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ABSTRACT. We give a chracterization of all parallel isometric immersions of a
quaternionic space form into a real space form by the extrinsic shape of some kind
of Frenet curves of order 2 which is closely related to the quaternionic Kahler
structure.

1. INTRODUCTION

Let f: M — M be an isometric immersion of a Riemannian manifold M into an
ambient Riemannian manifold M. It is possible in some cases to know the shape of
the submanifold M by examining the extrinsic shape of curves in the submanifold
M.

A smooth curve v = 7(s) in a Riemannian manifold M parametrized by its
arclength s is called a Frenet curve of proper order 2 if there exist a field of or-
thonormal frames {V; = 4,5} along ~ and a positive smooth function k£ = £(s)
satisfying that

(1.1) Vi Vi(s) = k(s)Va(s) and V;Va(s) = —r(s)Vi(s),

where V denotes the covariant differentiation along v with respect to the Rie-
mannian connection V of M. The function x and the orthonormal frame {V},V5}
are called the curvature and the Frenet frame of v, respectively. A Frenet curve of
proper order 2 with constant curvature k(> 0) is called a circle of curvature k. We
regard a geodesic as a circle of null curvature. A curve is said to be a Frenet curve
of order 2 if it is either a geodesic or a Frenet curve of proper order 2.

In their paper [6], K. Nomizu and K. Yano proved that a submanifold M is an

extrinsic sphere of M, namely M is a totally umbilic submanifold with parallel
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mean curvature vector in M , if and only if there exists some positive number k
such that all circles of curvature k£ in M are circles in the ambient space M.
Motivated by this result, the author showed that M is a totally geodesic subman-
ifold of M if and only if there exists some nonconstant positive smooth function
k = k(s) such that all Frenet curves of proper order 2 of curvature xk in M are

Frenet curves of order 2 in the ambient space M ([11]). Moreover, in [5, 12], S.
Maeda and the author considered a class of Frenet curves of order 2 in a Kahler
manifold M which satisfies the condition that the Frenet frame {V;,V3} spans a
holomorphic plane, that is, Vo = JV; or Vo, = —JV; for the complex structure J of
M. By using such a class of curves they characterized all totally geodesic Kahler
immersions of Kahler manifolds into an ambient Kahler manifold and all parallel
isometric immersions of a complex space form into a real space form.

The purpose of the present paper is to provide a characterization of every par-
allel isometric immersion of a quaternionic space form M"(c;H) into a real space
form M*"*P(¢;R) by observing the extrinsic shape of quaternionic Frenet curves in
M"(c;H), which is a particular class of Frenet curves of order 2 closely related to
the quaternionic Kahler structure. That is, we shall prove the following theorem:

Theorem. Let M™ be a quaternionic Kahler manifold of quaternionic dimension
n and f an isometric immersion of M™ into a real space form M*P(¢;R). If
there exists a positive smooth function k satisfying that f maps every quaternionic
Frenet curve v of curvature k in M™ to a plane curve in M*P(¢;R), then the
immersion f is rigid. Moreover, f is a parallel immersion and locally congruent to
one of the following:

(1) f is a totally geodesic immersion of M™ = H" = R into M4"+p(6;R) =
R4 P where é = 0,

(2) f is a totally umbilic immersion of M™ = H" = R into M4"+p(E;R) =
RH**?(¢), where ¢ < 0,

(3) f is a parallel immersion defined by

f=faofi: M" =HP"(c) L5 5507 (n 4 1)e/(2n)) 2 MP(ER),

where f1 1s the first standard minimal immersion, fo is a totally umbilic
immersion and (n+ 1)c/(2n) > ¢.

This theorem is a quaternionic version of the preceding results in [5, 12]. The
accurate definition of a quaternionic Frenet curve will be given in section 2. In
section 3, we review fundamental equations in submanifold theory and the notion
of isotropic immersions. In section 4, we discuss the rigidity of constant isotropic
parallel immersions of a quaternionic space form M"(c;H) into a real space form

Min+p (¢;R). The proof of our theorem will be given in section 5.

Acknowledgement. The author wishes to express his appreciation to Professor S.
Maeda for his constant encouragement and valuable suggestions.



PARALLEL ISOMETRIC IMMERSIONS OF A QUATERNIONIC SPACE FORM 35

2. QUATERNIONIC FRENET CURVES IN QUATERNIONIC KAHLER MANIFOLDS

Let M be a Riemannian manifold of real dimension 4n with Riemannian metric
(, ). A quaternionic Kdhler structure J on M is a rank 3 vector subbundle of the
bundle of endmorphism of the tangent bundle T'M with the following properties.

(1) For each point x € M there exist an open neighborhood U of z in M and
sections Ji, Ja, Js of the restriction J |y over U such that
(a) each J, (r =1,2,3) is an almost Hermitian structure on U, that is,

J?=—id and (J,X,Y)+(X,J.Y)=0

for all vector fields X and Y on U.
(b) JoJri1 = Jrio = —Jrs1d, (rmod 3)  forr=1,23.
(2) The condition that Vx.J is a section of J holds for each vector field X on
M and section J of the bundle J.

This triple {Ji, Ja, J5} is called a canonical local basis of J. For each canonical
local basis of quaternionic Kéahler structure, there exist three 1-forms ¢, g2 and g3
on U satisfying

(2.1) Vxdr = gi2(X) i1 — ¢11(X)Jrs2  (r mod 3)

for each vector field X on U and r = 1,2,3. A Riemannian manifold M of real
dimension 4n with a quaternionic Kahler structure [J is called an n-dimensional
quaternionic Kahler manifold.

We say that an n-dimensional connected quaternionic Kahler manifold M is an
n-dimensional quaternionic space form of quaternionic sectional curvature ¢ (€ R)
if the Riemannian sectional curvature of M is equal to ¢ for all tangent 2-planes
spanned by X € T, M and JX with J € J, at each point x € M. We donote it by
M"™(c;H). The standard model of a quaternionic space form is locally congruent to
one of a quaternionic projective space HP"(c) of quaternionic sectional curvature
¢ (> 0), a quaternionic Euclidean space H™ and a quaternionic hyperbolic space
HH"(c) of quaternionic sectional curvature ¢ (< 0).

Let v = 7(s) be a Frenet curve of proper order 2 in a quaternionic Kéhler
manifold M which satisfies (1.1). For this curve v we put

3
Ty = Z<‘/17Jr‘/2>2

r=1
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Since we have from (1.1) and (2.1)

d

R 22 Vi, L Va) (Vs Vi, L Va) + (VAL (V5 o) Va) + (Vi T (V5 Vo))

r=1

=23 (Vi J,Va) {(Va, J, Va)

r=1

<‘/17 qr‘+2(;}/)Jr+1‘/2 - QT+1<f.}/)Jr+2‘/2> + <‘/1, —HJT‘/i>}

—22%2 (Vi, JVa) (Vi Joga Vi) —22%1 (Vi, JVa) (Vi Josa Vi)

r=1

_07

we see that 7, is constant along 7. We call 7., structure torsion of v (see [1]). Then
it is easy to prove that for the structure torsion 7, of vy satisfying (1.1) the following
two conditions are mutually equivalent:

(1) 7 =1,

(2) there exist a smooth section J of J with J? = —id such that

Va(s) = Jys)Vi(s) for each s.

A Frenet curve v of proper order 2 in a quaternionic Kahler manifold M is said to be
a quaternionic Frenet curve if it satisfies one (hence both) of the conditions above.
A quaternionic Frenet curve of constant curvature k(> 0) is called a quaternionic
circle of curvature k. We regard a geodesic as a quaternionic circle of null curvature.
Thus the notion of quaternionic Frenet curves is a natural extension of that of
quaternionic circles(see [9]).

We note that for an arbitrary unit tangent vector X at any point x of M and
for an arbitrary J € J, with J2 = —id, there exists a unique quaternionic Frenet
curve 7 = 7y(s) defined on some open interval (—¢,¢) C R such that

70) ==z, §(0) =W(0) =X and V5(0) = JX.

3. ISOTROPIC IMMERSIONS

We recall a few fundamental notions in submanifold theory. Let M, M be Rie-
mannian manifolds and f : M — M an isometric immersion. We identify a vector
X of M with a vector f.(X) of M. The Riemannian metrics on M, M are denoted
by the same notation { , ). We denote by V and V the covariant differentiations
of M and M , respectively. Then the formulae of Gauss and Weingarten are

VyY = VY 4+ 0(X,Y),
Vxé = —AcX + Dy,

where o, A¢ and D denote the second fundamental form of f, the shape operator
in the direction of § and the covariant differentiation in the normal bundle, respec-
tively. We define the covariant differentiation V of the second fundamental form o
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with respect to the connection in (tangent bundle) @ (normal bundle) as follows:
(3.1) (Vxo)(Y,Z) = Dx(a(Y, 2)) —o(VxY,Z) — o(Y,VxZ).
If Vo =0, we say that the isometric immersion f is parallel.

A real space form M™(¢;R) is an n-dimensional Riemannian manifold of constant
sectional curvature ¢, which is locally congruent to either a Euclidean space R", a

standard sphere S™(¢) or a real hyperbolic space H"(¢) according as the curvature ¢

is zero, positive or negative. In case that the ambient manifold is a real space form
M™(¢;R), the equations of Gauss, Codazzi and Ricci for an isometric immersion

f:M — M"(¢;R) can be written as follows:
(R(X,Y)Z, W) =c((X, W)Y, Z) — (X, Z){Y,W))

(3.2 T {o(X, W), oY, 2)) — {o(X, Z), o(Y, W),
(33 (Vx0)(V. 2) = (Vyo)(X. 2),
(3.4 (RE(X,Y)C, €) = ([Ac, AJX, Y)

for vector fields X, Y, Z, W of M and normal vector fields (, &, where R, R repre-
sent the curvature tensors for V, D respectively.
For a unit vector X € T,M, o(X,X) is called the normal curvature vector

determined by X € T,M. An isometric immersion f : M — M is said to
be (\;-)isotropic at © € M if there exists a nonnegative constant A, such that
lloe(X, X)|| = A\ for every unit tangent vector X € T, M. If there exists a non-
negative constant A satisfying that ||o.(X, X)|| = A for every point z € M and
for every unit tangent vector X € T, M, then f : M — M is called a constant
(A-)isotropic immersion.

The first normal space at the point z of M is defined as the subspace N} (M) of
N, M spanned by the image of the second fundamental form at x, that is,

NI (M) = Spang{c(X,Y); X,Y € T,M} C N, M.

If the dimension of the first normal space does not depend on x € M, then the first
normal space
N ) = | N
xeM
is a subbundle of the normal bundle N M.
The discriminant A, at x € M is defined by

A, = K(X,Y) = K(X,Y),
where K(X,Y) (resp. K(X,Y)) represents the sectional curvature of the plane

—~

spanned by orthonormal vectors X,Y € T, M for M (resp. for M).
The following two lemmas are due to B. O'Neill ([7]):

Lemma 1. Let M, M be Riemannian manifolds and f : M — M an isometric
immersion. Then the following are mutually equivalent.

(1) f is A\y-isotropic at x € M for some \,(> 0).

(2) (o(X,X),0(X,Y)) =0 for an arbitrary orthogonal pair X,Y € T, M.
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(3) (0(X,Y),0(Z,W)) +(0(X, Z),a(W,Y)) + (o(X,W),0(Y, Z))
= N2((X,Y)(Z, W) + (X, Z) (W, Y) + (X, W)(Y, Z))
for some A\.(>0) and for any vectors X, Y, Z. W € T, M.

Lemma 2. Let f be an isometric immersion of M into M. Suppose that f is

Az (> 0)-isotropic at each point x of M and the discriminant A, at v € M is
constant. Then we have

n+2

——— A2 <A, <N

2(n—1) " °

Moreover,
(1) A, =\2 < [ is umbilic at v € M <= dim N}(M) =1,

2
(2) A, = —2(7;——’__1))\33 < f is minimal at v € M <= dim N}(M) =
n(n+1)
—2 b
n+2 ) _ L ~n(n+1)
(3) 2(n_l)/\m<AgE</\I — dim N (M) = 5

We note that these lemmas are obtained by quite algebraic argument on the
linear mapping of T, M into Ty M.

4. THE RIGIDITY OF CONSTANT ISOTROPIC PARALLEL IMMERSIONS OF A
QUATERNIONIC SPACE FORM INTO A REAL SPACE FORM

We have the following Lemma ([3, 4, 10]):

Lemma 3. Let M be a quaternionic n-dimensional connected quaternionic Kdaher
manifold with canonical local basis {Jy, Jo, J3} which is isometrically immersed into

a real space form M‘lnﬂ’(E;R) through an immersion f. Then the following two
conditions are equivalent:

(1) The isometric immersion f is parallel.

(2) o(J, X, J.Y)=0(X,Y) for all XY € TM andr =1,2,3.
Now, we shall prove the following proposition:

Proposition 1. Let M be a connected open submanifold of an n-dimentional
quaternionic space form M"(c;H) of constant quaternionic sectional curvature ¢
and f a constant (A\-)isotropic parallel immersion of M into a real space form

M**P(¢;R) of constant sectional curvature ¢. Then the immersion f is locally
rigid.

Proof. The rigidity of totally umbilic submanifolds of a real space form M*"*7(¢;R)
is well-known. Hence we may assume that f is not totally umbilic. Moreover, we
have only to study in case that M is a connected open dense subset of M"(c;H)
which has no umbilic point because of continuity. We denote by o the second

fundamental form of f. Since the immersion f is parallel, the first normal space
NY(M) is invariant under parallel translation with respect to the connection in
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the normal bundle and the dimension of N'(M) is constant on M. In fact, let x
and y be arbitrary two points of M. Let v be a curve from z to y in M. Take
an orthonormal basis { X7, ..., X4, } for T, M and parallel translate this frame to
y along v with respect to the Riemannian connection V of M. Thus we have
orthonormal frame field parallel along 7, which is denoted by {Y7,...,Ys,}. Then

o(Y;,Y;) is parallel along v with respect to the normal connection D, because

Di(0(Y,Yy) = (V30) (Y Yy) + 0(V5Yi, V) + o(Y;, V3Y;) = 0.

Noting that the set {o(Yi(y),Y;(y)); i,j = 1,...,4n} spans N, (M), we see that
the parallel translation along any v from x to y with respect to D gives a linear
isomorphism of N, (M) to N, (M). Therefore the dimension of N*(M) is constant

and N'(M) is invariant under parallel translation. By celebrated Theorem of J.
Erbacher [2], we may assume that the first normal space N!(M) coinsides with the
normal space at any point x € M.

Let R denote the curvature tensor of M. From the equation of Gauss (3.2) and
Lemma 1(3) we have

3o(X,Y),0(Z,W))
=(R(Z, X)Y, W)+ (R(Z,Y)X,W)
— A2X, YW Z, W) —(Z, Y WX, W) —(Z, X){Y, W)}
£ YIZ WY + (X, Z) 00, Y) + (X, W)Y, 7))

(4.1)

for all vector fields X, Y, Z and W tangent to M. On the other hand, the curvature
tensor R of M is given by

C

R(X,Y)Z = 4{(3/, X — (X, 2)Y

(4.2) ’
D (BY, 20X = (X Z)0Y + 2X, 1Y), Z) |

r=1

for all vector fields X, Y and Z tangent to M, where {.J;, Jo, J3} denotes the canon-
ical local basis of quaternionic Kéhler structure of M C M"(c;H). The equations
(4.1) and (4.2) yield the following:

(o(X,Y),0(Z,W))
_ 1 r2(S-a) vz w

3 4
(4.3) + % {A2 - (2 - ) } (X, Z)(W,Y) + (X, W)Y, Z)}
+ 2D X ZNWLY ) + (X W)LY, Z))

r=1

for all vector fields X, Y, Z and W tangent to M.
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Now we investigate the first normal space N} (M) at the point z € M. We choose
an orthonormal basis

{e1, ..., en,eni1 = J1€1, ..., €2, = Jiep,
€ont1 = Ja€1, ..., e3n = Joen, €3n11 = J3€1, ..., €4y = J3€}
of T, M. As our immersion f is parallel, Lemma 3 implies that the 2n? — n vectors
o(ex, ex) for k=1,...,n,
(4.4) o(e;, e;) for1<i<j<n
and  o(e;, €rnyj) forl<i<j<n,r=1,23

span the first normal space N} (M). The equaion (4.3) yeilds the following orthog-
onal relations:

9 e =525} 2= -9}
(4.6) (o(e;,e;), oleg,e)) =0

(4.7) (o(e,e;), o(eg,ermar)) =0
for 1=1,....n, 1<k<li<n,r=123.

C

(4.8) (o(ex, e;), oler ) = % v = (§-2) ) bu

for 1<i<j<n, 1<k<l<n.

(4.9) (o(eise)), olek,emsr)) =0
for 1<i<ji<n, 1<k<i<n, r=123.

(4.10) (o(€s, €rntj)s O(€k,Esntr)) = % {)\2 — (E — é) } OikOrn-ti sntl
for 1<i<j<n, 1<k<i<n,rs=1,23.
It follows from (4.2) that we have
(R(es,ej)ej,e;) = 2 for 1<i<j<n,
so that
(4.11) A=A, =
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at © € M. Hence we may apply Lemma 2 to the linear subspace of T, M which is
generated by {ej, ..., e,} because A > 0. Suppose that A = 2 — ¢ = A2 Then the

equations (4.5), (4.8) and (4.10) reduce to
(o(eisei), alej ef)) = A2 for i,7=1,....n
and
<U<€i7 ej)7 U(GkJ 61)> = <0(ei7€Tn+j>7 U(ek768n+l>> =0
for 1<i1<jij<n, 1<k<i<n, rs=1,23.
Hence we have
o(ei, ;) = A for i=1,...,n
and
o(e,ej) =o0(ei,emy;) =0 for 1<i<j<n, r=1,23,
where £ is a unit normal vector of M in M ntr(¢:R). These equalities imply

that the immersion f : M — M ntp(¢:R) is totally umbilic. Thus we have a
contradiction. Hence we have

(4.12) A2 (2 - 5) £0

. S . . n+2 5
and our discussion is divided into the following two cases: (A) A = —m :

n J——
n+2
B) ———— A2 <A<\
B) 2(n—1)
First, we investigate the case (B). In this case, by Lemma 2, we have
1
dim Spang{c (e, ;) }ij=1...n = @

This, combined with (4.5), ..., (4.10) and (4.12), means that the 2n? — n vectors

(4.4) form a basis of the normal space at each point z of M in M*"+P(¢; R). Besides,
we have by Lemma 3

4n n
Z o(eq,eq) =4 Z o(ei,e;) # 0,
a=1 i=1

so we find the immersion f : M — M*P(¢;R) is not minimal. Let us use the
Gram-Schmidt orthonormalization for the linearly indpendent system of vectors
{o(e;,€;)}iz1,. n in order to obtain an orthonormal basis of the first normal space
at each point of M. We denote by 0 (0 < § < 7) the angle between the normal
curvature vectors o(e;, e;) and o(ej, e;) (i # j), so that by (4.5)

(4.13) (o(ei ei), ole;,e;)) = % {)\2 +2 (Z - c)} — A2 cos .

The angle 6 dose not depend on the choice of i,j (i # j) and x € M, because the
immersion f is constant isotropic. Put

AL
AL A

f1=0(61,61), €1 = 0(61,61)
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and
k—1 f
(4.14) fr=o0(ex,ex) — Y (olex, er), ejej, e = i
= 1/
for 2 < k < n. Then, by induction we can verify
cos 6
fe=olex,ex) — Z (e e,
+ (k — 2) cosf
(4.15)
1fel2 = A2(1 —cosO){1 + (k — 1) cos 0}
S 1+ (k—2)cosf
and hence
e~—l 1+ (k—2)cosb
AV (1 —cos@){14 (k—1)cosh}
(4.16)

k—1
cos
x {U(ek7€k>_ 1+ (k—2) COSQZU e, € }

2

for kK =1,...,n. On the other hand, since - —¢ = %(3 cosf — 1) from (4.13),

we get

c
4
Jo(ew ) = llo(es, )| = 2-0—50)
by (4.8) and (4.10). Therefore relations (4.5), ..., (4.10) show that the vectors
V2 V2
i ma(ei,ej) and ma(ei,emﬂ-)

for k=1,...,n, 1 <i<j<n, r=1,2 3 form an orthonormal system.
Now, using above vectors, we choose a local field of orthonormal frames

I”

2
€1, .. Ean, €1y...,65 (p=2n"—n)

in M*P(¢;R) in such a way that, restricted to M, ey, ..., en, €py1 = Ji€1, ...,

ean = J1€n, €ony1 = Jae1, ..., €3, = Joey, €3541 = J3€1, ..., €4y = J3€, are tan-

gent to M, e, ..., e are defined by (4.16), and e37

Toeees
V2

4.17 e = ———==20(6;,¢,

(4.17) @) A\y/1 —cos@ (e, €;)

V2 ( )
e, —— = ———=uo0(e,emj
@rntd) A1 —cos@ 7

where we set

ep are defined by

for1 <i<j<n,

(4.18) for1<i<j<n,r=12,3,

(i.9) =i+ 50— i) 20+ 1= (=)}
and

1(j—z‘){2n+1—(j—z)}+gn(n—1)

(z’,rn—l—j):i—l—z
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fore< g, r=1,23.
We shall compute connection forms of the normal bundle to see the rigidity. We
use the following convention on the ranges of indices unless otherwise stated:

AB,C=1,....4n,1,...,p (p=2n*—n); i, klmq=1,...,n
a,be,d=1,...,4n; «a,B=1,....p: rst=1723.
With respect to the frame field of MAntp (¢;R) chosen as above, let

’

1 dn | 1 D _ 9,2
wLwhw WP (p=2nT —n)

be the field of dual frames. Then the structure equations of M4+?(¢;R) are given

by
— Z wé Aw?,
wi +wh =0,
dwiy = —Zwé Aw§ 4+ Ew? AWB.
Restricting these forms to M, we have the structure equations of the immersion:
w* =0,

Z habw

hba?

= —Zwb /\u)b7

wi+wd =0,
= Wi AW+
1

=3 ZRZ‘deC Aw?,

Ryq = € (0¢0ba — 630be) + Z hachba — Paahe)-
The second fundamental form o can be described as

o(eq,ep) Z hopea
= Z habekz Z h(l - l m) + Z Z h . Tn+m (l rn+m)

I<m r o l<m

(4.19)

The equation (3.1) has the representation

(4.20) D hGwt =dhiy =Y hows — > hGwt+ Y hhws.

Then we have

(4.21) abe = Nach-
Furthermore, the following relations hold:

(4.22) anﬂ' = —wj"* = wvi"nJrk?
(1.23) e = ot
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(4.24) W EITE — ok — MR mod 3),

rn+1 )

where ¢, are the 1-forms given in (2.1),

r+1)n-+k r1)ni n
(4.25) winii) = w£n+k) = —w(rjlk)nH (r mod 3).

In fact, we have
— a _ k sn+k
(426> ve?“”-H - § Wrn+iCa = § Wrn+iCk + § :wrnJr'L Csn+k-
a k s

On the other hand, by using (2.1) we see
V(JTei) = (VJ,«) e; + JTVei

= Qry2Jdr+16i — Q1426 + Iy (Z wfea)

a

= Gr42€(r+1)n+i — Gr+1€(r4+2)n+i

+ Z waTek + Z w;"%J,,eerk
k k
r+1)n+k r+2)n+k
+ Z wl( ot Jre(r—i-l)n-i—k + Z wi( 2t Jre(’r—f—Z)n—i—k
k k

= r+2€(r+1)n+i — Gr+1€(r4-2)n+i

k rn+k
+ g W; Crn+k — E w; €L

k
r+1 n+k (r+2)n
+ E E(r4+2)n+k — E w; €(r+1)n+k

(r+2)n+k
+ Z (%’+26k 2t ) E(r+1)n+k

+ Z ( QT+15k (T+1)n+k) E(r+2)n+k (T mod 3)
k

(4.27)

Thus the relations (4.22), (4.23) and (4.24) are derived from (4.26) and (4.27). The
relation (4.25) follows from (4.22) and (4.24).
We here determine all A%;. Thanks to Lemma 3, we have

o(Jre;, Jre;) = (e, e;),

o(ei, J,,ej) = _U<Jr€i7 6]'),
o(Jrei, Jr1€5) = —o(e;, JrJraej) = —o(e, Jryae;) (1 mod 3),
that is,
(428) h?n-‘rz ,rn+j h% ’
(429) hzarnJrj hffn-ﬁ-%ﬂ ?
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(430> hgn—i—z (r+D)n+j — ha J(r+2)n+j (T mod 3)
For 4,7 (i < j) we see from (4.6), (4.16)

W = (olen e5), €)= 0.
Using (4.14) and (4.15), we have

. B (1 —cosB){1+ (k—1)cosf}
hix = (o(er, ex), ep) = [ fell = )‘\/ 1+ (k—2)cosb

For i,k with i > k, by (4.13) and (4.15)
iy = (o (e e), )

1 cos@
:—0’61'761',0—676 0676
!|ka< (s €1), oler, ex) — COS&; s €l
1 ) (k:—l))\2cos 0
= A {A O30~ 2) cont

AV @ =cosO{1+ (k—1)cosf} | 1+ (k—2)cosb

AcosBv/1 — cosb
\/{1+ —1)cos0}{1 + (k — 2) cos O}

_1\/( 1+ (k- 2)cosf {)\20089(1—0059)}

Hence we get

\ (1 —cosO){1+ (k—1)cosf} for k—i— ]
1+ (k—2)cosf
(4.31) hfj = Acos 0+/1 — cosf .
for k <1 =7,
V{1+ (k—1)cos 01+ (k —2)cosf}
L 0 otherwise.

Similar computation gives the following:

;

A1 — cosf
N %555;” fori < 7,1 <m,
(Lm) _
w fori =7, 1 <m,
(
. Lﬁcow sl for i < j, 1< m,
l,sn+m
(4.33) hibertm) =
0 forv =7, 1 <m,

45
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—_—

(4.34) R =0 fori < 4, 1 <m,
(4.35) hE s = h§’;;jﬂ =0 fori<gj, l<m.

Since our immersion f is parallel and the angle 6 is constant on M, the equation

(4.20) reduces to
Zhﬁbwﬁ = Zh Wy —i—Zthw

that is,
Zh wﬁ thq wj + th tn+q% ;n+q
(4.36) t
+ Z hqj i T Z htn—i—q] @n+qa

> bl wh = Z hewt L+ Z B

(4.37) 7 .
+ Z hq sn+J ) + Z htn+q sn+] zn q7

D Mnian 8 = Z R - Z B s

(4.38) 7

z : z : tn+q
+ hqsn—i—g Tn+z+ htn—i—qsn—i—j 41

By using (4.22), (4.23), (4.24), (4.25), (4.28), (4.29), (4.30) we can find that it is
sufficient to investigate (4.36) for ¢ < j and (4.37) for ¢ < j. First we consider the
case that @ = &k and i < j in (4.36). For the left-hand side, we see from (4.31),
(4.32), (4.34)

Zh wh = Zh “q +Zhlm o 2 pl it

(Litn+m)

A1 —cosO ... &
Z 00} Wi

)\\/ 1 —cost j;
For the right-hand side, by (4.29), (4.31) and (4.35) we have

Zh’q “i +thtn+q §n+q+tha Wi +thn+qj fnJrq
_Zh’q J+thj Wi

k i k
—hmw] —i—h” :
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(0 fori<j<kork<i<j,

AcosBv1 — cosf j for i < k < j

V{14 (k—1)cos0}H{1 + (k —2)(3059}%

\ (1 —cosf){1+ (k—1)cosb}
- 14 (k—2)cosb

B Acos /1 — cost o for b —i<
V{l+ (k—1)cos0}H1+ (k—2)cos6} ) ~’ &
(1 —cos@){1+ (k—1)cosb} o
A K fi =k.
| \/ 1+ (k—2)cosb “ ort=J
Hence, we obtain
(4.39) w%j/):o for k<i<j or i<j<k,
(4.40)  wF_ = V2050 W for i<k<j,
@) {1+ (k — 1) cos0}{1 + (k — 2) cos 6}
i 2{1+ (k—2)cosf} ,
4.41 P = ; f
(441) Y \/ 1+ (k—1)cos® “i or k<
P 2{1+ (k—1)cosf} ,
4.42 k= § f k.
(442) “im \/ 1+ (k—2)cosf i or s

If =k and 4 = j in (4.36), from (4.31), (4.32), (4.34) the left-hand side becomes

Zh %—Zhiw%Zh””) ks Z R N

q (l m) (, tn+m)
= Z hfzwg + hZ wg + Z hiiwg
q<i q>i
AcosBv/1 — cosf

&
ST

:Z V{1 + (¢ —1)cos {1+ (g — 2) cos 6}

q<i
L (1-— cos@){.l + (i—1)cosb} F
14+ (i—2)cosb :

The right-hand side is

2 Z hEw? 42 Z BE gl =2 > hE ! + 2hEwi = 0.
q#i
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It follows that

Qo

cos 0
Z\/{l—i—(q— 1)cosO}H1 + (q—2)cos€}w

(4.43) =
N 1+(i—1)cos€w,;_0
1+ (i—2)cosh ¢+

Particularly, if k = 1,

(4.44) Z cos

a<k V{14 (g—1)cos0}H1+ (¢ —2) cos} wg; = 0.

LSS

—_—

Similarly, settting a = (k,l) and (k,rn +1) in (4.36), we can get the following
relations:

(4.45) w%) =0 for i<j, k<I,
(4.46) wg’% = W for i <j<I,
(4.47) wg%? = wF for ¢,k <,
(4.48) w((:% =w! for i < j,1,
(4.49) WED for k<i<j,

—_—

(k)

cos 0
Z\/{l + (¢ —1)cosO}H1 + (¢ — 2) cos 0} “a

(4.50) - =
1+ (i—1)cosO Gy
+\/1+(z’—2)0086wz =0
cosf 0
> Wi
s q<z.\/{1+(q—l)cos@}{l+(q—2)cos€}
4.51
1+ (i—1)cost Gy I :
+¢Hw_mmwﬁ—“%i for i<l
Z cos 6 D)
Wx
s2) q<i\/{1+(q—1)cos€}{1+(q—2)cos€} 1
4.52

14+ (i—1)cost Gp K :
2 = 2w, f k <
_+¢1+@—2n%9% Vaul for k<
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—_—

(4.53) wg“i)"*” =0 for i< j, k<l
i.j
(4.54) w(i?i%”“’ — W) for i< j<I,
2,7
(4.55) w%’i?i)”“) = for ik < j,
“J
4.56 WD =yt for + < 73,1
( - Ji 1
(i.5) J
(4.57) w(@’gnﬂ) = —wtF for k<i<j,
i.j
Z cosf w{’f?;l)
o V{l+(¢g—1)cos0H1+ (¢ —2)cosf}
(4.59)
1+ (i—1)cosf s
4 + (2 ) cos LRt _ 0,
1+ (i—2)cosf ¢
Z cos f wgl’/r—;:l)
v V{1+(g—1)cos0{1+ (g —2)cosf}
(4.60)
I+(@-1 0 (Grnt .
n + (@ ) cos LD _ \/iwzmﬂ for i <1,
14+ (i —2)cosf *
Z cos 0/ w(ﬁ;ﬁij)
s V{l+(g—1)cos0H1+ (g —2)cosf}
(4.61)

1+(G—1 ot
L A= Deost sy _ _ s W for k<,
1+ (i—2)cosf ¢

where different indices indicate different numbers. We also obtain the following by

~—— o~

putting o = k and (k,rn + 1) in (4.37) (if & = (k, 1), we get nothing but the same
relations as above):

(4.62) w@m)zo for k<i<j or i<j<k,
_ 2 cos 0 .
(4.63) W' — = v2cos w7 for i<k <j,
(@rntd) {14 (k — 1) cos 0}{1 + (k — 2) cos 0}
P 2{1+ (k —2)cos b} ; :
4. 4 k/—\/ = — rn+j f k,
(4.64) ) \/ 1+ (k—1)cosf “h o s
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- 2{1+ (k—1)cosf} .
4.65 o = etk for i <k,
(4.65) “ i) \/ 1+ (k—2)cost “i ot
(4.66) Wkt _ for i< j, k<l,
(i,rn+j)
(4.67) WD — ) for i <j <l
(4,rn+j5)
(4.68) Wt - wr for i,k < j,
(4,rn+j)
4.69 w(i’/;;:l) = w! for i < j,1,
(4.69) (irntg) 7 /
(4.70) w(@i) = —uwF for k<1i<yj,
(irn-+7) !
(4.71) wéﬂ%l,))nﬂ) =0 (r mod 3) for i <j, k<l
i,rn+j
(4.72) WD) 2t 6d 3) for i <j <I,
(¢,rn+j) '
(4.73) kntd) _ 2tk (r mod 3) for i,k < j,
(irntj) '
(4.74) wiﬁr\i;,))"ﬂ) = —w§r+2)n+l (r mod 3) for i < j,1,
i,rn+j
(4.75) w((%))nﬂ) = cuj(-TH)nHC (r mod 3) for k <i<j,
(4.76) wng(ﬁf))nﬂ ) = wx;?"“ — WM (r mod 3) for i < j,
i,rn+j

where different indices also indicate different numbers.
We can see that both of (4.43) and (4.44) are equivalent to

= 0.

T

(4.77) w

Indeed, evidently (4.77) implies (4.43) and (4.44). Conversely, put i = k — 1 in
(4.43):

Z cos 0 4 1—1—(/76—2)c089w,~g 0
V{1+(g—1)cos0 {1+ (q—2)cosf} 1+ (k—3)cosf k-1 '

q<k—1
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On the other hand, owing to (4.44) we have

Z cos 6 wf“
q<k—1 \/{1 + (¢ —1)cos0}{1 + (¢ — 2) cos 0} 1
cos 6 P

V{14 (k—2)cos0}{1+ (k — 3) cos 0} Wi

These relations give

1+ (k—2)cost cos 6 ,;
1+ (k—3)cosf V{l+ (k—2)cos0}H1+ (k— 3)cosf}
_ 1+(k—3)cos€wév
1+ (k—2)cosf k-1
so that
w%jl:O
and

LSt
I
)

cos 6
Z V{l+(¢g—1)cosO}H{1+ (q—2)cos€}w

q<k—1

Thus, inductively we have wl@ =0(<k).

Besides, we can derive (4.50), (4.51), (4.52), (4.59), (4.60), (4.61) from the other
relations. For instance, we see (4.61) is valid as follows. From (4.62), (4.63), (4.64),
(4.65) the left-hand side is equal to

cos 6 Vet
Z V{l+(g—1)cos0H1+ (g —2)cosf}

q<k

cost (k,rn+i)
\/{1 + (k—1)cos0}H{1 + (k—2)cosb}

cos ¢ (k,rn+1)
+ o
k<Zq<i V{1+ (g —1)cos0{1+ (g —2)cosf}

1+ (i — .
X + (Z 1) cos 0 wSk,rn—H)
1+ (i —2)cosb




52 H. TANABE

_ cos 2{1+ —2) cos&}wmﬂ
VAL + (k= 1) cos 0}{1 + (k — 2) cos 0} k—1)cosf ~F

cos
+ Z V{1+(g—1)cos0H1 + (¢ — 2) cos 0}

k<g<i

2cos i
V{l+(g—1) cos@}{1+(q— 2) cos} g
N 14 (i—1)cosd 2{1+ (i —1)cosO} ..,
1+ (i —2)cosb 1+ (i —2)cosb “k
B V2 cosf Z V2 cos?0
14+ (k—1)cosf {1—1— (g—1)cos0}{1+ (q¢g—2)cosb}

. \/5{1 ‘l’ (Z - 1) COoS 9}} rn-+i

1+ (i —2)cosb k
B V2cos @ B Z V2 cosf B V2 cosf
)1+ (k—1)cosh 1+ (¢g—2)cosf 1+ (q—1)cosb

f{l—i—(z—l)cose}} i

1+ (i—2)cosf i

14 (i —2)cosd 14 (i —2)cosd F
= —V2uwm

This becomes —v/2w!™* by (4.22).

The relations (4.39), ..., (4.42), (4.45), ..., (4.49), (4.53), ..., (4.58), (4.62), .
(4.77) mean that all connection forms of the normal bundle N M in M4ntp (C,R)
(p = 2n%—n) are uniquely determined by connection forms of M. Hence, according
to the fundamental theorem of submanifolds, we conclude that our immersion f :
M — M**P(¢;R) is rigid in case of (B).

Next, we study the case (A). By the same argument as in the case (B), we can
see the immersion f is rigid. Thanks to Lemma 2, we have

:{ V2cosh _\/5{1—#(@'—1)0050}}&}7,”%

n(n+ 1) .

dim Spang{o(e;, €;)}ij=1,..n = — b

so that the orthgonal relations (4.5), ..., (4.10) with (4.12) imply that the 2n*—n—1
vectors o(eg,ex) (K =1,...,n—1), ole;,e;) (1 <i<j<n), oeemntj) (1 <
i <j<mn, r=1,23) form a basis of the normal space at each point x of M in
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M*+7(z:R). Lemma 2 (2) and Lemma 3 give

4n n
Z o(eq,eq) =4 Z o(ei,e;) =0,
a=1 i=1
that is, the immersion f: M — MAn+p (¢;R) is minimal. Since
A = c_ = _n——i—Q 2
4 2(n — 1)
we have
2(n—1) (5 . f)
A= 4
n+ 2
and from (4.13)
-1
cosf =
n—1

for the angle 6 (0 < § < m) between the vectors o(e;, ;) and o(ej, e;) (i # j). We
find that 2n? —n — 1 vectors

nto k—1
- (n—k+1)o(ex, ex) + o(ey, el)} ,
Qn(n—k;)(n—k:Jrl)(é—Z){ ’ lZ:;

2 2
Lca(ei,ej) and nt e 0(€i, €rnty)
n(e-3) n(e-3)
for k=1,...n—1,1<i<j <n,r=123 form an orthonormal system.
Choose a local field of orthonormal frames

€Ly ey Cany €155 €y € = Ergy oy €5 = € (p=2n*—n—1)
in M4n+p(6 ;R) such that, restricted to M, ey, ..., ey, are tangent to M, and
k-1
n+ 2
e = o~ (n—k+1)o(e, ex) + Za(el, )
2n(n —k)(n —k+1) (5 — Z) =1
fork=1,...,n—1,
= for1 <i<j<nmn,
2
v = nt c o(ei, erntj) forl1<i<j<n,r=123,
i,rn+j n (6 o _)
4
where

(.4) =i+ 30 =) {2n+1-( -9} ~1
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and )
(i,rn—l—j):i+§(j—z'){2n—|—1—(j—i)}+gn(n—1)—1
fori < g, r=1,2,3. Let

wh oWt WP (p=2n —n—1)

be the field of dual frames with respect to this frame field of M4™+? (¢;R). Then,
noting the range of o, we have from (4.19)
(

C

2n(n — k) <6— Z)
(n+2)(n—Fk+1)

k __
hij_ 2n <é—£>

for1<k=i=75<1-—n,

4

for 1<k<i=j<
m+2)n—kn—k+1) oS TIEm

0 otherwise,

c
n(e-3)
s —4555”‘ for1<i<j<n, 1<l<m<n,
hijvm: n+ 2 J
\0 for1<i=j53<n,1<l<m<n,
REE
n(é—-
4 | $sn+m
51'57‘71—1—]'
(Lsn+m) n+2
Rignts = forl<i<j<n,1<l<m<n, rs=123,
w for1<i=j<n,1<l<m<n, rs=1,23,
hg’T”J“m):O for1<i<j<n,1<l<m<n, r=1,23,
BE = hm =0 for1<i<j<n 1<l<m<mn, r=1,23

Hence, by using (4.36) and (4.38) we obtain
w%jv.)zo for 1<k<i<j<n or 1<i<j<k<n-—1,

whoo = — V2 w! for 1 <i<k<j<n,
(@.9) Vin—k)(n—k+1)

(k) n—=k J



PARALLEL ISOMETRIC IMMERSIONS OF A QUATERNIONIC SPACE FORM 55

1 N Ul B 3
D P T E A A s R

for 1<i,k<n-—1,

1 ~
(4.79) wh =0 for 1<k<n-—1,
qg;\/(n—q)(n—qﬂ%) !
w%;%):() for 1<i<j<n, 1<k<l<n,
1747
wdh) = ] for 1<i<j<l<n,
(4,9)
w%’i’%):wf for 1<i,k<j<n,
7]
WD — for 1<i<g,l<n,
(i) J
w(fii):w’? for 1<k<i<j<n,
(i,3) J
JED T D)
4.80 2= ————— w7 =0
(450 gx/n—q n—g+1) ! n—t+1

for 1<k<li<n, 1<i<n-—1,

1 (i) n—i i) I
G _ " LB — /9
(4.81) Z\/<n_q)(n_q+1>wq Vi N,

for 1 <i<l<n,

(i) _ [ M kD) _ ok
(4.82) Z\/n_q n_q+1)wq Vi V2w

q<t

for 1<k<i<n-—1,

E’”)”*” 0 for 1<i<j<m, 1<k<l<n,
7‘7
w(gi%n-i-l) — w;‘n—f—l for 1 <i <j <1 <n,
17.7
w&l_canrj) — vtk for 1<ik< j<n,

(i:d) ‘
wé?’r,)nﬂ) = w;”H for 1 <1< g,l<n,
Z’]
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(4.83)

(4.84)

(4.85)

H. TANABE

w%,%nﬂ') _ _w;;n+k: for 1<k<i<j<n,
17]

w((f'n‘“)wrj) _ w;jnﬂ' — "t for 1 <4<y <n,
7’7]

1 wgﬂﬁil)_ / n—l wgkﬁ:l):()
q<i\/(”_Q)(”—Q+1) ! n—i+1"

for 1<k<i<n, 1<i1<n-1,

1 (irntl) =1  (irntl) NoPias
W’ — | ——w = —V2u;
By ey i M et

for 1 <i<l<n,

1 (krnti) [ n—1  (krnti) Tk
W — ) —w: Z\/iwim
;\/(n—q)(n—wl) ! n—it+1

for 1<k<i<n-—1,

wf,/?)zo for 1<k<i<j<n or 1<i<j<k<n-—1,
i,rn+j

wl?:N _ V2 rn+j

(irn+3) Vin—k)n—-k+1) "

z 2ln—k+1 :
wh :—\/uwznﬂ for 1<k<j<n,
(kyrn44) n—k

k _ 2(” — k) rn+k
W~ = _—  w:
(i,rn+k) n—k+1 "

w(@” =0

for 1<i<k<j<n,

for 1<i1<k<n-—1,

for 1<i<j<n, 1<k<l<n,

(i,rn+7)
Ty iAas for 1<i<j<i<n,
(3,rn+y5)
w(k’lfij):wf for 1<ik<j<n,
(i,rn+7)
WD for 1<i<j,l<n,
(i,rn+j) J
Wkt k for 1<k<i<j<n,
(3,rn+7) J
w(((“’(rill))"ﬂ) =0 (r mod 3) for 1<i<j<n, 1<k<l<n,
i,rn+j
w((ﬁ(I?))”H) = WM (r mod 3) for 1<i<j<i<n,
i,rn+j
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w((iégr?ﬂ) = —wfrﬁ)"% (r mod 3) for 1<ik<j<n,

w((;%-ﬁ-l) = —w§r+2)n+l (r mod 3) for 1<i<jl<n,

w((;;(;ni'))/nﬂ) = w](-r+2)n+k (r mod 3) for 1<k<i<j<n,
w((i’yi??ﬂ) = wﬁi?nﬂ — wi(Hz)nH (r mod 3) for 1<i<j<n,

where different indices also indicate different numbers and r = 1,2,3. Relations
(4.78) and (4.79) are equivalent to

wl@:O for 1<k, l<n-—1.

Relations (4.80), ..., (4.85) follow from the others. Consequently, the immersion
f is rigid in case of (A). O

5. PROOF OF THEOREM

First, we recall the notion of plane curves. A curve v = 7(s) in a Riemannian
manifold M is said to be a plane curve if the curve v is locally contained in some
real 2-dimensional totally geodesic submanifold of M. As a matter of course, every
plane curve with positive curvature is a Frenet curve of proper order 2. But in
general, the converse does not hold. In case that the space M is a real space form
M™(¢;R) of constant sectional curvature ¢, a curve v is a Frenet curve of proper
order 2 if and only if the curve 7 is a plane curve with positive curvature. In fact,
let x be an arbitrary point of M™(¢;R) and X,Y an orthonormal pair of vectors
in T,M"(¢;R). Let v = 7(s) be a Frenet curve of proper order 2 with curvature

—_—

k(s) in M"(¢;R) satisfying the Frenet formulas (1.1) with initial condition
(5.1) v(0) =2z, 4(0)=X and V4(0)=Y.

Then there exists a 2-dimensional totally geodesic submanifold M?(¢;R) passing
through the point x of M™(¢;R) with T,M?(¢;R) = Spang{X,Y}. We consider
the curve y; = 7(s) in M?(¢; R) satisfying the same differential equations (1.1) and
the initial condition (5.1). By the uniqueness of solution for a system of ordinary
differential equations, we have v1(s) = v(s) (s € (—¢,¢)) for some € > 0. Thus v
is a plane curve. N

We shall now prove Theorem. We denote by V and V the covariant differentia-
tions of M™ and M*"*P(¢;R), respectively. Let x be an arbitrary point of M™, X

an arbitrary unit vector in 7, M™ and .J an arbitrary element of 7, with J? = —id.
We consider a quaternionic Frenet curve v = 7(s) (s € (—¢,¢)) in M™ satisfying
(5.2) Vii(s) = k(s)V(s),  V5V(s) = —r(s)¥(s)

and the initial condition

v(0)=2z, #(0)=X and V(0)=JX.
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Since the curve f o~ is a plane curve in MAntp (¢;R) by assumption, there exist a
(nonnegative) function & = R(s) and a field of unit vectors V' = V(s) along f o~y
in M**P(¢;R) which satisfy

(5-3) Vid(s) = R(s)V(s), V5V (s) = =R(s)(s).

Then by the formula of Gauss we have

(5.4) RV = kV +0(3,%),
so that
(5.5) R2= w2+ o (3, 9117

We here note that the function & is positive because x > 0.
Now we shall compute the covariant differentiation of (5.4): For the left-hand
side, by use of (5.3) and (5.4) we see

Vi (RV) = &V + &V, V
(5.6) i o N
=~ {xV +0o(3, %)} = &%
For the right-hand side, by the formulae of Gauss and Weingarten we obtain
Vi ARV +a(4,9)}
= &V 4+ 6V3V = Aoi5)7 + Dy(0 (7, 7))
=RV + w{V5V +0(1, V) = Aoy ¥ + (V40)(1,9) +20(V47,79)
=&V — 5+ 360(3, V) — Agy.i)¥ + (V50) (7, 7).

(5.7)

We compare the tangential components and the normal components for the sub-
manifold M™ in (5.6) and (5.7), respectively. Then we get the following:

(5.8) REV — B35 = R {EV — 2% — A7)
(5.9) Fo(3,9) = F {3k0(3,V) + (V30)(,9)} -
The equation (5.9) implies
(5.10) iro(4,9) = B {3k0(3, V) + (V50)(3:9)}
On the other hand, from (5.5) we have
RR = 5K
R .

(5.11) = wk + 5 —(0 (¥, 9), 0(7,9))

= wk 4 (Ds(0 (%, ), (%, 7))
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Substituting (5.5) and (5.11) into (5.10), at s = 0 we obtain
{K(0)i(0) + (V) (X, X), (X, X))
(5.12) +25(0)(0(X, X), 0(X, JX)) }o(X, X)
= {R(02 + o (X, X)I? {36(0)0 (X, TX) + (Vo) (X, X) }.

Here we consider anther quaternionic Frenet curve vy = yo(s) (s € (—&g, o)) of the
same curvature x in M" satisfying the equations

ViJo(s) = k(s)Vo(s), V4 Vo(s) = —k(s)7o(s)
with initial condition
7%(0) =z, ~(0) =X and V4(0) = —-JX.

Since the curve f o~y is a plane curve in MAntp (¢;R) by assumption, we can apply
the above discussion to this curve . Then the equality (5.12) for vy turns to

{K(0)(0) + (Vx0) (X, X), 0(X, X))

(5.12") —26(0) (0 (X, X), o (X, JX)>}U(X,X)
= {k(07 + o (X, X)|2 H{ =3r(0)0(X, JX) + (Vx0) (X, X) }.
Therefore, from (5.12) and (5.12’) we have
25(0)((X, X), (X, X))o (X, X) = 35(0){%;(0)2 + Ha(X,X)Hz}J(X, JX),
so that
(5.13)  2(o(X,X),0(X, JX))o(X,X) = 3{@0)2 + ||J(X,X)||2}J(X, JX).
Taking the inner product of both sides of this with o(X, X), we get
2(0(X, X),0(X, JX))|lo (X, X))
= 34 k(0 + lo (X, X) |12 Hor (X, X), (X, TX))

hence
{3r(0)2 + o (X, X) |2 }{o (X, X), 0(X, X)) =0,
So we have
(0(X, X),0(X, JX)) =0,
because 3r(0)% + ||o(X, X)||* > 0. This, combined with (5.13), shows that
(5.14) o(X, JX) =0

for any X € T, M™ at any point x € M™ and any J € J, with J? = —id. Replacing
X by JX +Y in (5.14), we get

(5.15) o(JX,JY) =0o(X,Y)
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for each X, Y € T, M". Thus, by virtue of Lemma 3, we see that the immersion f
is parallel: Vo = 0.
Next, taking the inner product of both sides of (5.8) with V', we have

Rk = Rf — F{ Ao, V)
On the other hand, from (5.14) we know that

(5.16) o(,V)=0 foreachs e (—¢,¢).
Hence the above equation becomes
(5.17) Kk = R,

so that the equation (5.8) reduces to
Asiayy = (R* = %),

Therefore

<0-(X’ X)’ J(‘X? Y)> = <AU(X,X)X7 Y> =0
for any orthonormal pair of vectors X, Y € T, M™ at each point z € M™. Thus, by
virtue of Lemma 1, the immersion f is isotropic at each point x € M™. Moreover,
we can see that f is constant isotropic as follows: Let ¢ = ¢(s) be an arbitrary
geodesic in M™ parametrized by its arclength s. Then, since Vo = 0, we have

d _
d—Ha(c', A =2((Veo)(¢,¢),0(¢,¢)) + 4o (Vee, é), 0(é,¢)) = 0.
s
Thus ||o(¢, ¢)|| is constant along the curve ¢ = ¢(s). This fact implies that the
immersion f is constant isotropic.
Let R denote the curvature tensor of M™. For arbitrary J € J, with J? = —id,
from (5.14), (5.15) and the equation of Gauss (3.2), we have

(R(X, JX)JX,X) = ¢+ (0(X, X),0(JX, JX)) — |lo(X, JX)|*
=+ [lo(X, X))

for an arbitrary unit vector X € T, M at any point x of M™. Since M" is constant
isotropic, this shows that M"™ is a quaternonic space form. Then, by Proposition
1, we can see that the submanifold M™ is one of (1), (2) and (3) in the statement
of Theorem.

In order to prove our assertion, we must check the examples (1), (2) and (3)
satisfy the hypothesis of Theorem. In case of (1), the hypothesis is obviously
satisfied. In case of (2), for each circle v of curvature k(> 0) in M™ the curve for~
is a circle of curvature vk? — ¢ (see page 169 in [6]), hence it is a plane curve in
the ambient space M*"*7(¢;R).

In case of (3), the isometric immersion f : M™ = HP"(c) — M**?(¢:R) given
by (3) is constant \/c — ¢-isotropic and parallel (see for example [8]). Denote by
V and V the covariant differentiations of M™ and M™+P(¢;R), respectively. Let
v = 7(s) be a quaternionic circle of curvature k (> 0) satisfying

ViAls) = kV(s),  V5V(s) = —ki(s).
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Then we can see that the curve f o is a circle of curvature Vk*+c—¢ in
M*+P(¢;R) as follows: The curve f oy satisfies

so that

IVl = VI + o (3,92 = VR +c - &

We write

1 ..
V= \/ﬁ{kv +o(¥,9)}-

Since f is parallel, from Lemma 3 we obtain
o(y,V)=o0a(¥,J¥) =0.

Moreover, as f is constant isotropic, by using (2) of Lemma 1 we get
Aot ayy = llo (3, )P

So, by the formulae of Gauss and Weingarten we have

ViV = ﬁﬁ{kv +a(¥,9)}
— (B4 4 015, V) = Augaai + Dy}
= e { R~ I + (Tao)(5,) + 20(943,9)
1

_ ﬁ{_(/ﬁ +c— &5+ 214;0(‘/,7)}

=—Vk+c—-c7.

Thus the curve f o~ is a plane curve in Min+r (¢;R). Hence our assertion follows.
O

Remark 1. Theorem also holds under the condition k = 0 (see [8]).

Remark 2. Assuming that the curvature function  in the statement of Theorem
is not constant, we obtain only the case (1). In fact, suppose that there exists
some s € (—¢,¢) with £(sg) # 0. Then we find &(sg) # 0 from (5.17) because
K,k > 0. We know the fact that Vo = 0. So the equation (5.9), combined with
(5.16), yields o(¥(s0),7¥(s0)) = 0. Moreover, we can see that ||o(%, )| is constant
along the curve v because

o) = 24(T30)(3,9), 03, 4)) + 4wl (V. 4),0(3,4)) = 0.

Thus we conclude o(X, X) = 0 for an arbitrary unit vector X € T, M™ at each

point x € M". Consequently our immersion f : M" — M ntp(¢:R) is a totally
geodesic immersion.
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Remark 3. In [13], the author obtained a similar theorem to ours by using the
results of D. Ferus [3] and M. Takeuchi [10]. In the classification theory of parallel
submanifolds due to M. Takeuchi, we need a global condition that the submanifold
is complete. However, our theorem is a local version. So, in this paper, we gave a
proof which does not depend on results of [3, 10].
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