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In [4] we have studied the surjectivity of the forgetful homomorphism f(G, X) : KG(X)-

K(X). The homomorphism gives informations about lifting actions on stabl,.p vector bundles 

One of the purpose of this paper is to study lifting actions on vector bundles and give actions 

explicitly for geometrical uses, for example, equivariant Hopf constructions and a lifting 

problem for other spaces than the spheres 

In section I we shall give a criterion for the existence of lifting actions which is obtained 

by G. . Bredon's work [2]. Section 2 consists of results obtained by J. Folkinan's theorems 

[3], and Proposition 3 in [5]. Moreover we shall prove the equivariance for representatives of 

of generators of the groups lc3(SO(4)) and IT7(SO(8)). In section 3 we shall prove the equi-

variance of Bott maps [1], which present us various constructions of equivariant maps. In the 

last section we shall apply results in preceding ' sections and obtain a non existence theorem, 

equivanant Hopf constructions and a lifting property on complex plane bundles over the 

complex projective plane 

S 1. B;redlom9s exact sequeuce 

In [2] G. Bredon has given an exact sequence for S1 actions. The techinque 

used there is also applicable to S3 actions. For use later, we reconstruct the exact 

sequence explicitly. For i = I or _~~, Iet p : Si x X->X be an Si action with a fixed 

point xo Which we shall take as the base point. Let d be 2 or 4 according to i = I or 3 

Pi denotes the standard representation of Si and e the trivial one dimensional repre-

sentation. As in [2] S~k+, denotes the dk+r dimensional sphere with the Si action 

which is given by the representation kpie(.r+1)e. [ , X] denotes the set of equi-

variant, base point preserving homotopy classes of equivariant rnaps. ~ : [S~k+., X] -> 

lcdk+.(X) denotes the f'orgetf'ul map, and p : [S~(k+1)+., X]~'[S~k+., X] the map 

induced from the inclusion map S~k+,cS;(k+1)+.. Moreover we define a map 
c(: Icdk+.+1(X)~'[S~(k+1)+., X] as follows. Let f: (S~k+.*e, S~k+.)~'(X, xo) be a 

map, where e denotes the unit element of the group Si. Define a map f: S;(k+1)+.= 

S~k+.*Si~'X by 

f((1-t)x+tg)=/t(g)f((1-t)g~1x+te) for O~t~l, x eX, g e G, 

and set oc([f])=[f], where [ I denotes an equivalence class. Sinc~ the set [S~k+., X] 
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has a natural group structure, by a routine we have 

PROPOSITION 1. There exists the following exact sequence 

->P [S~k+.+1. X] --~ip I~dk+.+ I [S~(k+1)+., X] -e (X) -=>" 

S 2. Comstrwctioms of equivariant Hnaps 

In this section we give some constructions of equivariant maps in the case of 

classical groups SO(n), U(n) and Sp(n). 

(1) A theorem induced from Folkman's theorems 
Let lk be the ideal g~nerated by the monomial (x - 1)k in the representation ring R(S1) = 

Z[x, x~1]. Set (e2*it-1)k=~je2*ib(j)t-~je2*i*(j)t for O;~t;~1, and let T(g) 
and S(g) be 2k~1 x 2k~1 diagonal matrices with entries e2.ib(j)t and e2*i.(j)~ t for I ~ 

j~~2k-1 respectively, where g is e2*it. Let fl : S1~'SU(n)cU(n), n =2k~1, be the 

map defined by 

fl(e2*it) = Diag (.e2*i(b(j)~~(j))t) . 

Sin ce 

k
 k-1 

(21 - 1) = k(~ l=0 ~
 

1=1 
21- I . 

= j = I , O for p k 
2
 

det Diag (e2*i(b(j)~a(j))t) = 1. Then fl ~:O. Theref'ore we have an equivariant 

extension f2 : S1*S1_> U(n), where S1 action on U(n) is given by 

U(n) 3 A -> T(g)AS(g)~1 e U(n) for g e S1 

Let m be an arbitrary integer. We consider the restriction homomorphism of repre-

sentation rings Z(S1)~'Z(Z~) and use Proposition 3.3 in [3] to obtain that degf2 EO 

mod m and accordingly degf2 = O. Thus we have an equivariant extension f.,.. : S1* 

S1*S1=S~->U(n). If we continue this process, it f'ollows from Theorem 3.1 in 
[3] that 

PRoposrnoN 2. There exists an equivariant map fk: S~k-1~'U(n) of degree 1 

REMARK. By S4 in [3],we have similar results for SO(n) and Sp(n) 

(.2) A result obtained from Proposition 4 in [5]. 
Let D(t) be the 2 x 2 matrix r_'."~ion~"'22lcl~tt -csion"". 22~tt and Sl be the 21 x 21 matrix with l (

 
)
 times of D(t) on the diagonal. Define an Sl action on SO(21) by ~ 
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SO(4k+2) 3 A - p(g)(A) = Sl(9)ASl(9)~1 for g e S1. 

By Proposition I in S I , we have a commutative diagram 

7c4k 1(SO(4k)) -ip [~q,~~-~, ~,qO(4k)] p (U(2k)) -~ lc4k_3(SO(4k)) --> Tc4k_3 

2~J･ ~:!i･ ~~f･ 2;f-'* '* '* 

lc4k 1(~q:O(4k+2))-~ [S4k-1 SO(4k+2)] -7T4k 3 _ (U(2k+1))-=>c Ic4k_3(b'"rJ(4k+2)), 4k - 3 ' 

where ~ denotes the obvious isomorphisms. Then we have 

PRoposmoN 3. i*~([S~~]~, SO(4k)) D 27c4k_1(SO(4k+2)) for k > 1 

PRooF. Since l~4k_2(U(2k)) = 7c4k_2(U(2k + 1)) = O and I~:4k_2(SO(4k)) = I~4k + 2(SO 

(4k+2)) = O, i*: [S~~I~, SO(4k)]~'[S~~-~, SO(4k + 2)] is an isomorphism. Then by 

Proposition 4 in [5], we obtain the result in Proposition 3. 

(3) Lower dimensional cases 

Let Sl'k and Sl,k be the (21+ k) x (21+ k) matrices D(t)1 x lk and lk x D(t)1 respectively, 

where lk denotes the unit matrix of degree k. Now we consider equivariant homotopy 

sets [S3, SO(4)] and [S7, SO(8)] with suitable actions on the spaces. The following 

maps are known as representatives for generators of 7c3 (SO(4)) : 

a3: S3 - SO(4) given by a3(q)x=qx f'or q, x e S3=Sp(1), 

cF~: S3 - SO(4) grven by a (q)x x~ for q, x e S3=Sp(1) 

More explicitly for q = qo + qli + q2 j + q3k, 

qo ~ql -q2 -q3' qo ql q2 q3~ 
q I qo ~ q3 q2 - ql qo ~ q3 q2 eF3(q) = , a~(q)= 

q2 q3 qo ~ ql -q2 q3 qo ~ql 
.q3 -q2 ql qo -qs ~q2 ql qo 

Now we consider q as a column vector t(qo' ql, q2' q3)' Then 

(T3(.S~ , 2q) = Si , 2a3(_q)tSi , 2 ' 

a3(.S2,0q) = S2,0a3(q)14 , 

(T~(Si , 2q) = Si , 2a~(q)tSi , 2 ' 

a3(S2,0q)=i)'q~2,0er~(q)14 where ~2,0= tD O 

OD 
Now representatives a7' a~ f'or generators of 7c7(SO(8)) are given by 
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a7((q, r)) (x, y) =(q, r) (x, y) = (qx - ~r, yq + rX) , 

a~((q, r)) (x, y) =(x, y) (q, r) = (x~ + 7y, - rx + yq) for Cayley numbers (q, r), (x, y) 

with (q, r)ll = Il(x, y)II = 1. Therefore we have -

a3(q) - tcr~(r)C a~(q) ta3(r) 
a7(q, r) = , a~(q, r) = _ a3(r) ta~(q) ' 

cr3(r)C ta~(q) 

'1 O O O 
O -1 O O where C= o o _ I O ' and tA denotes the transposed matnx of A 

O O O -1 
Then 

ef7(S~,4(q, r))=S~,4a7(q, r)tS~,4 , 

a7(S4,0(.q, r)) = S4,0a7(q, r)t(Si,6)2, 

tf~(S~,4(q, r))=S2 4a7(q r)tS' 4 , 

~ O tD(t) O 14 O , where ~= a~(S4,0(q, r)) = a~(q, r) 

O t(S1'6)2 O D(t) O S2,0 ' 

Now we consider S3 =Sp(1) actions. By (q'q, r)(x, y)=(q'qx-~r, yq'q+r5~), 

a (q )a (q) -t(T~(r)C 
it follows that a7(q'q, r)(x, y) = 

a3(r)C ta~(q~ta~(q') 

' a3(q') O 14 O eF (q, r) , for q'yq'r=~r. O 14 7 o ta~(q') 
By (q q q r)(x y) (q'qx-~q'r, yq'q+q'r~), 

a3(q')a3(q) -ta~(r)ta~(q')C 
a7(q'q, q'r)= 

a (q )a (r)C ter'(q)ta~(q') 

a3(q') O er3(q) - ta~(r)C 14 O 
O cr3(q') a (r)C t(T'(q) . O Cta'(q')ta (q )C 

and by (x, y)(q'q, r)=(x~~'+7y, - rx+yq q) frJr q'q'yq q yq q it follows that 

a~(q')a~(q) ta3(r) 
a~(q'q, r) = 

- a3(r) ta~ (q)ta~(q') 

ef~(q') O ' O a (q) a (r) 14 
for ryq'~' = 7y. 

O 14 -a3(r) ta~(q) O ta'(q ) 
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By (x, y)(q'q, q'r)=(xqq' +rq'y, -q'rx+yq'q), it follows that 

a (q )a (q) a (r)ta3(q') 
a~(q'q, q'r)= (T (q )a (r) ta'(q)ta~(q') 

CF (q ) O a (q) tf (r) 14 O 
O a3(q') -er3(r) teF~(q) O ta'(q')ta (q ) 

for rq'yq'q' =rq'y ahd q'q'yq'q = yq'q. 

NoTE. Let G be a compact Lie group and S" be a G-sphere. Let D : G~'SO(k) 

be a homomorphism. Suppose that a map X : S"->SO(2k) satisfies 

D(9) O Ik O 
X(9x) X(x) for g e G. O Ik O tD(9) 

Since ~ Olk)(Ik OV o lk) =( ) ,= ( k)satisfies x'(9x) OI ~ IOk ,themapX X _Ik O 
(
k
 

~O D/~-Ik O 
_(D(g) O~ X'(x) (tD(O9) O ~ and obviously x' is homotopic to x_ 

l¥ O Ik) ~ Ikl' 

S 3. Equivariamce of Bott maps 

(1) Unitary groups U(n) 

Let W~ be the standard complex U(n) module and V~ be a 2-dimensional real module 

We choose basis for W~ and V~. Then the map ~c: U(n)~'G.(C2') in (4.5) of [1] 

can be described as follows : 

(sinc/2cos c/2)A A e U(n) ~c(A, ip) (cos2ip/2)I~ for 
(sin ip/2cos ip/2)tA (sin2 ip/2)I~ . O~c~~ 

- (sin ip/2cos c/2) I. Ae U(n) (cos2 ip/2)1* for . 
- (sin ip/2cos ip/2)I~ (sin2 ip/2)1. Ic ~ ip ~ 2l~ 

Further, 

S O S-1 O ~c(SAS-1, ip) = Ac(A, c) 
O S . O S-1 ' 

and the map fc : G*(C2*)~'g~U(2n) is given by 



26 Hiromichi MATSUNAGA 
fc(P, e) = Peie + (1 - p)e~ie. 

Hence 

S O S O -1 fc(Ac(SAS-1, ip), O) = fc(~c(A, c), O) 

Thus we have proved 

PRoposmoN 4. Let X:Sk->U(n) be an equivariant map of type (S, S). Then 

the map: E2Sk->U(2n) whjch corresponds to g~fc'A'X is an equivariant map of type 

((O ~) (O S)) where E2 denotes the double suspension 

REMARK. If the fixed point set of Sk is an m-sphere S~ for some m ~ 1, then we 

obtain a homomorphism b : [Sk, U(n)]->[E2Sk, U(2n)] 

(2) Orthogonal groups O(n). 

According to the notations in [1], the map 8~ ' ~R : O(n)-~~G~(H2'), say ~, is given by 

(cos2ip/2)I~ (sin ip)A AeO(n) 

(sin ip)tA (sin2c/2)In O ~ ip ~ lc 

)
1
 

We have ~(TAS-1, ip)= (oTg) A(A, c) 'O S f'or T, S e O(n). Further we use the TO ( -
frJllowing maps given in S6 of [1], 

fl'0=fl( ' e): G~(H2') 3 P -~ u =Pei0/2+(1-p)e~i0/2 e U(4n) , 

f2,0=f2( ' ~): U(4n) 3 u ---> g =ue~e/2u~1 e SO(8n) , 

f3 . f ( x) SO(8n)3g~'ge;*9~1, where e, denotes the right multiplication. Since 

8-) ' Hro S " we have R~TO commutes with ei6/2 and e' 
.' 

( 1. j'3,. f2,0j'l'e~(_TAS-1, ip) ( ) T O =8~ oTg f3,.j'2,eJfl'6~(A, ip)e~ ~ )
 OS 

Thus we have proved 

PROPOSITION 5. Let X: Sk~'O(n) be an equivarjant map of type (.T, S). Then 
The map E4Sk->SO(8n) which corl'esponds to Q3f3'~2f2'Qfl'A is an equivariant 

map of type(8R oT~), 8~ (oTg . 
H 

Next we have 



Equivariant Homotopy Groups of Classical Groups 27 

PROPOSITION 6. Let 7~k

 7~k(O(n)) is epic. Then ~ : [E4Sk, SO(8n)]~'I~k+4(SO(8n)) is epic mod torsion. 

PRooF. It is known that e~ : IT4k+3(Sp(2n))~'1c4k+3(SO(8n)) is isomorphic for 

even k and image e~ D 4~4k+3(SO(8n)) for odd k. Then the proposition is obtained 

by the commutative diagram 

~4~"P(2n) 

f
 ~3(""' P(2n)/U(2n)) 

f
 g~2( U(2n)/o(2n)) 

f
 G,(R2~) 
f A-

o(n) 

R 
=>H 

R 
-~>H 

~4~~'qo(8n) 

f
 

~' f ' 

~3(~q:rJ(8n)/U(4n)) 
fg~･ f ' 

~2(U(4n)/~qp(2n)) 
f~･ f ' 

G~~H2' y. 

S 4. Appl~eat~oms 

(1) Non existence 

( ) Let S(k) be the 8kx8k matrix with k-times of ~ '014 on the diagonal, where S 

is the matrix S2 o = rtD(t) O ~ 
･ ~ O D(t)/ ' (3) in S2. We define an action of Si on the 

group SO(8k) by 

SO(8k) 3 A - S(k)A(S(k)) 1 

Then we have 

PRoposrnoN 7. Let k~2. Then the group ~([S~~li, SO(8k)] is a torsion group 

mod (T) in 7~8k_1(SO(k)), where T is the class of the characteristic map .of the tangent 

bundle of S8k. 

PRooF. By (3) in S2, ~ : [S~, SO(8)]~'1c7(SO(8)) is an epimorphism mod (T) 

Hence it follows from (2) of S3 that ~ : [S~1, SO(64)] ->7~l 1(SO(64)) is an epirnorphism 

mod torsron. By Proposition 1, we have a commutative diagram 
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π10（80（64））＝O

↓
［畔，80（64）］ ム
　　　　　　！＼

π11（30（64））　　z＊

一i・））ソ

［錫1ヲ80（16）］

↓
π11（30（16））

↓

H岨omchi　MATsUMGA

π8（80（64））＝Z2

↓
［8亨ラ80（64）］ 一㌧π。（80（32）×σ（16））

　　　　　！＼　！

πg（80（64））＝Z2ゴ楽π7（80（64））

㍗1・））ソ

［8写，30（16）］

↓

」㌧π。（80（8）×σ（4））

πg（30（16））＝Z。

↓
π7（80（ヱ6））

　　　Let～oぺπ7（80（8））→π7（80（32））be　the　ep五醐orph五s醐whヱch亙s1nduced　fro㎜the

inc1usion＝m盈p80（8）⊂∫0（32），and．ζ7be施e　g艶erator　of　the　stabk　groupπ7（σ（殉）），

η≧4　　Then重he鵬賦1s施an　e1e㎜ent　x∈［塒i，80（64）］such　thatβ2（x）＝2互o＊（σ7）＿ξ7

and．ψ（x）蝿a　non　zero　mu1むp1e　ofthe　generator　ofπ11（∫0（64））．　S1醐1ar1y　the鵬e測sts

an　e工e醐一ent　x1∈［塒1ヲ80（16）］such　th就β2（x1）＝2σ7－67inπ7（80（8）×σ（4））．　Since

β2。［塒1，80（64）］→Kerψ⊂・π7（∫0（32）×σ（16））且s　an1so血互orph蝸固．皿od　tors1on，by

the　CO瓦固血直皿taむVe　d且agr硯亙n

　　　　　　　　　　　　　　　　　　　　［塒1争30（64）］」色→π11（80（64））1
一

ト
　　　　　　　　　　　　　　　　　　　　［塒1，80（16）］」生→π11（80（且6）），

ψ（x1）1s　non鵬ro玉皿u1むp1e　ofthe　ge皿e蝸tor　ofπ11（∫0（16））　Thereforeψ　［賜1ヲ∫0（16）］

→π11（80（16））蝿an1so血orph1s皿modto醐on　Now1et　k≧2beevenand　w：（κ＿2）／2

彊y　Rropos1t1on6and　the　co皿ユ皿且ut並1ve　d1agra皿区

［「∵0（1㌧、∴、”、、～（γ8W）×σ（㌦。、且、亙、、

［81榊Hヲ80（8＼ドπ4ト3（80（4ん）x（㌻

　　　　　　　　　　　　　　　　　　　　π糾十3（80（8た））　　　　　　　　　　　　　　　　π俳．．ユ（30（8κ）），

we　ob晦in　the　resuh　in　Proposition7for　the　c盈se　whe鵬κis　even．　亙or　od－dた，by　a

s1皿11ar　argu醐ent，we　c＆n　com－P1ete　the　proof

　　　（2）　Equ1var岨nポHlopf　construct1ons
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Let G be a compact Lie group and p: G x Sk->Sk an action, and x: Sk->SO(n) an 

equivariant map of type (T, S), wher~ T, S : G~,SO(n) are homomorphisms. Then 

the map f: Sk x S"-1~'S"-1 defined by f(x, y) = x(x)y for x e Sk, y e S"-1 is also equi-

variant with respect to obvious actions. Therefore the Hopf construction G(f) : Sk* 

S"-1->ES"-1=S" is an equivariant map. Suppose that the fixed point set of Sk is 

an m-sphere S~ for some m ~ I and T= S. Then the set [Sk, SO(n)] admits a group 

structure and the map 

JG : [Sk, SO(n)] 3 [x] I- [G(f)] e [Sk+., S"] 

is a homomorphism, i.e. an equivariant J-homomorphism. 

EXAMPLE. By (3) m S3 we have an equivariant J-homomorphism Js': [S~, SO(.8)] 

-~ [S15, S8]. Consider the commutative diagram 

[S3, SO(8)] ~> [S15,S8] 

J~ J~ 
l~:7(SO(8)) J+ Icl5(S8), G=S1, 

where J rs the usual J-homomorphism. Since a~ is in the ~ image, ~([S15, S8]) 

mcludes the element of Hopf invariant one in I~l5(S8) 

(3) Lifting actions on complex plane bundles over the complex projective plane 

Let CP" be the n dimensional complex projective space. We have a cofibration CPI c~ 

CP2-q S4. The map q is given by 

q([zl, z2, z3])=(2~3zl' 2~3z2, 1-2lz312) for [zl' z2, z3] e CP2 

We consider the S1 action Si,2 on S3, (3) in S2. Then we have the S1 action on S4 

given by (trivial one) ~ps*' Here we quote the note (3) in S2. It is easy to see that 

the action admits a lifting on CP2. Then we have 

PRoposrrloN 8. For any complex plane bundle E, the bundle EeC adnats a 
lifting action. 

PRooF. The first Chern class C1 (Ee(det E)-1)=0. Then we have a complex 

plane bundle E1~>S4 such that E~!~(det E)-1 is isomorphic to q*El~~. Then we 

have an isomorphism 

Ee(det E)-1 e(det E) ~ q*EI ~(det E) e C, 

and hence 

Ee) ~ ~; q*EI e(det E) , 

where the right hand side admits a lifting. Hence we have the result of Proposltion 8 
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NoTE. Considering the bundle ER(det E)-1, it is easy to see that if the first Chern 

class C1(E) is even then the bundle E admits a lifting. In the case Cl odd, I do not 

know whether there exists such a bundle that can not admit any lifting or not 
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