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In this paper, the concept of a subspined product of completely regular semigroups 

are introduced. Firstly, we give a necessary and sufficient condition for a subspined 

product A ~ B of cryptogroups A and B to be also a cryptogroup. Secondly, it is shown 

that a subspined product A ~c B is necessarily a cryptogroup if one of A and B is a band 

and the other is a cryptogroup. It is also shown that any subspined product A ~f B 

coincides with the spined product A = B if one of A and B is a Clifford semrgroup and 

the other rs a band 

Finally, the concept of a subspined product is extended to the concept of a ~-

subspined product for the class of completely ~~-regular semigroups, and some 
considerations are given for ~-subspined products of ~-cryptogroups 

Let S be a completely regular semigroup. Then, S is uniquely decomposed into 

a semilattice Y of completely simple semigroups {Si: i e Y} (see [1]) 

This decomposition is called the structure decomposition of S (see [3]), and 

denoted by S - ~ {S I e Y} In this case Y rs also umquely determmed up to 
rsomorphism, and it is called the structure semilattice of S. Hereafter "a completely 

regular semigroup S E ~ {Si : i e Y} " means "S i~ a completely regular semigroup and 

has the structure decomposition S - ~ {Si: i e Y}"-

Let A E Z{Ai: ie Y} and B = ~{Bi: i e Y} be completely regular semigroups 
havmg the same structure semilattice Y Put A = B = { (x, y): x e Ai, y e Bi, i e Y } 

Define multiplication m A = B as follows: (x, y) (u, v) = (xu, yv) for (x, y) , 

(u, v) e A ~ B. Then, A ~ B is a regular subsemigroup of the direct product A x B 

of A and B This A = B is called the spined product of A and B (with respect to the 

structure decompositions of A and B) Hereafter we shall omrt the term "wrth 

respect to the structure decompositions of A and B". Now let S be a regular 

subsemigroup of the spined product A = B of completely regular semigroups A and 

B such that 

(C.1) the first and the second projections ip, V (that is, the mappings ip 

S -> A and V: S ~* B defined by (x, y) ip = x and (x, y) y = y, (x, y) e S) 

are surjective homomorphisms 

Then, S is also a subdirect product of A and B. Such an S is called a subspined 

product of A and B (with respect to the structure decompositions of A and B). Of 

course, a subspined product of A and B is not necessarily unique in general 
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　　LEM1MA1．　グλo〃ゴ遍ακぴγμoσγo〃ρ8（肋〃加，わ伽必ψσγo〃ρ3；3θθ［2］），肋θηα

8ぬ卿θ∂μ0伽ごλ渓週ゲλα〃βな0180αぴ〃0970〃ρグ0〃0吻グλ渓β
醐〃抄3伽〃1ow物：

　　（C．2）　λ渓週∋（α，わ）加ρ〃ω（α一1，わ・1）∈λ渓遍，w加グθx・iゐ肋θ〃oηゴ舳α8θ

　　　　　　ゲx．

　　PR00F．　The“if”Part：Letλbe　a　band1■11of　groups｛λ㌻：γ∈r1｝and丑a　band

乃of　groups｛具τ∈巧｝　Let2∈軋（the　set　of1d．empotents　ofλ）and∫∈EB　Put
C（、，∫）＝｛（α，わ）∈λ渓β：o〇一1＝3and肋‘1＝∫｝。　It　is　obvious　that（θヲ∫）∈C（。，∫）．　If

（o，わ）∈C（、，∫），　then　（α■1，わ‘1）∈C（、，∫）　Further，　（α，わ），　（ら∂）∈C（、，∫）　1mp11es　that

αc（c・1α一1）＝αθガ1＝oガ1＝θand－s1m11ar1y（ビ10－1）oc＝ε　Further，M（∂一1わ■1）

＝（∂一1わ一）肋＝ゴ　　Therefore，　c■1αi1＝（αc）一1，　and　∂・1わ一1＝（わの■1．　Thus，

（oc，ω）∈C（、，∫），that1s，（o，b）（ら∂）∈C（、，∫）　ThereforeヲC（、，∫）1s　a　group　Letθγbe　the

1dent1ty　ofλ㌻forγ∈1■L　andエthe1d－ent1ty　of異forτ∈∫ら　Let　x∈C（θ、，∫、）and

γ∈C（1、，∫、）P・t・一（α・わい一（・・のTh・・ω一1一θγ・肋・1一∫λ・・ビ1一θμ・・d

〃一＝八　Smceα∈4，o∈場，1t　fo11ows　thatα6∈4μ　Sm11ar工y，肋∈助、　Furtherう

（・・〃）∈λ渓且N・w…（・・）一1一θγμ・・dわ榊）‘1一∫1γH・・・…γ∈C（1、、，∫、ソ）・

Th…C（1、，∫、）C（1、，∫、）⊂C（1、、，∫、、）・Thi・imp1i・・th・〕細i・…ypt・g…砕Th・

“on1y　if’’　part：　Suppose　that　a　subspined　product　λ：葵B　of　．4　and　届　is　a

cryptogroup　　Let（x，γ）∈λ葵β　　Then（x，γ）1s　contamed　m　a　subgroup　ofλ渓β，

and　accord1ng1y　there　ex1sts　an　group－1nverse　（ω，o）　of　（x，γ）　1n　λ葵週　　S1nce

（〃，o）（x，γ）：（x，γ）（〃，o）＝（θ，∫）∈Eλ蝪，　ωx＝x〃＝θ　　and．　η＝〃＝∫　　Further、

（（ω，o），（x，γ））is　a　regu1ar　pair．　Then，α＝xθ＝x、ωθ＝ω：ω，o∫：∫o＝o　andγ∫

＝∫γ＝γ　Therefore，ωand　o　are　group－mverses　of　x　andγrespect1ve1y　Hence，
（X－1，γ一1）＝（ω，〃）∈λ渓週．

　　Let　X（1）be　a9－regu1ar　sem1group（for　the　de趾1t1on，see［4］）　If　X1s

comp1ete1y　regu1ar　then　X（1）1s　ca11ed．α60榊μθκヶ9一陀σ〃〃8θ榊zσグo〃ρ　　Letλ（P）

and3（ρ）be　comp1ete1y9－regu1ar　sem1groups　Letλ～Σ｛λλλ∈■｝and．β

～Σ｛週λλ∈■｝be　the　structure　decompos1t1ons　ofλand週respect1ve1y　Let　Pλ

＝λλ∩P　andρλ＝届λ∩g，and1etσ＝Σ｛Pλ×ρλ（direct　product）：λ∈■｝．　Let　C

＝λ凶β　Then，C（σ）1s　a1so　a　comp1ete1y9－regu1ar　sem1group，wh1ch1s　denoted－

by　C（σ）＝λ（P）サβ（ρ）　Let〃（ザ）be　a9－regu1ar　subsem1group（see［4］）of

λ（P）賢β（g）　If　D（γ）sat1s丘es　the　fo11owmg　（C3）then　1）（γ）1s　ca11ed　o　9－

3泌Ψz〃θ6μo伽αofλ（P）and週（ρ），and　some　tmes　denoted　byλ（P）蓼遍（ρ），etc

　　（C．3）　The　irst　and　the　second　pr句ections　φ：1）（γ）→λ（P）and　Ψ：1）（γ）

　　　　　　→β（2）are　suηect1ve9－homomorph1sms

　　Of　course，m　th1s　case1）1s　a　subsp1ned　product　ofλand週　Espec1a11y，1fλ

and　B　are　cryptogroups　and－1f1）sat1s丘es（C2），then1）（γ）1s　a1so　a9－regu1ar

cryptogroup（abbrev，a9－cryptogroup）　S1nce　the　converse1s　a1so　sat1sfied，we

have　the　fo11owing：
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　　LEMMA2・　五θτλ（P）伽6β（ρ）be9一ぴγμo〃oη3，伽∂伽〃閉θ肋〃λ卿∂遍乃08

伽・舳θ舳・肋θ・θ〃1α肋θ・肋・，ωθ叩g一舳5Ψ加θ∂μ・6・α1）（γ）ψλ（P）α〃

β（9）加α9一ぴγμoσグo〃ρグ伽ゴo〃ケグ1）8〃均加3（C．2）．

　　THE0REM3．　五勿λ加αoo榊μθ胞1γ陀g〃〃8θ肋勿グoη，伽∂βαわαη4　■8〃閉θ

伽〃α〃βんωθ伽3舳θ∫舳α鮒3舳〃α肋巴τ灼θκ，ωθツ8〃ゆ加θφ70伽6プげλ
伽ゴ週8α〃功ω（C2）　ノ600γ励〃σケ，グλz3αぴγμoσグo〃ρ，ωθグγ8泌Ψ卿θ6ρグo励6プgブλ

α〃βねαゐ0αぴ〃0σγ0〃ρ．

　　PR00且　Letλ～Σ｛λλ：λ∈■｝and．β～Σ｛週λ：λ∈刈be　the　structure　d－ecom－

pos1tons　ofλand週　Hence，eachβλ1s　a　rectangu1ar　band　Suppose　that　C1s　a

subspmed　product　ofλ　and　β　　Let（わ，θ）∈C　　Then，there　ex1sts∫such　that

（わ一1，ハ∈C　Of　course，1f（わ，θ）∈λλ×βλthen（わ一1，ハ∈λλ×届λ　Now，（肋■1，θ∫），

（ゲ1わ，∫θ）∈C，・nd（肋一1，刎（ポ1，∫）（b－1わ，∫θ）＝（わ一1，θ）∈C・in・・Bλi・・…t・n－

gu1ar　band　Hence，（C2）1s　sat1s丘ed

　　C0R0LLARY　五αλ（P）わθ060榊μθなθケg一γθσ〃〃3θ舳〃oη，伽∂β（ρ）o9－

5αη6　　■3舳肋θ肋〃λoη∂週んooθ肋θ8α榊θ8卯〃α〃θ3θ〃〃1α伽6θ　　τ乃θη，ωθワg－

8泌Ψ卿θ♂μo伽αρブλ（P）伽ゴ眉（9）80〃功θ8（C2）　H；θ肌θ，グλ（P）砥α9一ぴγμogγo〃ρ

伽〃θ鮒γg一〃鋤加θ々グ0伽7ψλ（P）α〃β（9）加αゐ0α9一ぴ〃0θ舳ρ・

　　THE0REM4　ムαλ…Σ｛λλλ∈■｝わθαC1肋〃3θ榊1gγo岬（肋o〔8，08θ榊〃α肋oθ

■ψσグ・ゆ｛λλ：λε■｝），伽〃…Σ｛βλ：λ∈■｝αわα〃肋・，・〃あΨ加θφγ・伽プげ

λ　o〃6B　ooゴ〃6ゴ6θ8　w〃ん　λβく1茅．

　　PR00R　Let　C　be　a　subsined　product　ofλ　and．週．Now、λ凶週…
Σ｛λλ×βλλ∈■｝　Let　Cλ＝C∩（λλ×βλ）　Then　C…Σ｛Cλλ∈■｝　　If（α、θ）∈Cλ，

it　fo11ows肚om　Theorem3that（o－1，θ）∈Cλ．Hence，（伽一1，θ）∈Cλ．Now，for　any

わ∈λλ，there　exists∫such　that（わ，∫）∈Cか　Therefore，（伽・1，θ）（わ，∫）（αo－1，θ）∈Cλ．

That　is，（わ，θ）εCλ．Next，1etω∈遍λ．Then，there　exists　c∈λλsuch　that（c、ω）∈Cλ．

Smce　cピ1＝oo■1，（αo－1，〃）∈Cλ　Therefore，（αα‘1，〃）（わ，∫）（伽一1，〃）＝（わ，〃）∈Cλ

Thus，Cλ⊃λλ×3λ，and　accordmg1y　C＝λ×1届

　　C0R0LLARヱ　五θプλ（P）加o9－C1肋〃3θ閉勿γoη（αC1肋〃∫θ肋勿70ηw肋cんね

9一アθg〃1〃），伽∂β（9）αψ一5伽a　／3〃榊θ肋αλ伽∂Bんωθ肋θ醐榊θ3〃〃α〃θ

・醐肋伽。肋・，ωぴγg一舳わ卯肋θ∂μ・伽・プ〆λ（P）・〃週（ρ）・・加・肋θ・w舳

λ（P）サβ（9）・

　　REMARK　Letλbe　a　C11価ord　sem1group，and軋the　sem11att1ce　of1dempotents

ofλ　　Let　P⊂Eλ　Ifλ（P）1s9－regu1ar　then　every　y－c1ass　and硯一c1ass（where　y

and硯are　Greengs　L　and　R　re1at1ons　respect1ve1y）contam　an　e1ement　of　P　Hence

we　have　P＝亙λ　Converse1y，1t1s　obv1ous　thatλ（Eノ）1s9－regu1ar　Therefore，

λ（1））is9＿regu1ar　if　and　on1y　if　P＝。Eλ．
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　　　LEMMA　5．　五θτ　λ　加　α　陀o肋〃9〃〃　わα〃4　αηゴ　β　o　co閉ρ1θ蛇ケ　3ゴ榊μθ

3舳炊oη．肋θη，α醐わ伽θαμo伽αCげλα〃引8伽伽θαμo∂〃αλ×眉ψλ

α〃週グα〃o吻グCco舳加8α〃肋仰o肋プ8ψλ×週．

　　　PR00F　Let週be　a　rectangu1ar　band　r　of　groups｛遍γγ∈r｝　　Let　C　be　a

subd1rect　product　ofλand週　　If　C＝。4×週，then1t1s　obv1ous　that　C　conta1ns　a11

1dempotents　ofλ×週　Converse1y，suppose　that　C　contams　a111dempotents　ofλ
×週　　Let（θ，わ）∈C　　For∫∈λ，（エん）∈C，whereん＝肋一1　Then　（エん）（θ，わ）（エん）

＝・（工わ）∈C．　Hence，C＝λ×逓．

　　　This　is　extended　to　the　fo11owing　resu1t：

　　　THE0REM　6．　ムθな　λ…Σ｛λλ：λ∈■｝　加　o　わαη4　伽♂　遍…Σ｛週λ：λ∈■｝　o

60仰肋吻岬〃〃8θ加g舳ρ．肋θ〃，α舳わ8p加〃μ0肋αψλ0〃∂週な伽3卿〃
〃0伽αλ凶逓げλα〃遍グα〃0吻グ〃00舳加8α〃肋榊ρ0脇加ゲλ凶逓．

　　　PR00＝F．　Now、λ凶週＝Σ｛λλ×遍λ：λ∈ノ｝．　Let　C　be　a　subspined　product

ofλandβ．　Let　Cλ＝C∩（λλ×βλ）．　Thenラit　is　obvious　that　Cλis　a　subdirect

product　ofλλand週λ　The“on1y　if”part1s　obv1ous　Suppose　that　C　conta1ns　a11

1dempotents　ofλN届　Then，1t　fo11ows　that　Cλcontams　a111dempotents　of

λλ×週λ　Hence1t　fo11ows缶om　Lemma6that　Cλ＝Cλ＝λλ×届λ　Therefore，

C＝λ凶湿．

　　　LEMMA7．　ムθプλ（P）9〃♂β（2）わθα60肋μθκケ8ゴ肋μθ9一肥g〃αグκ閉勿グo〃ρα〃ゴo

γθα伽σ〃〃9－5伽4　五θなC（σ）ゐθα9－8必6かθαμo∂〃αgブλ（P）o〃∂β（9）（肋α㍑8，C

加081必扮θαμo伽プゲλα〃遍，σ＝C∩（P×ρ），α〃C（σ）加9一グθθ〃〃）．肋θ〃，

C（σ）＝λ（P）×β（ρ）グα〃oψグC⊃P×2．
　　　　　　　　炉

　　PR00F　The“o1n1y1f”Part1s　obv1ous　The“1f”Part　It1s　obv1ous　thatσ2

＝軋×五B＝軋×B　Since　σ＝P×ρ．Therefore，C⊃亙λxB．It　fo11ows　缶om

Lemma5that　C（σ）＝λ（P）×β（ρ）
　　　　　　　　　　　　　　　　　ψ

　　By　usmg　Lemma7，we　obtam　the　fo11owmg　resu1t

　　THE0REM18　五θプλ（P）伽∂週（9）わθ060榊μαθケg一陀g〃〃8θ肋zgグo㍗ραη∂α9一

ろ伽伽桝・肋θ似〃λ，…Σ｛λλ：λ∈刈伽〃…Σ｛週λ：λ∈■｝・肋・，〃一〃わ功θ∂

μ・伽1ゲλ（P）・”週（9）1・伽9一Ψ加〃μ・伽“（P）賢屈（9）グα〃・吻グカ
・・伽加・Σ｛Pλ・ρλ：λ∈刈，W伽θPλ＝P∩λλ・〃ρλ＝ρ∩Bλ．

　　PR00R　　Let　C（σ）be　a　9－subspined　product　ofλ（P）and　B（9）．　Let　Cλ　．

＝C∩（λλ×βλ）andσλ＝Cλ∩σ．　Then，Cλ（σλ）is　a9－subdirect　product　ofλλ（Pλ）

and遍λ（ρλ）　Hence，1f　Cλconta1ns　Pλ×2λthen　Cλ＝λλ×ρλ，and．σλ＝Pλ×2λ，

・・d・・…dmg1yCλ（σλ）一λλ（Pλ）委週λ（9λ）H・・…C（σ）＝刈P）サ到9）Th・

converse　is　obvious．
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