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In [4] we have studied the surjectivity of the forgetful homomorphism f(G, X): Ke(X)—
K(X). The homomorphism gives informations about lifting actions on stable vector bundles.
One of the purpose of this paper is to study lifting actions on vector bundles and give actions
explicitly for geometrical uses, for example, equivariant Hopf constructions and a lifting
problem for other spaces than the spheres.

In section 1 we shall give a criterion for the existence of lifting actions which is obtained
by G. Bredon’s work [2]. Section 2 consists of results obtained by J. Folkman’s theorems
[3], and Proposition 3 in [S]. Moreover we shall prove the equivariance for representatives of
of generators of the groups 7;(SO(4)) and 7,(SO(8)). In section 3 we shall prove the equi-
variance of Bott maps [1], which present us various constructions of equivariant maps. In the
last section we shall apply results in preceding sections and obtain a non existence theorem,
equivariant Hopf constructions and a lifting property on complex plane bundles over the
complex projective plane.

§1. Bredon’s exact sequence

In [2] G. Bredon has given an exact sequence for S! actions. The techinque
used there is also applicable to S actions. For use later, we reconstruct the exact
sequence explicitly. For i=1 or 3, let u: S*x X—X be an S* action with a fixed
point x, which we shall take as the base point. Let d be 2 or 4 according to i=1 or 3.
p; denotes the standard representation of S* and 0 the trivial one dimensional repre-
sentation. As in [2] S4k+ denotes the dk+r dimensional sphere with the S? action
which is given by the representation kp,@®(r+1)0. [ , X] denotes the set of equi-
variant, base point preserving homotopy classes of equivariant maps. : [S#*", X]—
T+ X) denotes the forgetful map, and B: [S#*V*r X]—[Sd+r, X] the map
induced from the inclusion map Sdk+rcSd+D+r Moreover we define a map
0 Mggaps 1 (X)—[SAEFV+ X as follows. Let f: (S#**rse, SF*)—(X, xo) be a
map, where e denotes the unit element of the group S'. Define a map f: SF+D+r=
Sdk+rySi X by

F(A-Dx+tg)=w@g)f(1—1g~x+te) for 0=<t<1, xeX, gegG,

and set ([ f])=[f1, where [ ] denotes an equivalence class. Since the set [S#¥*r, X]
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has a natural group structure, by a routine we have
PROPOSITION 1. There exists the following exact sequence:

o L [P X s Mgy (X) =2 [SFDIT XT L

§2. Constructions of equivariant maps

In this section we give some constructions of equivariant maps in the case of
classical groups SO(n), U(n) and Sp(n).

(1) A theorem induced from Folkman’s theorems.
Let I, be the ideal generated by the monomial (x — 1)* in the representation ring R(S!)=
Z[x, x71].  Set (et —1)k=3;e2mibt 57 p2riadt for 0<t<1, and let T(g)
and S(g) be 2k~1 x 2k-1 diagonal matrices with entries e27ib()t and e27ia(t for 1<
J=2k1 respectively, where g is e?**, Let f,: S'->SUm)cU(n), n=2%1, be the
map defined by

fl(ez“"‘) =Diag (eZRi(b(j)—a(j))t) X

Since

k k k—1 k—1
Ef:o( >21—Z§’=1< )(21—1)=k(21’=o( )—Ef’=1< ))
2 _ 21-1, 21—1 201-2
=0 for p= [%],

det Diag(e?mi®()-a(Mty=1, Then f;~0. Therefore we have an equivariant
extension f,: S'«S'— U(n), where S! action on U(n) is given by

Um)s A — T(g)AS(g)~Le U(n) for geSL

Let m be an arbitrary integer. We consider the restriction homomorphism of repre-
sentation rings Z(S')—Z(Z,) and use Proposition 3.3 in [3] to obtain that degjf,=0
mod m and accordingly degf,=0. Thus we have an equivariant extension f,: S1x
S14S8'=83—U(n). If we continue this process, it follows from Theorem 3.1 in
[3] that

PROPOSITION 2. There exists an equivariant map f,: S§=1—U(n) of degree 1.

REMARK. By §4 in [3], we have similar results for SO(n) and Sp(n).
(2) A result obtained from Proposition 4 in [5].

Let D(7) be the 2 x 2 matrix ( cos Lt —sin %Z;) and S, be the 2Ix 2] matrix with I

times of D(f) on the diagonal. Define an S! action on SO(2]) by
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SO(4k+2)3 4 — u(g)(A)=S(g)AS(g9)! for geSi.
By Proposition 1 in §1, we have a commutative diagram

Ta—1(SO(4k)) A [Sik=3, SO(4k)] £, Tar-3(U(2k)) Y, Tar—3(SO(4k))

= i = i s i e

Tap—1(SO(4k +2)) L [S§hL, SO(4k +2)] -2 myp_s(UQRK + 1)) Yo 714, _5(SO(4k +2)),
where = denotes the obvious isomorphisms. Then we have
ProposiTION 3. i W([S3k=L, SO(4k)) > 2my,_ (SO(4k+2))  for k=1.

PrOOF. Since myy,_ ,(UQ2k)) =74 ,(U(2k+1)) =0 and ny,_ ,(SO@4k))=m4 ., (SO
(4k+2))=0, iy: [S=3, SO(4k)]—[S4k=3, SO(4k+2)] is an isomorphism. Then by
Proposition 4 in [5], we obtain the result in Proposition 3.

(3) Lower dimensional cases.

Let S, and S}, be the (214 k) x (21 + k) matrices D(1)! x I, and I, x D(¢)! respectively,
where I denotes the unit matrix of degree k. Now we consider equivariant homotopy
sets [S3, SO(4)] and [S7, SO(8)] with suitable actions on the spaces. The following
maps are known as representatives for generators of n; (SO(4)):

3. S®—— SO(4) given by o3(¢)x=qgx for ¢q,xeS3=Sp(1),

g3: 83— S0(4) given by o5(¢)x=xq for ¢q,xeS*=Sp(1).

More explicitly for g=qq+qi+q,j+qsk,

9o —4q1 —9q2 —43 do q, g, q3’

91 do —4s q: , —4q do —4s3 dz
o3(g)= , o=

q2 ds do —4q1 —q2 qs do —4q1

43 —4q: q1 do —q3 —4q: 91 do

Now we consider g as a column vector (g, ¢4, g3, 43). Then
03(51,29)=51,,03(9)'S1,2,
03(52,09)=52,003(q) 14,

03(81,29)=51,205(9)'51,2,

R R D 0
0'3(5'2.0‘1)=Sz,003(‘1)[4 where S, o= D .
0

Now representatives o, o7 for generators of n,(SO(8)) are given by
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a,((g, N)(x, y)=(q, N (x, y)=(gx—yr, yq+rX),
a5((q, M) (x, y)=(x, ¥)(q, =(xg + 7y, —rx+yq) for Cayley numbers (g, ), (x, y)
with ||(g, »)||=|(x, y)|=1. Therefore we have

o3(q) —'o3(nC o3(q) ‘o3(r)
07(% r) = ’ ‘7'7(‘1, r) = 9
o3(NC  ‘oi(q) —a3(r) ‘'o3(q)

1 0 0 O
where C= (8 _é _(1) 8> , and '4 denotes the transposed matrix of 4.
0 0 0 -1

Then

6+(5%,4(q, 1))=15%,40+(4, 7)'S2,4,

01(S4,0(9, 1) =54,00,(q, 1)(51,6)

07(5%,4(4, 1))=53,407(q, ) S2,4,
D o I, 0 . tD(t) 0

67(S4,0(q, ) = o1(q, 7) , where D= .

0 S0, 0 *(S16)? 0 D)

Now we consider S*=Sp(1) actions. By (q'q, r)(x, y)=(q'qx—yr, yq'q+rX),

. f 03(q")03(q)  —'o3(r)C )
it follows that o,(q'q, r)(x, y)= (
a5(r)C 'o3(9)'o3(q")

" a3(q") O I, O —
= o,(q, r) , forq'yq'r=jyr.
0 I 0 ‘*o3(q")
By (¢'q, a'r)(x, y)=(q'qx—3q'r, yq'q+q'r%),
c3(q")o3(q) —‘GS(r)‘GS(q’)C>
03(q")o3(r)C  ‘o3(q9)'o3(q")

_<"3(q'> 0 ><‘73(‘1) —'as(r)c")(u 0 )
0 ax(@) o) tase) J\ 0 Closg)ras(ac)

and by (x, y)q'q, P=(xGq’ +Fy, —rx+yq'q), for '3’ yq'q=yq'q, it follows that
a3(q")o3(q) to5(r) )
—0o3(r) 'a3(q)'03(q)

< o3(q') O )( o3(g) ‘'os(r) >< YA 0 ) ‘ _,
= , for Fyq'q' =Fy.
0 I, —a3(r) 'o3(q) 0 ‘to3(q")

o:(q'q, 4'r)= (

o1(q'q, r)= (
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By (x, y)4'q, 41)=(xqq +rq'y, —q'rx+yq'q), it follows that

c3(q")o5(q) _‘as(r)‘ffa(q')>
—03(q")o3(r) ‘toi(q)'oi(q’)

_<“’3<4’> 0 )( a3(q) 'as(r>><14 0 )
0 ox(a) )\ —ax() tax(@) J\ 0 tos(a) as(a)

for rq'yq'q'=rq’y and q'q'yq'q=y4q'q.

c1(q'q, g'r)= (

NoTe. Let G be a compact Lie group and S* be a G-sphere. Let D: G—SO0(k)
be a homomorphism. Suppose that a map y: S"—SO(2k) satisfies

D(g) © L, 0
x(gx)=< ) x(x)( ) for geG.
0 I, 0 *D(g)

. -1 =(D ' 0 17 . '
Since (?k Ok> <(I)" 3)(_%‘ I(’; (0 I(D, the map x'= X(_ 1, 6>sat1sﬁes x'(gx)

=<D (()g ) IO) ¥'(%) (tD (()g ) (} >, and obviously y’ is homotopic to y.
k k

§3. Egquivariance of Bott maps
(1) Unitary groups U(n)
Let W, be the standard complex U(n) module and V9§ be a 2-dimensional real module.
We choose basis for W, and V9. Then the map As: U(n)—G,(C?*) in (4.5) of [1]
can be described as follows:

(cos2¢/2)I, (sing/2cos ¢[2)A Ae U(n)
Ac(4, ¢)= ( \) for
(sin ¢/2cos @/2)'A (sin? ¢/2)1, ; 0=¢=n
(cos? ¢/2)1, —(sin ¢/2cos ¢[2) I, ; Ae U(n)
} (— (sin $J2c05 B/, (sin? IV, ) " ngesam
Further,

S W

0 51 0
Ac(S4S™1, @) = ( _ )/lc(A, ¢)< _ )
5 0 3

and the map f¢: G,(C?*")—QU(2n) is given by



26 ) Hiromichi MATSUNAGA
Se(P, 0)=Pei®+(1—P)e~if,

Hence

(%% ']
%]

0

0 -1
Je(Ac(SAST1, ¢), 0) = ( ~ )fc(/lc(A, ), 0)( _ ) .
S 0 S

o

Thus we have proved

PROPOSITION 4. Let y: S¥—=U(n) be an equivariant map of type (S, S). Then

the map: E*S*—U(2n) which corresponds to Qfcoloy is an equivariant map of type
((g g), <g g >, where E? denotes the double suspension.

Remark. If the fixed point set of S* is an m-sphere S™ for some m =1, then we
obtain a homomorphism b: [S*, U(n)]—[E2S*, U(2n)].

(2) Orthogonal groups O(n).
According to the notations in [1], the map &} - 1z: O(n)— QG (H?"), say A, is given by

(cos?¢p[2)I, (sin ¢)A Ae0(n)
) for

M4, )= ( . . .
(sin ¢)'4  (sin’¢/2)1, 0=¢=n

We have A(TAS™!, ¢)= <0T g) MA, @) <0T g o for T, SeO(n). Further we use the
following maps given in §6 of [1],

fro=fi(,0): G (H?*")2 P — u=Pe'®24(1—P)e~'%/2e U(4n),
Ja0=f2(, @): U(4n)su — g=uel®?u'e S0(8n),

S3x=f3(, x): SO(8n)> g—gel*g~!, where e, denotes the right multiplication. Since

e’ <g g) commutes with ¢/¢/2 and ei*, we have

- - T 4 T 0\
FouxF 2 MTAST, )= (o Q) ol 2 0f1.0As 6B (g 3) -
Thus we have proved

ProPOSITION 5. Let y: S*—0(n) be an equivariant map of type (T, S). Then
The map E*S*—SO0(8n) which corresponds to 3 f;0Q%f,0Qf oA is an equivariant

T T0
map of type(s’}, <0 g), ef (0 S>>

Next we have
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PropPosITION 6.  Let 7<k<n and suppose that the forgetful map y: [S*, O(n)]—
m(O(n)) is epic. Then : [E*S*, SO(8n)]—m,, ,(SO(8n)) is epic mod torsion.

Proor. It is known that &ff: my. ., 3(Sp(2n))—my. 4 3(SO(8n)) is isomorphic for
even k and image ef >4n,,, 3(SO(8n)) for odd k. Then the proposition is obtained
by the commutative diagram

Q4Sp(2n) _ea, 2450(8n)

i o
Q3(Sp2n) | UC2n)) Q3(S0(8n)/ U(4n))
1 o
QYU2n)/0(2n)) Q*(U(4n)[Sp(2n))

i .
G, (R2") ek, G, (H™).
IAR/
O(n)

$4. Applications
(1) Non existence

Let S® be the 8k x 8k matrix with k-times of (g 3) on the diagonal, where S
4.
is the matrix S, o= <ID(§I) 1;)(t) , (3)in §2. We define an action of S! on the

group SO(8k) by
SO(8k)> A — S®A(SH)-1,
Then we have

ProPOSITION 7. Let k=2. Then the group W([S3k=1, SO(8k)] is a torsion group

mod (1) in ng,_(SO(k)), where t is the class of the characteristic map of the tangent
bundle of S8,

Proor. By (3) in §2, y: [S?, SO(8)]1—-7,(SO(8)) is an epimorphism mod (7).
Hence it follows from (2) of §3 that y: [S31, SO(64)]—7r,,(SO(64)) is an epimorphism
mod torsion. By Proposition 1, we have a commutative diagram
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710 (SO(64))=0 ng(S0(64))= Z,

| l

[sit, S0(64)] £, [SS, S0(64)] N n7(SO(32)><U(16))

7r11(50(64)) i* n9(50(64)) Zz I 7r7(50(64))

mo(SO(lﬁ))% na(SO(lﬁ))%

SO(16)] £, [S9, SO(16)] N n7(SO(8)><U(4))

7111(50(16)) ﬂ9(50(16)) Z, Tf7(50(16))

Let igs: 17(SO(8))—n,(SO(32)) be the epimorphism which is induced from the
inclusion map SO(8)<=S0(32), and ¢, be the generator of the stable group n,(U(n)),
n=4. Then there exists an element x € [S4!, SO(64)] such that p?(x)=2iy4(c7)—¢;
and Y(x) is a non zero multiple of the generator of 7,,(S0(64)). Similarly there exists
an element x, € [S4!, SO(16)] such that f2(x,)=20,—¢; in 7,(SO(8) x U(4)). Since
p2: [S11, SO(64)]—Ker y =n,(SO(32) x U(16)) is an isomorphism mod torsion, by
the commutative diagram

[S31, SO(64)] —— m,,(SO(64))

1 e

[S41, SO(16)] - m,,(SO(16)),

¥(x,) is non zero multiple of the generator of 7,,(SO(16)). Therefore y: [S}!, SO(16)]
—1,,(SO(16)) is an isomorphism mod torsion. Now let k=2 be even and N =(k—2)/2.
By Proposition 6 and the commutitive diagram

[StxS1%S4~1 SO(16N)] £, Tap—1(SO(BN) x U(4N))
; v . v
N Tar+3(SO(16N)) " Ta4-1(SO(16N))
[SteS1xS4=1 SO(8k)] LN a3 (SO(4k) x (2k))
W ix '3
T41+3(SO(8k)) T4r-1(SO(8k)),

we obtain the result in Proposition 7 for the case where k is even. For odd k, by a
similar argument, we can complete the proof.
(2) Equivariant Hopf constructions
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Let G be a compact Lie group and p: G x S¥—S* an action, and y: S¥*—SO(n) an
equivariant map of type (T, S), where T, S: G—SO(n) are homomorphisms. Then
the map f: S* x S*~1— 57~ defined by f(x, y)=x(x)y for xe Sk, ye S is also equi-
variant with respect to obvious actions. Therefore the Hopf construction G(f): S*=
S"~1—-ES"~1=S" is an equivariant map. Suppose that the fixed point set of S* is
an m-sphere 5™ for some m=1and T=S. Then the set [S¥, SO(n)] admits a group
structure and the map

Jg: [S¥, S0(m)13 [x]+— [G(f)] e [S**, S7]
is a homomorphism, i.e. an equivariant J-homomorphism.

ExampLE. By (3)in §3 we have an equivariant J-homomorphism Jg:: [S], SO(8)]
—[515, 58]. Consider the commutative diagram

[53, SO(8)] = [§1%,5¢]
l¥ lv
n,(S0(8)) —L> m,5(S®), G=5",

where J is the usual J-homomorphism. Since ¢4 is in the Y image, WY([S!5, S8])
includes the element of Hopf invariant one in 7, 5(S8).

(3) Lifting actions on complex plane bundles over the complex projective plane.
Let CP" be the n dimensional complex projective space. We have a cofibration CP1&
CP2_ 2,54 The map q is given by

4[24, 23, 231)=(2232, 22325, 1—-2|25/?) for [z, z,, z3]€ CP2

We consider the S* action 57 , on S3, (3) in §2. Then we have the S! action on S*
given by (trivial one)@ps:. Here we quote the note (3) in §2. It is easy to see that
the action admits a lifting on CP2. Then we have

ProrosiTiON 8. For any complex plane bundle E, the bundle E®C admits a
lifting action.

Proor. The first Chern class C; (E@(det E)™')=0. Then we have a complex
plane bundle E;—S* such that E@(det E)~! is isomorphic to g+E,@®C. Then we
have an isomorphism

E®(det E)"'@(det E)x g+E, ®(det EYDC,
and hence
E®Cx=q+E,®(detE),

where the right hand side admits a lifting. Hence we have the result of Proposition 8.
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Note. Considering the bundle E®(det E)~1, it is easy to see that if the first Chern
class C,(E) is even then the bundle E admits a lifting. In the case C, odd, I do not
know whether there exists such a bundle that can not admit any lifting or not.

References

[1] R.Bott, Quelques remarques sur les théorémes de periodicité, Bull. Soc. math. France,
87 (1959), 293-310.

[2] G.Bredon, Homotopical properties of fixed point sets of circle group actions I, Amer.
J. Math. 91 (1969}, 874-888.

{31 J. Folkman, Equivariant maps of spheres into the classical groups, Mem. of Amer. Math.
Soc., 1971.

[4] H. Matsunaga and H. Minami, Forgetful homomorphisms in equivariant K-theory, Publ.
Res. Inst. Math. Sci. Kyoto Univ. 22 (1) (1986), 143-150.

[51 H. Matsunaga, Note on bundles over spheres with group actions, Mem. Fac. Sci. Shimane
Univ. 20 (1986), 21-24.



