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We have proposed stochastic quantization procedure in Minkowski space-time in previous
papers. That formulation, however, was done with non-Gaussian white noises. In this article
we show that the equivalent formulation is possible with Gaussian white noises. This will be
useful for the application to numerical analysis though manifest covariance of the theory under
Lorentz transformation is lost. The covariance is restored at the Green function level.

§1. Introduction

After the proposal of stochastic quantization method as a new quantization
procedure by Parisi and Wu [1], many people have discussed the application of this
method to many types of fields [2]. In most of them including the Parisi and Wu’s
original paper, however, quantization is done in Euclidean space-time. This is because
Minkowski action is not positive-definite in general and then a solution of the Langevin
equation does not approach an equilibrium state. Minkowski stochastic quantization
has been formulated by analytic continuation from Euclidean to Minkowski space-time,
ie. t—it. [3, 4, 5] In this formulation action becomes a complex number so that the
solution of the Langevin equation oscillates. Then a dumping factor must be
introduced to action in order to make the solution converge. However, such
introduction of the dumping factor to action may violate some symmetries such as gauge
or chiral invariances because this dumping factor is a very imaginary mass term. [4]

In previous papers the present author has proposed a new Minkowski quantization
procedure. [6, 7] Instead of addition of such a dumping factor to action, we introduced a
kernel to the Langevin equation in order to make a solution converge. We discussed
application of this method to a scalar, a non-Abelian gauge and a fermion fields. We
found that we can derive chiral anomaly, which coincides with that from the other
conventional quantization methods, though this formulation is chirally symmetric even if
it is regularized. [7]

In this formulation, however, the white noises are not Gaussian but have the
correlation as

<n(x, (v, 1)> =i8*(x—y)o(t—1), (1.1)
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for a scalar field for example. Here we suppose that the noises 7 and 1, are both real
numbers but their distribution function is a complex one. The above equation does not
have any trouble for formal calculation. But it won’t be applicable straight- forwardly
to numerical combutation.

We show in this paper that an equivalent formulation is possible with Gaussian
white noises. It is done by recombining the white noises. The white noises for the
scalar field are only rearranged while the noises for the vector field must be rearranged
and doubled at the same time. Such a doubling of freedom of the noises were originally
proposed by Nakazato et. al. [5] Manifest covariance of the theory for the vector field
under the Lorentz transformation is lost though it is restored at the Green function level.

The plan of this paper is as follows. In the next section we shortly review our
original proposal for Minkowski stochastic quantization with non-Gaussian white
noises. We will discuss the scalar and the vector field cases. In §3 we show the
equivalent formulation with the Gaussian white noises. The last section is devoted to
conclusion. We use the metric convention I=(—, +, +, +).

§2. Minkowski stochastic quantization

We consider at first the scalar field whose Minkowski action is given by
1 1 2 42
S=|d*x 70u0 $—5m*¢ -V |- @1

The Langevin equation for this field is supposed as

0 oS
700 0= |d%y K(x—y) {—% s t)+ ", t)} +14(x, 7). 22

The correlations of the white noises # and #,, are
<n(x, 4y, t)> =i0*x—y)o(t—1t),
<N N>=<ny, N> =0, (2.3)

Then it is obvious as mentioned before that these noises are not Gaussian.
The kernel K(x—y) is defined by

[O—m*]K(x—y)=58%x~—)y), (2.4)
Then the Langevin equation (2.2) is rewritten as

+1(y, t)} +14(X, ¥). (2.2
¢—d(y, 0)

0 = )+ |d*y K(x—y) {@—
5;¢(x, )= — ¢(x, y 56
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A solution of the above equation is given iteratively from

¢(X, t) = jvr drv e —t{Jd“‘y K(X - Y)ﬂ(y, 1'.) + W*(X, T)}

t i B 2.5
+j dr e"'jd"y K(x——y)gg]qs_ﬂﬁ(y t+e o(x, 0). (2.5)

0 )

Convergence of the solution is obvious at least in perturbative sense.
The Schwinger-Dyson equation [8] is given as

axdty <{00@D ) 5, 50¢) _} _
Jasey< | T K gy g I @9

where < >, means equilibrium limit of — oo and O(¢) denotes a product of ¢(x).[5]
From this equation we can derive the Green function. If we put O(¢)= ¢(x)@(y) as an
example, we have

< Px)P(y) > og=Ap(x — y) +(interaction terms). 2.7)

Next we consider the non-Abelian gauge field 45, whose action is

5= [atx Prap

1
T4 (2.8)

The Langevin equation is given by

g a
aA/,L(xa t)_

as SK*(x, y; 1)
_ . - ) s ol ga VP e S M) 2.9
Jd y K*(x, ; t)*{5 20,0 t)}“fd Y sy, 0 )

+ 7l 1).

The correlations of white noises #,, and 1, are defined as

< ”ﬁ(x3 t)”gzv(ya t) > =i 6abguv54(x - y)é(t - t,)>

<nint> = <ninh,>=0.

(2.10)

Then they are not Gaussian again. The kernel K(x, y; t) is defined by

Ve(x, Vi, DK, y; 1)=0"6%x— ),

which depends on gauge field 44 for the sake of the gauge invariance of the Langevin
equation. The additional term in (2.9) is necessary for the equivalence to the other
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quantization methods. [6] The Schwinger-Dyson equation is derived as

85 8 Y, . 00 ~
<Jd xd y{m—lm‘}K (x, y)m}>eq—0. (212)

§3. Gaussian white noises

In the previous section we review our procedure for Minkowski stochastic
quantization. It is formulated with non-Gaussian white noises. This point, of course,
does not cause any trouble for formal calculation. This procedure, however, is not
applicable to numerical analysis straightforwardly.

One should note that in derivation of the Green function correlation between the
terms consisting of white noises in the Langevin equation is essential but the detail
structures of these terms are unimportant.

Now we construct the equivalent formulation with Gaussian white noises. We
discuss the scalar and the gauge fields separately.

i) Scalar field _
We rearrange the white noises # and #,, into complex numbers as
n=ny+in,,
Ny =11+, (3.1)
where 7, and 5, are both real numbers. Correlation between them is given as
<nix, ty, t')>=1/2 6,;;6%x—y)o(t—1), (3.2)

Then it is obvious that they are Gaussian. Correlation between # and #, is given
identically as (2.3). Though white noises # and #, are complex numbers in this
formulation, it is easily confirmed that the same Schinger-Dyson equation as (2.6)
holds. Thus recombining the white noises we obtain the equivalent formulation for the
scalar field with Gaussian white noises.

ii) Gauge field
As is shown below, we must extend freedom of the white noises. We put
N .
’7,1 = 'Zl Cin;u

v (33)
Nn =i=21 C*in:“

where #’, is a real number while C; and C,; are complex nuumbers. Note that C,; is not
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complex conjugate to C;.
Now we prove that N must be more than three. Correlations we have to set up are

<11u(x7 t)n*v(y9 t,)> =iguv54(x_y)5(t—tl),
<H, N> = <Hyy Ngy> =0. (3.4)
Let us suppose that correlation of 7} is given as

<, Oy, 1)> =89T),04(x—y)o(t—1), (-5

where T, is a positive definite matrix. Then #, is a Gaussian white noise.
Substituting (3.3) into (3.4) we have

N . )

> CiCiTu=19uv> (3.6)
i=1

N i (3.7)
S CiCiT,n,=0, :
i=1

N i (3.8)
Z C*ic*iT/thO' '
i=1

Itis obvious that N = 1 is forbidden because from (3.7) or (3.8) we have T',,=0, which
contradicts (3.6).

If N=2, we have T T? from (3.7) or (3.8). Then we find T},»» T2 og,, which is
inconsistent with the assumption that T, is positive definite.

For N=3 we must discuss two possible cases: a) egs. (3.6)3.8) are all linearly
independent of each other, and b) they are not independent.

a) We can eliminate one of T%, say T3, from (3.7) and (3.8). Then we have
Ti,on T2, Thisshow that T3, is proportional to the other T},’s. From (3.6) T"is equal
to g,, up to a numerical factor. T is not positive definite again.

b) When (3.7) and (3.8) are not independent of each other, we have

(€ _(Cyo) (C3)* _(Cya)?

(C)? (Cy)®”  (C? (Cy)*’ (3.9
which give
CiCy> Ci1Cys
C,= L %2 C.= 4 J17%3
TGy T Cy (3.10)

From (3.6) and the above equations we have
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C.1 .
(C*1)2T,§vi(C*z)zTivi(C*s)zTZFicilg,w- (.11)
1
With (3.8) we can eliminate two T”s in L.H.S. on the above equation. Then we find that
T' left is proportional to g,,, which contradicts the assumption on T again.
When N =4, we may put

C,=1, Cp1=i,
C,=1, Cpo=—i,

Cy=—i, Cpa=1,

Cy=i, Coa=1. (3.12)

We obtain from (3.6)—3.8)

T;v_ Tﬁv_Tzv—i_ T:v=guv
T}w+ Tﬁv—— Tiv— T:‘,=0.

(3.13)

Then we set
T, =Ts=(1/2,1, 1, 1),

(3.14)
Th=Ta=(1,1/2,1/2, 1/2),
for example so that i, and n,,, satisfy (3.4). We conclude, therefore that N must be more
than 3. N =4 implies that freedom of the white noises is doubled.
The positive-definite matrices T' is not a constant Lorentz tensor. Therefore, this
formulation with the Gaussian white noises is frame-dependent. The covariance under
Lorentz transformation is restored at the Green function level.

§4. Conclusion

In this article we have proposed the Minkowski stochastic quantization method
with Gaussian white noises. This will make it possible to deal with the Langevin
equation numerically, e.g. we can obtain scattering cross section from the Langevin
equation by numerical calculation.

_ The essence of this formulation is that we can make the non-Gaussian white noises
Gaussian by recombining their components and expanding their freedom. The present
author conjecture that every type of non-Gaussian white noises can be made Gaussian by
such procedures.

The white noise in the Langevin equation is naively understood to correspond to
quantum fluctuation of the field. Then what is the physical meaning to expand its
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freedom? To answer this question implies that we can understand stochastic
quantization method more deeply.
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