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ABSTRACT. In this paper, we prove that some fibrewise mapping-spaces
mapp(X,Y) over a stratifiable space B are stratifiable spaces, and further, if
Y isin ANRg(Sg), then mapg(X,Y) is also in ANRg(Sg), where the fibrewise
class Sp = {(X,p) | p: X — B, X is stratifiable}.

1. INTRODUCTION

In this paper, we assume that all spaces are topological spaces and all maps are
continuous, and we will use the abbreviation nbd(s) for neighborhood(s). Let S
be the class of all stratifiable spaces, and Sp the fibrewise class {(X,p)lp : X —
B,X € S} for a space B € S. For (X,p) € Sp, p is called a stratifiable map.
For stratifiable spaces, see C.J.R.Borges [1]. For ANRg(Sgp) and ANEg(Sg), see
T.Miwa [7] [8], or Definition 1.2 in this paper. Throughout this paper, we assume
that B € & unless otherwise stated, and for undefined terminology in fibrewise
topology, see [5].

In the previous paper [8], we studied some basic properties of ANRp(Sg). In
this paper, we prove that some fibrewise mapping-spaces mapp(X,Y’) over B are
stratifiable spaces, and if, further, Y is in ANRg(Sg), then mapg(X,Y) is also in
ANRg(Sp).

First, we refer to some definitions. For a fibrewise space (X, p) where p: X — B
is a map, we denote X = p~(b) and Xy = p~}(W) for b € B and W C B.

Definition 1.1 ([5, Definition 1.16]). The fibrewise space (X, p) is locally sliceable
if for each point z € X}, (where b € B) there is a nbd W of b in B and a section
s: W — Xy such that s(b) = x.

Definition 1.2 ([7, 8]). Let B be an arbitrary topological space. Then Qp =
{(X,p)|p: X — B with a property @} is said to be a fibrewise class. For (X,p) €
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@ and a closed subset A of X, a pair ((X,p), (A,p|A)) will be called a @ g-pair.
In this case, we will simply say that (X, A) is a @ p-pair.

(1) Let X be a space, A a subspace of X, (X, p) and (A, p’) two fibrewise spaces.
A fibrewise map r : X — A is said to be a fibrewise retraction of p to p’ if it is a
retraction. In this case, p’ is said to be a retract of p. Further, if there are a nbd Y’
of Ain X and a fibrewise retraction r : Y — A, p’ is said to be a nbd retract of p.

(2) Let (X,p), (A,p) and (Z,q) be fibrewise spaces, A C X and p’ = p|A. For
fibrewise maps ¥ : X — Z and ¢ : A — Z, 1 is said to be a fibrewise extension of ¢
if | A = ¢. Further, if there is a nbd U of A in X and a fibrewise map ¢ : U — Z
with ©|U = ¢, then v is said to be a fibrewise nbd extension of .

(3) Let (X,p) be a fibrewise space. (X,p) is said to be an absolute (resp. nbd)
retract over B relative to Qp if, for every (Z, q) € Qp satisfying (Z, X) is a ) g-pair,
p is a (resp. nbd) retract of q. By ARp(Qp) (resp. ANRg(Qp)) we denote all
absolute (resp. nbd) retracts over B relative to Qp.

(4) Let (Z,q) be a fibrewise space. (Z,q) is said to be an absolute (resp. nbd)
extensor over B relative to (Qp if, for every fibrewise map ¢ : A — Z, where A is a
closed subspace of X with (X, p) € @p, ¢ has a fibrewise (resp. nbd) extension to
X (resp. anbd U of A). By AER(Q@5) (resp. ANEg(Qp)) we denote all absolute

(resp. nbd) extensors over B relative to Qp.

Definition 1.3. (1) For fibrewise spaces (X, p) and (Y, q), the fibrewise mapping-
set mapp(X,Y) is the set (J,c 5 C(Xp, Y3), where C(X;,Y}) is the set of all maps of
X, to Yy Note that the projection 7 : |J,c g C(Xs,Ys) — B is defined by 7(f) =b
for f € C(X,,Y,). (Note that we denote briefly the fibrewise mapping-set by
mapg(X,Y) instead of (mapg(X,Y),7).)

(2) ([5;section 4]) Let (X, p) is a fibrewise space. By a b-filter on X we mean a
pair (b, F), where b € B and F is a filter on X such that b is a limit point of the
filter p(F) generated by {p(F)|F € F} on B.

Given b-filter (b, F) on X we describe a family I' of members of F as a fibrewise
basis for F if for each member M of F we have Xy N E C M for some member
E € T' and some nbd W of b. In this situation we say that I' generates F. A
fibrewise subbasis is a family which forms a fibrewise basis after finite intersections
have been taken.

(3) ([B;section 9]) For fibrewise spaces (X, p), (Y, q), we define a topology to the
fibrewise set mapp(X,Y). Let N(K;V; W), where K C Xy and V' C Yy, denote
the set of maps f : X, — Y, (b € W) such that f(K,) C Vp, where K, = KN X, and
V, = V. NY,. We describe such a subset N(K;V; W) of mapg(X,Y) as fibrewise
compact-open if W is open in B, p|K : K — W is proper and V is open in Yyy,. For
each map f: X, — Y}, (b € B), the fibrewise compact-open sets to which f belongs
form the fibrewise subbasis of a b-filter. Thus a fibrewise nbd system is defined
and we call the fibrewise topology generated thereby the fibrewise compact-open
topology.

Definition 1.4. (1) Let U be a family of subsets of a space X. We say that
U is closure preserving (abbrev. CP) if, for every U' C U, U = UU’, where
U ={UJU e U'}. For A C X, let U|[A = {UN AU € U}. We say that U is
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finite on compact sets (abbrev. C'F) in X if Y|K is finite for each compact set K
of X([9]). U is o-CP-CF if it can be written as U = |, ., U, such that each U, is
CP and C'F in X.

(2) For a family U of subsets of a space X, U is called a quasi-base for X
if, whenever x € X and U is a nbd of z, then there is V' € U such that = €
IntV C V C U, where Int is the interior operator. (Note that a regular space with
a 0-C'P quasi base is originally called an Ms-space, but G.Gruenhage [3] proved
that every stratifiable space is an Ms-space. Further note that every stratifiable
space has a 0-C'P quasi base consisting of closed sets.)

B.Guo proved in [4] the following theorem. ANR(S) is the abbreviation of
Absolute Nbd Retract for the class S.

Theorem ([4, Theorme 2.1 and Corollary 2.5]).

(1) Let X be a compact metric space and Y a stratifiable space which has a
o-CP-CF quasi-base consisting of closed sets. Then C(X,Y) has a o-
CP quasi-base, hence it is stratifiable, where C(X,Y) is the space of all
continuous maps with the compact open topology.

(2) If, further, Y is an ANR(S), then C(X,Y) is an ANR(S).

neN

We shall extend this theorem to fibrewise version as follows.

Theorem 1.1. Let B be a stratifiable space and M a compact metric space, X a
closed subset of Bx M andY a stratifiable space which has a o-C' P-C'F quasi-base
consisting of closed sets. Let (X, m) and (Y,q) be fibrewise spaces over B, where
m = mp|X is the restriction of the projection 7g : BX M — B. Assume that (X, )
is locally sliceable, and (X, m) satisfies the following condition (*):
(*) If C(C M) is compact and Int C' # 0, for b(€ B) with (bxC)NX # 0, there
is a nbd W of b and a section s : W — Xy such that s(W) C (W xC)NX.
Then we have:
(1) The fibrewise mapping-space mapg(X,Y) with the fibrewise compact-open
topology is a reqular Ti-space having a o-C' P quasi-base, hence it is strati-

fiable.
(2) If, further, Y is in ANRg(Sg), then mapg(X,Y) is also in ANR(Sg).

In section 2, we shall prove this theorem and give an example in Example 2.1
which shows the necessity of local sliceability of (X, 7), and give examples in Ex-
ample 2.2 which show satisfy the condition (*) in Theorem 1.1.

2. PROOF OF THEOREM 1.1

In this section, we shall prove Theorem 1.1. We use all notations of Theorem 1.1
and

N(Ky, - Kn; Uy Uy W) = ﬂé_lN(KiS Ui; W).

Further, we exclusively use the following notations: Let U = |J,.nUn be a o-
CP-CF quasi-base for Y consisting of closed sets such that Uy C Uy C ---. Let
B = UneN B,, be a o-C'P quasi-base for B consisting of closed sets such that B; C
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By C ---. Further, we use the following: Z = mapgz(X,Y), Inttd = {IntU|U € U},
IntB = {IntV|V € B}, and O(Y) is the set of all open subsets of Y.

The space X in this theorem is a closed subset of B x M for the compact metric
space (M,d). Using the compactness of M, M has a sequence {C,}>°, of finite
closed covers of M such that for each n € N, {IntA|A € C,} is an open cover of M
and meshC, < .

For each W € B,, and each C' € C,, (n € N), let Kyywc = (W x C)N X. Then it
is easy to see that 7|Kwxc : Kwxc — W is a proper map.

We assume in the following Lemmas 2.1-2.5 that all conditions of Theorem 1.1
are satisfied. We shall start by proving the following lemma.

Lemma 2.1. For each W € B,, and each C € C, (n € N), the map 7|Kwxc :
Kwxc — W has the following property (**):
(**) Foraz € Kwxc, m(x) = b, there is a nbd W, of b and a section s : W, — X,
satisfying s(b) = x and s(W NWy) C Kwxc-

Proof. Since the fibrewise space (X, ) satisfies the condition (*), it is easy to see
that 7| Ky« satisfies the condition (**). O

For each n € N, let K, = {Kwxc|W € B,,C € C,}. For each n € N and
(Cryo,Cm) € (Co)™, let N, . () be a family of Z defined by
{N(Kwxcys s Kwxoni Ury oo, U W) |
Kwyxe, € Ky, Ui €U, and U; C Yy (fori=1,--- ,m)}.
We shall show in Lemmas 2.2—2.4 that the family

N = UneNU{/\/(%lw',Cm) | (C1,--+,C) € (Ca)™}

is a quasi-base for Z consisting of closed subsets, and Z is a regular Tj-space.
Further in Lemma 2.5, we shall prove that ./\/'(%1 . Cy 18 C'P for each (Ch,--+,Cp) €
(Cn)™.

After proving Lemmas 2.1—2.5, it is easily verified that Theorem 1.1 (1) is proved.

Lemma 2.2. Let f € C(X,Y,) (b € B) and O a nbd of f. Then there is an
element N(Kq, -, Kpn; Gy, -+ ,Gu; W) such that W (€ B) is a nbd of b, each
m|K; : K; — W is proper, G, €U (i=1,--- ,m) and

f c N(Kl NXy,: - ,KmﬂXV;YvﬂIDtGl,”' ,YvﬂIDtGm;V>
CN<K1a 7Km7G17 7GmaW)CO
where V =IntW, Xy =77 1(V) and Yy = ¢ 1(V).

Proof. From the fibrewise compact open topology, there is an open nbd W; of b,
proper maps p; : L; — W; (where L; C Xy, for i = 1,--- ;m) and open subsets
Uy, -, Uy of Yiy, such that f € N(Ly, -+, Ly; Uy, -+ Uy Wh) C O. Since B
is a quasi-base of B, there is a nbd W of b such that W € B and W C W;. For
each i € {1,---,m}, since f(z) € U (= U;NY,) for any z € L; (= L; N Xy),
there is G¥ € U such that f(z) € IntG¥ C G¥ C U; N Y, so z € f~H(IntGY) C
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YGY) € f7YU; N Yyw). By compactness of L;, there are z},--- 2" e Liy

)
J

such that, putting G;; = G}

7 )

n(7) n(7)

n(i)
Lip C Uf (IntG, ;) = UIntGw c Gy c i uinyw).
7j=1

Since {f~! (IntGm-) (Xw — Xb) | 7 = 1,---,n(i)} is a finite open (in Xy )
cover of L; N Xy, by the normality of L; N Xy, there is an open (in Xw) cover
{Hi,h s 7Hz,n(z)} of Lz N XW such that Hi,j C fﬁl(IDtGivj) U (XW - Xb) Let
V =IntW and K, ; = H_” N L;. Then it is clear that
f € N(KZ‘J N Xv, ce 7Ki,n(i) N Xv, YV N Il’ltGZ‘J, cee ,YV N :[IltG’Z’n(Z)7 V)
C N(Kz',b T 7Ki,n(i)§ Gig, - 7Gi,n(i); W)

Thus we have

fe NI NXy, - Kiney N Xy Yy NIntGyy, -+, Yy NIntGpiy; V)

C mN 4,1, """ zn() Gl,l?JGl,'fL(Z)JW)
C N(LbaLmaUlaUman)CO

O

Lemma 2.3. For f € C(X,,Y,) (b € B) and a nbd N(K;U;V) of f, where
U € O), V is an open nbd of b in B and w|K : K — V s proper, there
are W € B,, Ci,---,C, € C, and Uy, --- ,U,, € U, for some n € N such that
N(Kwxcys s Kwxe,,; Uty -+, Un; W) is a nbd of [ satisfying

N(Kwxcys Kwxeyi U o Uns W) C N(KS UL V).

Proof. For the open nbd V' of b, since B is stratifiable and B is a quasi-base of
B, there is W7 € B such that b € IntW; ¢ W; C V. Let Vi =IntW;. Since
f(Ky) C Uy C U and f(K,) is compact where K, = KN X, and U, = UNY}, there
are Uy, --- , U, € U such that

f(Kp) C IntUyU---UlntU,,
C Bhhu---ulU, CcUNYy,.
Since { f~1(Y,NIntU;)[j = 1,--- ,m} is a finite open (in X,) cover of K}, there is an
open (in Xy, ) cover {UJ/.|j =1,---,m} of K} such that U]/- N X, = f (Y, N Intl;)
(j=1,---,m). Since 7|K : K — V is proper and V; C V, there is a nbd Ws(e B)
of b such that Wy C V; and Ky, C U, U---U U, . Further, there is a closed
(in Kw,) cover {Ky, -, K} of Ky, such that K; C UJ'- (j =1,---,m). Since
7| Kw, : Kw, — Ws is proper, 7|K; : K; — W, is proper for j =1,--- ,m. Then

feN(Ky, -, Ky;IntUy, -+ IntU,,; Ws) C N(Kw,; Uw,; Wa) C N(K;U; V).
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Since Uy C Uy C --- and By C By C ---, there is a sufficient large n € N and a
nbd W(e B,) of band C;; € C, (i=1,--- ,m;j =1,--- (7)) such that W C W,
Uy,---,U, €U, and for each i =1,--- ,m

(7 1(i
K;NXy C (L(_J)(W x IntC;;)) N X C (L(_J)(W x Ci;))NX C U,
~ ~
Kyn (W x IritCZ-j) #0(for j=1,--- ,lj(i)).
By Kwxe = (W x C)N X, it is easily verified that
1)
f e ﬂ:lN(KWXC“, o Ky IntU;, IO W)
1(2)
C ﬂ:;N(Kchm“' s Kwxcy; Ui, Ug W)
C N(Ki,- KUy, - U Wa) C N(K; U V).

This completes the proof of this lemma. U

Lemma 2.4. In Z = mapyz(X,Y), we have:

(1) Each member of N' = U, enU{NE, .. o) |(Cry o C) € (Co)™} is closed
n 2.
(2) Z is a regular T} -space.

Proof. (1) To prove this, it is sufficient to show that, for W € B,, C € C,
and U € U,, U C Yy for n € N, N(Kwxc;U; W) is closed in Z. Let f ¢
N(Kwxc;U; W) and f € C(X,,Y;) for some b € B. In the case b ¢ W, we put
Wy = B—W. Then it is easy to see that 1V} is an open nbd of b, 7| Xw, : Xy, — Wj
is proper, N(Xw,;Yw,;Wi) is an open nbd of f satisfying N(Kwxc;U; W) N
N(Xw,; Yi; Wh) = 0. In the other case that b € W, there is x € Kyxc N X,
such that f(z) ¢ U,. Since U is closed in Y, Y — U(= V) is an open nbd of f(x)
in Y. From Lemma 2.1, for the point x € Ky «c N Xy, there is a nbd W; of b and
a section s : Wi — Xy, satisfying that s(b) = x and s(W NW;) C Kwxc. Let
L = s(Wy). Then it is easily verified that 7|L : L — W, is proper, N(L; Viy,; Wh)
is a nbd of f and N(Kwxc;U; W) N N(L; Viy,; Wi) = (), where Viy, = V N Yy,.
Thus we can see that N (K wc;U; W) is closed in Z.

(2) Since (X, ) is locally sliceable and (Y, ¢q) is fibrewise Hausdorff, from [5]
Proposition 9.3 7 is fibrewise Hausdorff, therefore Z is Tj.

Finally, it is easily verified from (1) of this lemma and Lemmas 2.2-2.3 that Z is
regular. U]

Lemma 2.5. /\/'("Chm’cm) is CP for each (Cy,---,Cy) € (C,)™. Therefore, N is
o-CP (quasi-base for Z from Lemmas 2.2-2.3).

Proof. We shall show that each ./\/(”017,,.7Cm) is C'P. First note by Lemma 2.4 that
each member of /\/(%1,~-v,cm) is closed. Let ' be any subfamily of (U4,)™, B any
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subfamily of B,,, and
N ={N(Kwxcy, - s Kwxcni Ury - s Un; W) |
WEB/’(UM"' 7Um)€ul7UiCYW (iZl,--- 7m)}

To prove that N’ = UN', let g € Z — |UN’. Then, there is b € B such that
g€ C(X,Y3). Let By ={W eBbg W}, By={W eB|beW}and
Nl/ = {N(KWXCN“' 7KW><Cm;U17"' 7Um7W) e N |
WeBLU CYw(i=1,-,m}
Nl =N — N,
For each k =1,---  m, let py : (U,)™ — U, be the k-th projection and
U'(k) ={U € prU)|g((b x Cr) N Xp) & U}
We shall show the assertion in the following way: For each N/(i = 1,2), we con-
struct open nbds N; and Ny of g such that N; N (UN]) = 0 (i = 1,2) respectively,
so we can prove that N = N; N Ny is an open nbd of g satisfying N N ((JN”) = 0.
First, we shall construct N;. Since Bll C B, and B, is a closure preserving
family consisting of closed sets, b € B — |JB;(= W1) and W is an open nbd of
b. Then it is easy to see that N(Xy,;Yw,; W1) is an open nbd of g satisfying
N(Xw,; Yy W) N UN,; = 0. Thus we can take Ny = N (X, ; Yiv,; W1).
Next we shall construct N,. In case U (k) = () for some k, let Ny(g) = Z. In
case U (k) # 0, we can write

{U el (MIUNg((bx Cr)NXy) # 0} = {Unt, -, Uit }+

because U, is CF and ¢((b x C) N Xp) is compact. Note from the construction
U' (k) that g((bx Cx)NXy) —Uy; # 0 foreach i =1, -+, m(k). We can choose points
Tpi = (byag;) € bXx Cy fori =1,---  m(k) such that g(zx;) € g((bx Cy)NXp) — Ug;.
Then Vi, =Y —U{U € U,|g(zri) € U} is an open nbd of g(xy;) in Y, because U,, is
CP. Since (X, ) is locally sliceable, there is an open nbd V' of b such that a section
s; + V. — Xy satisfying s;(b) = xy; for each ¢ = 1,--- ,m(k). Let Ky, = s;(V) for
each i = 1,--- ,m(k), then it is obvious that w|Ky; : K; — V is proper and
Nk(g> = N(Kkh cee Kkm(k); Vkl ﬂYV, ey Vkm(k) ﬂYV, V) 1s an open nbd of g. Then
we shall show that we can take Ny = [, Ni(g) satisfying Ny N (JN;) = 0. For
any

N = N(KWXC17"' >KW><Cm;U17"' 7UmaW) €N2l>
it is satisfied that ¢ € N by g € Z — [JN’, therefore g((b x Cy) N X,) ¢ Uy, for
some k € {1,---,m}. Hence g((b x Cx) N X)) N Uy = 0 or Uy = Uy; for some

ie{l,---,m(k)}, so Viz NUp = 0. Since zy; € Ky N Ky, and Vi, N U = 0,
Ni(9) N N(Kwxe,; Ug; W) = (0. Therefore NoN N = (. O

Now, we start the proof of Theorem 1.1 (2).

Proof of Theorem 1.1(2). We shall show that Z is in ANEgp(Sg). Let (E,r) be in
Sp, A aclosed subset of E'and ¢ : A — Z a fibrewise map. Since Z = mapyz(X,Y),
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we can define a fibrewise function ¢ : AxgX — Y by ¢(a,x) = p(a)(z) (a € Ay,
x € Xy, b € B), where Ax X is the fibrewise product of fibrewise spaces A and X
([5;section 1]). Since 7 : X — B is proper, from [5;Corollary 9.14] ¢ is continuous.
Further, since Y is in ANRp(Sg), so from [8] Theorem 1.1(4), Y is in AN Ep(Sp).
Therefore there is a nbd U of AxgX in ExgX and a fibrewise map d:U Y
such that (i>|A><BX = ¢. Since 7 : X — B is proper, it is easy to see that there
is an open nbd V of A in E such that VxpX C U. (We use the same notation
®: VxpX — Y.) Then a fibrewise function ® : V — Z = mapy(X,Y) defined by
®(z)(x) = P(z,z) is continuous by [5;Proposition 9.7], and ®|A = . Thus Z is in
ANEB(SB), So in ANRB(SB) O

In Theorem 1.1, “local sliceability” of (X, ) plays an essential role. For this, see
the following example. This example is appeared in [5;p.68] and [6;Remark 1.7].

Example 2.1. Let I be the closed unit interval, M = B = I, and 2o = (0,1) be
the point in I x [. Let X =Y = {2} U(I x{0}),7r: X - Band¢q:Y — B
be the natural projections to the first axis. Then it is clear that (X, ) is not
locally sliceable. Take f, g € C(Xo,Yp) satisfying f(x¢) = x¢, £((0,0)) = (0,0) and
g({(0,0),20}) = {(0,0)}, where Xy = 771((0,0)) and Yy = ¢~*((0,0)). Then it is
easy to see that f and g do not have separated nbds. Therefore mapgz(X,Y) is not
(fibrewise) Hausdorft.

In connection with this example, the following proposition is established in [5;
p.68] Proposition 9.3.

Proposition. Let X be locally sliceable over B. Then mapp(X,Y) is fibrewise
Hausdorff whenever Y s fibrewise Hausdorff.

In Theorem 1.1, we want to remove the condition (*) for (X, 7). But we cannot
yet prove the same type theorem of Theorem 1.1 under an assumption which the
condition (*) is removed, or cannot yet give an example in which the same type
theorem of Theorem 1.1 does not hold under an assumption which the condition
(*) is removed.

Now we give some examples of (X, 7) which satisfy the condition (*). These
examples show that the condition (*) does not seem to be very strange. We can
easily show that the following examples satisfy the condition (*).

Example 2.2. Let I be the closed unit interval, and M = B = 1I.

(1) Let X ={(z,y)|(x — 3)*+ (y — 3)? < (3)?} be the closed convex subset of

B x M, and 7 : X — B the natural projection.
(2) Let X = {(z,y)|(z— %)3 +(y— %)% < (%)%} be the closed non-convex subset
of B x M, and m: X — B the natural projection.
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