆rentiating　this　once　in5andエ，respective1y，and　eva1uating　at（O，O）we　get

（3．2）　　　　肌（X，γ）＝一去ad。［X，γ］o－ad．X・ad．X

Let∫and　R　denote　the　torsion　tensor　and　the　curvature　tensor，respective1y，of　the

canon1ca1connect1on7ofμ　Then　by（12）and（13），we　have，

　　PR0Posm0N31肋θoo伽8oα〃R。ψ肋〃oγ810〃伽6伽6〃グ伽鮒げ7〃1
〃θσ加θη，陀Ψθαわθケ，わγ

（3．3）　　　　8。（X，γ）＝［X，γ］o＋2［X，γ］，

（3．4）　　　　　　　　　　Ro（X，γ）Z＝一［［X，γ］o，Z］一［［X，γ］，Z］，

W加肥［，］0α〃［、］伽・プθ伽肋5・α伽〃ゲ⑮伽∂2，グθΨθ・肋吻．

　　In［13］，prqect1v1ty　of　geod．es1c　homogeneous1e血1oops1s1nvest1gated　and

shown　that　if　two　geodesic　homogeneous1e脱1oopsμandρare　in　projective　re1ation，
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then　the（1，2）一tensor　ie1d．sτ＝7＿7and＿τ＝7＿7are　a冊ne　homogeneous

structures　of　the　canonica1connections　7　and　7，respective1y（Proposition　1　in

［13］）　In　th1s　case，τsat－sies7T＝O，7τ＝O　and　the　fo11ow1ng　equat1ons　for　the

torsion8and　the　curvature　R　of7⑫f．Coro11ary　to　Proposition1in［13］）；

（3．5）

（3．6）

（3．7）

（3．8）

（3．9）

r（X，X）＝O

τ（X，8（X　Z））＝∫（τ（X，γ），Z）十8（X　T（X，Z））

τ（X，R（X　Z）W）＝R（τ（X，γ），Z）W＋R（Xτ（X，Z））〃十R（X　Z）τ（X，W）

τ（X、τ（X　Z））＝τ（τ（X、γ），Z）十τ（Xτ（X，Z））

R（X，γ）τ（Z，W）＝τ（R（X，γ）Z，〃）十τ（Z，R（X，γ）W）．

Moreover，it　has　been　shown（cf．Proposition1．1in［12］）that　the　torsion　tensor5

and　the　curvature　tensor　R　of7　are　given，respective1y，by

（3．10）　　　8（X，γ）＝8（X，γ）十2τ（X，γ），

（3．11）　　　　　R（X，γ）Z＝R（X，γ）Z一τ（8（X、γ），Z）一τ（τ（X，γ），Z）．

Ifμand．μare　geodes1c　homogeneous1oca11e丘1oops　at　the　same　po1nt，say1，m　an

ana1yt1c　man1fo1d－G，then　we　can　app1y　those　resu1ts　ment1oned　above　m　a

ne1ghborhood．of1　Espec1a11y，we　can　assert　that　a11equa11t1es（35パ311）above　are

va11d－at1　From　these　facts　the　fo11owmg　theorem1s　obtamed

　　　TH1巳0REM32　五所G加αム肥〃o〃ρ閉肋肋θ榊〃1プη1κα〃oημo　■3舳伽θ肋α，卿

α・吻肋o吻o♂ψ伽肋η卿1，伽肥加σ加帥α106α1舳1吻1た肋oημw肋い3α
σθo6θ3たんo榊oσθ〃θo〃31ocα11ψ1ooραご1．　ゲρ加加ργ勿θα加θ7θ1αプゴoηwゴ肋μo，肋θ〃，

肋θ肥θx赦8α肋1加θ〃閉αρτ：恥（G）×花（G）→7る（G）〃c々肋〃肋θoα1鵬8〃1qブ肋θ

肋3ゴo〃8α〃伽c舳〃〃グθ一Rψ伽ωηo肋α1co〃ηθ6〃o〃ψρ〃り加θ〃閉ρθ6肋吻

妙

（3．12）　　　　5（X，γ）＝［Xラγ］o＋2τ（X，γ），

（3．13）　　　　　　　　　　　戻（X，γ）Z＝一τ（［X，γ］0）一τ（τ（X，γ），Z）

伽X，XZ加伽肋σθ〃Ψα・θ巧（G）α1，w加肥［、］o伽・腕伽肋ゐγα・たθZぴ肋θ

ムたα1σθ加αげG．

　　　〃o削鮒，伽〃加鮒舳ρτ3α〃功θ8伽〃1ow加μ〃α肋ゴθ8：

（3．14）　　　　　　　　　　　　τ（X，X）＝O

（3．15）　　　　　　τ（X，τ（XZ））十τ（Xτ（Z，X））十τ（Z，τ（X，γ））＝0

（3．16）　　　　τ（X，［XZ］o）＝［τ（X，γ），Z］o＋［Xτ（X，Z）］o．
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PROOF. Since the canonical connection VO of the Lie group /10 is reduced to the 

( - )-connection of Cartan, its curvature vanishes identically and the torsion So has its 

value at I as 

So(X, Y) = [X, Y]O fof X, Y in To(G). 

The (local) affine homogeneous structure T= VO - V should satisfies the equations 

(3･5~(3･9) for S = SO and R = O, which are reduced to (3.14~(3･16). Then, (3.12) and 

(3.13) follow rmmediately from (3.10) and (3.11), respectively. q. e. d 

In conclusion of this section, we have the following ; 

THEOREM 3.3. Let G be a Lie group with the multiplication pO and the identity 

element 1. Any geodesic homogeneous local left loop p at I in projective relation with 

/10 is given by the holnogeneous local left loop constructed in Theorem 2.1 for some Lie 

algebra on the tangent space To(G) of G at 1. 

PROOF. Apply Theorem 3.2 to P･ Then, from (3.14) and (3.15), it follows that 

the bilinear operation T on To(G) gives a Lie algebra ~ = (To(G), [ , l) with the Lie 

bracket 

[X, Y] = T(X, Y). 

Moreover, the equation (3.16) assures the relation (2.1). Let p be the geodesic 

homogeneous local left loop given by Theorem 2.1, associated with this Lie algebra 

~. By Proposition 3.1, the tangent Lie triple algebra {TO(G) ; 

 

 } of // is given 
by 

 = [X, Y]O + 2[X, Y], 

 = - [[X, Y]o, Z] - [[X, Y], Z] 

On the other hand, the equations (3.12) and (3.13) give the tangent Lie triple algebra 

{To(G); 

>, 

>} of p by > = [X, Y]O + 2T(X, Y), 

> = - T([X, Y]o, Z) - T(T(X, Y), Z). 

That is to say, the geodesic homogeneous local left loops /1 and p have the same 

tangent Lle triple algebra. Then, Theorem I .3 implies that they are locally 

isomorphic. Since, in this case, the isomorphism c in Theorem 1.3 is reduced to the 

identity map on the tangent space To(G), the corresponding local isomorphism (as an 

affine transformation) must be equal to the identity map in some neighborhood of 1, 

on which // = p is valid. q.e.d 
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S 4. Final remarks 

Let G be a Lie group with the multiplication //o , and /1 a geodesic homogeneous 

local left loop at the identity which is given by Theorem 2.1, associated with a Lie 

algebra ~ satisfying (2.1). We have shown in Proposition 2.3 that each 1-parameter 

subgroup x(t) = exp tX (t e R) of the Lie group G is also a 1-parameter subgroup of l/, 

that is, the local left loop p is power associative. From a viewpoint of algebraic 

projectivity of homogeneous left loops introduced in Part I ( [14] ), we can conclude 

that //o and /1 are in projective relation too, in algebraic sense, as far as the 

homogeneous system n of p is well-defined, that is ; 

PROPOSITION 4. 1. Set d*y = exp A(X)Yfor x = exp X and y = exp Y Then, 
any operation d* is a (local) automorphism of the Lie group G and, d satisfies the 

followings (cf. Errata for Part I on the last page of this paper) : 

( i ) dly = y, where I denotes the identity of G. 

( ii ) d*(t)x(s) = x(s) for x(t) = exp tX, t e R. 

(iii) d*~(ti = d*(_,). 

(iv) d*dy = dd*yd* for x = exp X, y = exp Y 

PRooF. (i) is clear. (ii) and (iii) are obtained from Lemmas I and 2 in 

S 2. Also, Lemma 3 in S 2 implies 

A(X)A(Y) = A(A(X) Y)A(X), 

which proves (iv) . From Lemma 5 in S 2, it follows that any d* is a local 
automorphism of the group G, i. e., 

(4. I ) d* (yz) = (d.y) (d*z) 

holds for x = exp X, y = exp Y and z = exp Z. q.e.d. 
The main theorem in Part I ( [14] ) asserts that any abstract homogeneous left 

loop (G, u) which is algebraically in projective relation with the group (G, ~o) is 

completely determined by those operations d's which satisfy (4. 1) and the algebraic 

conditions (i~(iv) in [14] , the conditions corresponding to those in Proposition 4.1 

above on whole G. In that case, the multiplication /1 is given by 

p(x, y) = po(x, d*y) 

which is coincident with (2.2) when x = exp X and y = exp Y Thus, we see that 

Theorem 3.3 means the analytic local version of the main theorem in Part I 

An example of global analytic homogeneous left loop on a Lie group which is in 

proJectrve relation with the group has been given in [13] when the Lie group is the 

abelian group R". Further examples of geodesic homogeneous local left loops on 

Lie groups would be presented elsewhere. 
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Errata for Part I 

In the paper "Projectivity of homogeneous left loops on Lie groups I (Algebraic 

Framework), Mem. Fac. Sca., Shimane Univ. 23 (1989)" ([14]); 

p. 19 ~4 "d*x = x" should read "d*~x = x for any posrtrve mteger m" 

p.19 T3 "L* v = d'l d " should read "L* y = ~1 " d~(*,y) d*dy . 

,* u(*,y) y , 
p.21 ~ I "xP+1y y~P" should read "xP+1y x~P". 

p.21 T 16 "dxX X" should read "d~xX = X". 
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