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ABSTRACT. The equilibrium problem and the condenser problem have been
solved in finite networks. This note considers such problems in the context of
infinite networks and trees. The basic tool employed is the solution of a Dirichlet
problem for an arbitrary subset of an infinite network.

1. INTRODUCTION

An electrical network (V, E, ¢) is a simple finite connected graph, with vertex set
V' and edge set E in which each edge is assigned a conductance c¢(x,y) > 0. The
Laplacian L of the network is a matrix of finite order whose entries are L(x,y) =
—c(z,y) if ¥ # y and L(z,2) = c(zx) = 3 o c(z,y). For a function u(z) on V,
define Lu(x) = > oy c(z, y)[u(z) — u(y)].

Considering the Laplacian as a kernel on the vertex set and using the energy
principle and the maximum principle for L, Bendito et al. [3] show that L satisfies
the equilibrium principle for the kernel L: For every proper set F' C V, there exists
a unique u > 0 on V (called the equilibrium measure for F') such that u > 0 on F,
u=0onV\ Fand Lu=1on F.

As a consequence, the Green function of the Dirichlet problem and the Poisson
problems and the solution of the condenser problem are obtained solely in terms
of the equilibrium measures for suitable subsets.

Our intention is to consider these questions in the context of a (Yamasaki) infinite
network [8] or a (Cartier) tree [5]. We first obtain the solution for a version of
the Dirichlet problem which, along with the results in Yamasaki [8], is useful in
constructing the equilibrium measures of subsets that are not necessarily finite.
Also, keeping this Dirichlet solution as the basis, we extend the results proved for
the finite case in Bendito et al. [3] to the infinite network. Two of these results
are the condenser principle for finite or infinite subsets and the construction of a
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function v, ,(z) which, in the context of random walks, gives the probability that
if the walk starts at z it will reach x before it reaches y.

2. PRELIMINARIES

Let N ={X,Y,k,r} be an infinite network in the sense of Yamasaki [8], that is
connected, locally finite and has no self-loop. Two vertices x and a of N are said
to be neighbours, © ~ a, if there is an arc in Y connecting x and a. For a vertex
x, denote W(z) = {a:a ~ z}, x € W(z). For each pair of vertices = and a in X,
t(x,a) > 0 is defined by that t(x,a) = 0 if and only if = and a are not neighbours,
also t(z,a) = t(a,x) and t(a,a) = 0. Then, for a real-valued function u(x) defined
on X, the Laplacian of u is defined as Au(z) = > .y t(z,a)[u(a) — u(x)].

Suppose that u is a real-valued function defined on a subset A of X. Let us say

that a is an interior point of A, a 6?1, if and only if x € A for every x ~ a. Write
0A = A\ A. Then u is said to be harmonic (respectively superharmonic) on A if

and only if Au(a) = 0 (respectively Au(a) < 0) for all a e

A Cartier tree T is an infinite connected graph, locally finite and without any
circuits. (A circuit means a path {x,z1,...,z,, z} connecting a vertex x to itself,
with n > 2.) A vertex z is said to be terminal if it has only one neighbour in
T. A transition probability is given to T that is, with any two vertices = and
y is associated a real number p(x,y) > 0 such that p(x,y) > 0 if and only if
x ~ y and ZyeTp(x,y) =1 for any z € T. Note that p(x,y) and p(y,x) may
not be the same. For a real function u(z) on T, the Laplacian of u is defined as
Au(x) = 3, crp(@,y)[u(y) — u(z)].

On a tree T, fix a vertex e. For any x € T, define

_ ple,xy)p(w1,22) ... p(ay, 1)
He) = p(@, 20)p(Tn, Tno1) - P21, €)°

where {e, z1,...,x,,x} is a path connecting e and x. Note that ¢(x) is independent
of the path chosen and depends only on x; also note that for any pair of vertices x
and y, o(x)p(x,y) = ¢(y)p(y, x). Now, define the conductance t(x,y) = ¢(x)p(zx,y)
on T. With this conductance, T" becomes a connected infinite network in the
framework of Yamasaki [8], but without circuits.

Let A7 and Ay denote the Laplacian on T', when T is considered as a tree and
when T is considered as an infinite network respectively. Then for any u(z) on T,

Ayu(z) = Y ta,y)[uly) — u(z)]
= o(x) Y pla,y)[u(y) — u(x)]
= o(x)Aru(z).

Note that ¢(z) > 0 for every x € T (take ¢(e) = 1). Hence, the fact that a
function w(z) is harmonic or superharmonic on 7' does not depend on whether T’
is considered as a tree or as a network.
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In a network NV, the existence of a positive superharmonic function that is not
harmonic implies that given any y € IV, there exists the Green potential G, (x) on
N such that AGy(x) = —d,(x), G,(z) < Gy(y) for every x € N.

Let u be a real-valued function on a finite set F' in a network. The inner normal
derivative of u with respect to F' at a vertex s € OF is defined [1] as

S s) = 3 s, )u(e) — u(s)

zeF

Theorem 1 (Green’s formula: Bendito et al. [2], Urakawa [7]). Let u and
v be real-valued functions on a finite set F' in a network. We set (u,v)p =

% Zx,yeF t(:l,’, y) [u(y) - U(%)] [U(y) - U(x)] Then

ov

1) S ) Avfa) + (u,0)r = = 3 uls) 5w (s).
EFO’ s€EOF
ov ou
@ Y lu)A0le) - o) Aulo)] = = T |l o) ()]

xeﬁ’ sEOF

Usually, Equation 1 is called Green’s formula I and Equation 2 is called Green’s
formula II.

Theorem 2 (Minimum principle). Let F' be a finite set in a network N. Let u
be superharmonic on F. Then inf,cor u(z) = inf, e pu(z).

Proof. Let inf,cpu(x) = (3, and inf,cpr u(z) = a. Suppose that § < a. Then at

some point E]%, u(z) = p.

Let z ¢ F. Connect x and z by an arc {z,z1,...,x,,2}. (It is possible, since
N is connected.) Let i be the smallest index such that x; € ]% and z;,1 & ]% Since
x; E}OW and z;11 ~ z;, we deduce that x;;; € F. This implies that x;,; € OF.
Now, since Au(z) < 0 and since u(z) = [ is a minimum value, u = [ on W(x),
which is the set of all neighbours of z including z. This implies that u(z;) = (.
Proceeding thus, we show that u(x;) = . But u(z;41) > a. This is a contradiction,
since Au(z;) < 0 and u(x;) = [, so that u(x;;1) should be 3; that is, a < (3, a
contradiction. O

3. A VERSION OF THE DIRICHLET SOLUTION
We start with a generalized version of Theorem 2.2 in [1].

Theorem 3. Let E be a (finite or infinite) set of vertices in a network N. Let

F C[%. Let f > 0 be a function on E\ F. Suppose that there exists a function
s > 0 on E such that s > f on E\ Fand As < 0 on F. Then there exists a
function g > 0 on E such that

i): Ag=0 on F, and

ii): g=f on E\ F.
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Moreover, g is the smallest of the all non-negative functions satisfying the con-
ditions (i) and (ii). (We denote g by Hf’F)

Proof. Let F be the family of non-negative functions v on E such that v = f on
E\ F and u is superharmonic on F'. Note that if

Uo_{f on E\F

s on F,
then ug € F. Let y € F and v € F. Then t(y)u(y) > > t(y, z)u(z).

Define
u(z) if ze E\{y}
u(z) = { @ St(y, 2)u(z) if z=uy.
Then u; € F, u1 <wuon E and Auy(y) = 0. Taking into account the arbitrariness
of y in F and u in F, if we define g(x) = inf,cx, then we can see that Ag =0 on
Fand g = fon E\ F. If p is another such positive function satisfying i) and ii),
then p € F and hence g < p. O

Corollary 4 (Dirichlet solution). Let E be a finite set. Given a function f on OF,
there exists a unique function g on E such that g = f on OF and Ag =0 on E
Proof. Since we can treat f* and f~ separately, we can assume that f > 0. Since
E is finite, for some o > 0, f <« on F and Aa =0 on F. Hence by the theorem
above, there exists a function g > 0 on F such that g = f on OF and g is harmonic
on f.

The uniqueness of the solution follows from the minimum principle. 0

Corollary 5 (Reduced functions). Let s > 0 be a superharmonic function on N.
Let A be a finite or infinite set. Then there exists a superharmonic function R2 > 0

on N such that R2 = s on A, R is harmonic on (N \ A) and R < s on N.
Proof. Let E = N \ A. Define the function

RA:{S on A

s HEP ¥ on F.
Then R4 has all the properties stated in the corollary. 0]

Remarks. 1. RZ' is the smallest positive superharmonic function on N that ma-
jorizes s on A.

2. In the classical potential theory in R", a function similar to RZ is called the
reduced function of s on A (See Brelot [4, p.33]).

From now on, let us assume that there exist Green potentials on the network
N. Then, as shown in Yamasaki [8], for any vertex a, there exists a unique Green
potential G,(x) > 0 such that AG,(z) = —d,(z); also G,(x) < Gg(a) for any
xr € N.

We say that a real-valued function u defined on a subset A of X is a d-superharmonic
function on A if and only if there exist two superharmonic functions s; and sy on
A such that © = s; — s on A.
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Theorem 6. Let I be a set of vertices in a network N such that ) - Ga(a) < 00.
Let f be a bounded function on F. Then there ezists a function u(x) on N such
that u is d-superharmonic on F, Au= —f on F and wu =0 on N \ F. Moreover

u>0f f>0.

Proof. Let E = W(F) = J,cp W(x). For every a € F, let hq(x) be the extended
Dirichlet solution (as in Theorem 3) with values G,(x) on E \ F and harmonic on
F. Then g,(x) = G4(x) — he(x) in E is such that
9o(z) = [ga()]
< |Ga(2)] + ha(2)]
< Gala) + Gala).

(Remark that for a, b in F, g,(b) = gs(a) by using Green’s formula II above.)
Given the bounded function f on F, write f = f* — f~. Let

_ Zae f+(a)ga(x) if reF
ul(:v)_{o F e

and

0 if zelkFe

Then, u;(z) > 0 on N and w; is superharmonic on F’; similarly for usy also.
Let u(z) = uy(x) —ug(z) on N. Then w =0 on N \ F and u is d-superharmonic
on F' such that Au = —f on F. O

UQ(,I') — { EaGF f_<a)ga(37) if zeF

Remark. In contrast to the above theorem, we can prove for a Cartier tree (with or
without Green potentials) the following : Given an arbitrary real function f on an
arbitrary subset F' of T', there exists a d-superharmonic v on 7" such that Au = — f
on Fland Au=0onT\ F.

Corollary 7. Let F be a finite set of vertices in a network N. Then given a real
function f on F there exists a unique function u(x) on N such that Au = —f on
F anduw=0 on F°. Furtheru>0if f >0, and if f >0 on F, then u >0 on F.

Proof. Take E = W(F') = UpepW (z), which is the smallest set containing F' and

all the neighbours of the vertices in F. Remark that F' C ﬁ Then the above
theorem establishes the existence of u. For the uniqueness, we proceed as follows:
Suppose that v is another such function. Let h = v — v. Then Ah =0 on F' and
h =0 on F°. , )

i) Suppose that F= F. Then h is a harmonic function on the finite set F, such
that h = 0 on OF. Hence by the minimum principle (Theorem 2), h = 0.

ii) Suppose that F'is a proper subset of é, in which case a direct application
of Theorem 2 is not possible. Write F' = UF; where each F; is connected and

F,NF; = ¢. Then W(F) = UW(F;). Write E; = W(F;). If l%i: F;, then by (i),
h = 0 on F;. Let F; be a proper subset of F;. Suppose that h takes a positive
value on F;. Then h = M on F;, where M = maxp, h. Let z €FE; \F; and z ~ y,
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where y € F;. Then h(y) = M, h(z) = 0 (since z € E\ F) and Ah(y) = 0, a
contradiction. Hence h does not take positive values on Fj; similarly i does not
take negative values on F;. Hence h =0 on Fj. (See Yamasaki [8, Lemma 2.1].)

Finally, by the construction of u (as in the proof of Theorem 6), we note that
u > 01if f > 0. Suppose that f > 0 on F, and u(a) = 0 for some a € F. Then,

—f(a)=Au(a) = Y ta,2)[u(z) - u(a)]
= Zt(a, x)u(x) >0,

a contradiction. Consequently, if f > 0 on F, then u > 0 on F. O

Note. In particular, the above corollary contains the following equilibrium principle
with respect to the Laplacian kernel [3, Proposition 2.3]: Let F' be an arbitrary
finite set on a network N. Then there exists a unique function ur > 0 on N such
that up > 0 on F, up = 0 on N\ F and Aupr = —1 on F. wup is called the
equilibrium measure for F'.

Combining the above results we have the following Dirichlet-Poisson solution.
(See [3, Section 3] on Dirichlet and Poisson problems for finite networks.)

Theorem 8. Let F be a subset of vertices in an infinite network N, such that
Y wer Gala) < oo. Let f and g be real-valued functions on N, g bounded on F' and
f bounded on W (F'). Then there ezists a function u on N such that Au = —g on
F andu= f on F°.

Proof. Let E = W(F). Then F CE. Since f is bounded on E, there exists
(Theorem 3) a function s on E such that As =0on F and s = f on E'\ F. Extend
s by f outside F.

Since g is bounded on F', from Theorem 6 there exists a function ¢ on N such
that At = —gon F and t = 0 on F°. Write u = s+ ¢. Then u is a real-valued
function on N such that Au = —g on F and u = f on F*. OJ

In Bendito et al. [3, Proposition 3.3] prove the condenser principle in a finite
network, using the Poisson kernel. In an infinite network, this principle can be
stated as follows:

Theorem 9. Let A and B be arbitrary disjoint subsets of an infinite network N.
Then, there exists a function ¢ on N such that (i) 0 < ¢ < 1 on N and ¢ is
harmonic on (N \ (AU B))°, (ii) on A, ¢ =1 and A¢ <0, and (iii) on B, ¢ =0
and A¢p > 0. Moreover, if u is any other function satisfying i), ii) and i), then
o <wuonN.

0 on B

1 on A Let E = N\ (AUB). Then OF C AUB. By

Proof. Take f = {

Theorem 3, there exists a function g on E such that g is harmonic on ﬁ’ and g = f
on OF = E\ E. Define

gb(x):{ glx) if z€FE

f(z) if z€ AUB.
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Then, 0 < ¢ < 1 on N, ¢(x) is harmonic on LO?, A¢p(z) < 0on A and Ag(x) >0
on B. (With these properties, ¢ is uniquely determined if E is a finite set.) In
any event, if u is any other function satisfying i) , ii) and iii), by the construction
¢ <wuon N. 0

Remarks. 1) In the above theorem, if B = () and A is finite, the solution ¢ is the
same as the reduced function Rj' (See Corollary 5), which defines the capacitary
potential of A; and the capacity of A is defined as — Y _y AR (z). The capacity
of A can be defined (using Green’s formula I, see Section 2) also as ), gnilA(s)
where I is any finite set such that ]423 A. (See Kellogg [6, p. 330] and Brelot [4,
p. 52] for similar notions in the classical potential theory.)

2) In the above theorem, if A = {y} and B = {z} such that G,(y) < G.(z), then

on N, ¢(z) < %, where G, () is the Green function with pole at {z}. For,

in Theorem 3, take £ = N. Then E=N. Let F=N \ {y, z}. Let f(y) =0 and

f(z) = 1. Define u(z) = % Since G,(z) > G.(x) for all z € N, we note

that u >0, u= fon £\ F and Au =0 on F. Then u(z) > ¢(z) since ¢(x) is the
smallest such function. Clearly 0 < ¢(z) < 1. Such a function ¢(z) is useful in the
context of random walks.
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