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ABSTRACT. In this paper, we are concerned with the oscillation problem for the
nonlinear differential equation (¢,(a(t)x’))’ + b(t)g(z) = 0, where ¢,(y) is the
one-dimensional p-Laplacian operator, and g(z) satisfies xg(x) > 0 if x # 0.

1. INTRODUCTION

The purpose of this paper is to improve oscillation and nonoscillation theorems
for the nonlinear differential equation

(1.1) (¢p(a(t)’))" +b(t)g(z) =0,
where ¢,(y) is a real-valued function defined by ¢,(y) = |y|P~?y with p > 1 a fixed

real number, and a(t) and b(t) are positive and continuous on some half-line (o, 00),
and g(z) is a continuous function on R satisfying the signum condition

(1.2) zg(z) >0 if o #0.
We assume throughout this paper that

<1
1.3 —dt < oo.
) i
A nontrivial solution x(¢) of (1.1) is said to be oscillatory if there exists a sequence
{t,} tending to oo such that z(t,) = 0. Otherwise, it is said to be nonoscillatory.
When p = 2, equation (1.1) becomes the nonlinear self-adjoint differential equa-
tion
(1.4) (a(t)z") +b(t)g(x) =0,
which has been devoted to the study of the oscillation problem by many authors
(for example, see [3, 6, 7, 8, 9, 10]). Especially, using phase plain analysis of the
Liénard system, Sugie et al. [8] discussed the oscillation problem for equation (1.4)
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18 N. YAMAOKA

whether the integral of the function 1/a(t) is divergent or convergent. In case (1.3),
they gave the following pair of an oscillation theorem and a nonoscillation theorem.

Theorem A ([8, Theorem 3.1]). Let (1.2) and (1.3) hold. Suppose that a(t) and

b(t) satisfy 2
a(t)b(t) ( /t h %m) > 1

for t sufficiently large, and that there exists a A with X > 1/16 such that
gle) JL, A

v T4 (logle])?
for |z| sufficiently small. Then all nontrivial solutions of (1.4) are oscillatory.

Theorem B ([8, Theorem 3.2]). Let (1.2) and (1.3) hold. Suppose that a(t) and

b(t) satisfy 2
a(t)b(t) ( /t h %m) <1

for t sufficiently large, and that g(x) satisfies

of [* 1
G(z) d:f/ g(x)dx < 5:62 for z eR
0

and
1 1
o) 11
x 4 16(log |x|)?
for x >0 orx <0, |x| sufficiently small. Then all nontrivial solutions of (1.4) are
nonoscillatory.

Equation (1.1) also includes a half-linear differential equation. In the study of
half-linear differential equations, its associated Riccati inequality plays an impor-
tant role in the oscillation of solutions (see [1, 2, 4, 5]). Using Riccati technique,
we can extend Theorems A and B to Theorems 1.1 and 1.2 below, respectively.

Theorem 1.1. Let (1.2) and (1.3) hold. Suppose that a(t) and b(t) satisfy

(1.5) a(t)b(#) ( /t h %m)p > 1

for t sufficiently large, and that there exists a A with

(1.6) A > % (EYH

b
such that
g9() p—1\" A
.7 @(m)z( p ) " llog 2]

for |z| sufficiently small. Then all nontrivial solutions of (1.1) are oscillatory.
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Theorem 1.2. Let (1.2) and (1.3) hold. Suppose that a(t) and b(t) satisfy

(1.8) a@Mﬂ(le%dopgl

for t sufficiently large, and that g(x) satisfies

—1
(1.9) G@)gpp 2P for z € R
and there exists a \ with
1 p— 1 p+1

1.1 A< = [ ——
(1.10) 0<A< 5 ( ) )
such that

9(x) (p - 1)” A
1.11 < +
(L11) o@ =\ o ) T el

for © >0 or x <0, |x| sufficiently small. Then all nontrivial solutions of (1.1)
are nonoscillatory.

Remark. Since Theorem 1.1 coincides with Theorem A when p = 2, Theorem 1.1 is
a complete generalization of Theorem A. Also Theorem 1.2 includes Theorem B if
A # ((p—1)/p)P*™ /2. From Theorem B, we see that all nontrivial solutions of (1.1)
are nonoscillatory in the case A = ((p — 1)/p)P™ /2 with p = 2. For this reason, we
may conjecture that even if A = ((p — 1)/p)P™/2 with p # 2, then all nontrivial
solutions of (1.1) are nonoscillatory.

2. TRANSFORMATION INTO A SPECIAL CASE

In this section, we will find the canonical form of (1.1). For this purpose, we

define 1
szq%%ﬂ, u(s) = (t(s))

where ¢(s) is the inverse function of s(t). Then we have

, ds s
7(0) = Gils) = i),
/ ,_ ds 2. - 5” 2(p—1) .
(@p(alt)s' () = GG = (2 V(i)
= ﬁ u(s))) 2( )
= 2 (@t + 2o a0,
where " = d/ds, and therefore, equation (1.1) becomes the equation
2.) (@) + 22 iy 4 DD g

Since a(t) is positive for t > a and satisfies (1.3), the functions s(¢) and ¢(s) are
increasing and s(t) — oo as t — oo. Hence, all nontrivial solutions of (1.1) are
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oscillatory (resp., nonoscillatory) if and only if all nontrivial solutions of (2.1) are
oscillatory (resp., nonoscillatory).

Let c(s) = a(t(s))b(t(s))/s*. Then conditions (1.5) and (1.8) coincide with
sPc(s) > 1 and sPc(s) < 1, respectively. Thus, Theorems 1.1 and 1.2 are rewritten
as an oscillation theorem and a nonoscillation theorem for equation

(22) (0a)) + 22 Mg (01 4 elt)gw) =0,

respectively.
Proposition 2.1. Assume (1.2) and suppose that c(t) satisfies
(2.3) #e(t) > 1

for t sufficiently large, and that there exists a A with (1.6) satisfying (1.7) for |z|
sufficiently small. Then all nontrivial solutions of (2.2) are oscillatory.

Proposition 2.2. Let (1.2) and (1.9) hold. Suppose that c(t) satisfies
(2.4) tPe(t) <1
for t sufficiently large, and that there exists a A with (1.10) satisfying (1.11) for

x>0 orxz <0, |z| sufficiently small. Then all nontrivial solutions of (2.2) are
nonoscillatory.

3. PROOF OF PROPOSITION 2.1

To prove Proposition 2.1, we prepare some lemmas. We first consider the follow-
ing lemma concerning properties of nonoscillatory solutions of (2.2).

Lemma 3.1. Assume (1.2) and suppose that c(t) satisfies (2.3) for t sufficiently
large, and that equation (2.2) has a nonoscillatory solution. Then the solution
tends to zero as t — oo. Furthermore, if the solution is eventually positive, then
its derwative is eventually negative.

Proof. Let x(t) be a nonoscillatory solution of (2.2). Then, without loss of gener-
ality, we may assume that there exists a 7' > 0 such that z(¢) > 0 for t > T.

To begin with, we will show that there exists a t; > T such that 2/(t;) < 0. By
way of contradiction, we suppose that a'(t) > 0 for t > T. Then x(t) > x(T) > 0
for t > T. Hence, by (1.2) and (2.3), we have

2PV, (2 (1)) = =P Ve(t)g(x(t) < —t*2g(x(t)) <0 for t > T.
Integrating both sides of this inequality from 7" to ¢, we get
PO, (2(1)) < TX0D6,((T)) for ¢ T,
and therefore, z/(t) < T?z/(T)/t? for t > T. Integrate this inequality to obtain
1 1
x(t) < T2 (T) (? - z) +2(T) <T2(T)+x(T) for t >T.
Define m; = min{g(z) |2(T) < x < Ta'(T) + x(T)}. Then we have

(P 0,/ (1)) < 1 2g(a(0) < 2y for ¢>T.
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Integrating both sides of this inequality from 7" to ¢, we get

0D, (a (1) <~ (71 = T 4 TV, (2/(T)) for ¢ 2T,
p p—
Hence, 2/(t) is negative for t sufficiently large. This is a contradiction to the
assumption that 2/(t) > 0 for ¢ > T". Thus, 2'(¢;) < 0 for some ¢; > T.
Next, we will show that z/(t) < 0 for t > ¢;. Suppose that there exists a ty > t;
such that

(3.1) r'(t) <0 for t <t <ty and  2'(t3) = 0.

Since z(t) is a solution of (2.2), we have

v 2 (2 cltlga()
w0 == - G Dz~ oW (t - 1>¢p<x/<t>>>
for t; <t < ty. From (3.1) we see that

2 c(t)g(z(t))

O VX ) R
Hence, there exists a 7 > 0 such that z”(t) < 0 for to — 7 < t < t5, and therefore,
2'(t) is decreasing for to—7 < t < t5. Thus, we obtain 2/(t) > 2/(t3) for to—7 < t <
to, which is a contradiction to (3.1). We therefore conclude that z(t) is decreasing
for t > t;.

Finally, we will show that z(t) tends to zero as t — oco. Suppose that z(t) does
not tend to zero as t — oo. Since z(t) is positive and decreasing for ¢t > t;, there
exists a g > 0 such that z(t) — p as t — oo. Let my = min{g(z) |p <z < x(t1)}.
Then we have

(P00, (1)) < ~2g(a(t) < ~ms for ¢ 41

Hence, integrating both sides of this inequality from ¢; to t, we get

PONG (1) < =2 = )+ GO0 () for £ 20

Let L be a positive number satisfying LP~! < my/(p — 1). Then there exists a
t3 > t; such that

20 Vg (o' (t)) < —LP7HP7Y for t > ts,
and therefore, 2/(t) < —L/t for t > t3. Thus, we see that

t
z(t) < —Llog " +x(t3) for t > ts.
3

This is a contradiction to the assumption that z(t) is positive for ¢ > T', thereby
completing the proof. [l

We next consider some differential inequalities of the first order. For simplicity,
we denote

1) ~ -1 ((epor + e+ L)
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for £ < 0 and
p—1\""
e ( p )
with p > 1 a fixed real number.
Lemma 3.2. Suppose that the differential inequality
(3.2) E+H(E) <0

has a negative solution on [sg,00) with sg > 0. Then the solution tends to —v, as
s — 00.

Proof. Since
H(—)= (- 1){ (z%)p — (%)H + (p_p—i)pl} =0

—H(E) = —p(=)V" Y +p—1,

we see that H(€) > 01if € # —v,. Let £(s) be a negative solution of (3.2) on [sg, 00).
Then £(s) satisfies

(3.3) £(s) = —H(£(s)) <0 for s> s.

and

Let u(s) be the positive function defined by

uts) =exp (- [ (=600 Vo

S0

for s > sy. Differentiate u(s) to obtain
u(s) = —u(s)(=£(s))YPV <0 for s> 5.

Hence, we get

_ ¢p(u(3>) or §> s
(3.4) f(s)—¢p(u(s>) fi > 50
Differentiating both sides, we have
N CAUI0) SPRPN L 10] SR
T A 7] B

Hence, by (3.3) and (3.4), u(s) satisfies

B35 Gl + - Dyale) + (22 ) Gule) <0 for sz
Put v(s) = 4(s) 4+ u(s). Then, by (3.5) we have
(p = 1"y (uls))

pPlu(s)|P=2

o(s) = ii(s) + (s) < —

<0 for s> sqg.
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Suppose that there exists an s; > sg such that v(s;) < 0. Then we get v(s) < v(s1)
for s > s1. Since u(s) > 0 for s > s1, we obtain
u(s) = v(s) —u(s) <v(sy) for s> sy.
Therefore, we have
u(s) = v(s1)(s —s1) +u(sy) —» —oo as s — o0.

This is a contradiction. Hence, we see that 4(s) + u(s) = v(s) > 0 for s > s.
Thus, we get
Pp(i(s))
(3.6) E(s) =——F=>—1 for s> s.
Pp(u(s))
Using (3.3) and (3.6), we can find a g such that —1 < p < 0 and £(s) — pu as
s — o0o. If u # —y,, there exists an s > sy such that

§(s) < —H(&(s)) < —H ((n—)/2) <0
for s > s9. Then we obtain {(s) — —oo as s — oo which is a contradiction to
(3.6). The proof is complete. O

Lemma 3.3. Suppose that the differential inequality

(3.7) S T A
' TS s2

has a solution on [sy,00) with sy > 0 where ¢ is a positive parameter. Then

5 < 1/4.
Proof. Let n(s) be a solution of (3.7) and define

1\ 2
(3.8) h(s) = —n(s) — (77(3) + 5) for s > sq.
Then we have

(3.9) h(s) > s% for s> sg

Changing variable ¢ = e® and let u(s) be the positive function defined by

logt
x(t) = exp </ n(a)da) for ¢t > e®*.
S0

Then, by (3.8) x(t) is a nonoscillatory solution of the linear differential equation
2 1 /1
" /
242t (Z+h(logt)>x20
It follows from (3.9) and Sturm’s comparison theorem that all nontrivial solutions
of

2 1 /1 4]
3.10 "+t S|+ —= =0
(3.10) A (4+(logt)2>x
are nonoscillatory. It is known that all nontrivial solutions of (3.10) are nonoscil-
latory if and only if § < 1/4 (for details, see [8]). The proof is now complete. [J
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We are now ready to prove Proposition 2.1.

Proof of Proposition 2.1. Let ty be a large number satisfying (2.3) for ¢ > t, and
let €9 be a small number satisfying (1.7) for 0 < |z| < go. Since ¢y is sufficiently
small, by (1.6) we see that

2
(3.11) D1+ &) (p;lJrz?o) <\
2 p

The proof is by contradiction. Suppose that equation (2.2) has a nonoscillatory
solution z(t). Then, without loss of generality, we may assume that x(t) is even-
tually positive. By Lemma 3.1 there exists a t; > ¢, such that 0 < x(t) < gy and
2'(t) <0 for t >t.

Making the change of variable t = e®, we can transform equation (2.2) into the
equation

(3.12) (@p(@)) + (p = 1)op(ir) + ™ c(e”)g(u) = 0.
Let u(s) be the solution of (3.12) corresponding to z(t). Then we have 0 < u(s) < g
and u(s) = ta'(t) < 0 for s > logt;. Define
Pp(u(s))
)
which is negative for s > logt,. Differentiating £(s) and using (1.2), (1.7), (2.3)
and (3.12), we have

oy @Gplas))) o fas) [
= Smen TV
_ == 1)%(%¢((;)(L(—g; A9l _ 1y jg(s) P
< (- 600) — (1) = oy - - DIE@PO
(3.13) = —H((s)) — m for s> logt.
Hence, by Lemma 3.2 we see that
(3.14) E(s) \u —p as s — oo,
and therefore, we have
u(s) p—1
u(s) > — ’ for s > logt;.

Integrating both sides of this inequality from logt; to s, we obtain

u(s) > u(log ) exp {—p

(s — logtl)} for s > logt;.

Hence, there exists an s; > logt; such that

—1
u(s) > exp {— (pT +50> s} for s > s.
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Thus, together with (3.13), we get
A

3.15 (s) < —H(&(s)) —
315) )< —HEE) - o
From Taylor’s expansion theorem, there exists a 0 < K(£) < (p—1)/p such that

(310) H(O) = 5o(€+ 7 + BETSEK(E e+ for =5y <<

Therefore, we can find an £; > 0 such that

for s > s;.

(3.17) H () )(6 +p)° for —7, <E< -y e

Z e
2’}/[,(1 + o
By (3.14) there exists an sy > s; such that —v, < &(s) < —y, +¢; for s > s1. Let

n(s) £(s) — o0p

(e
Then, from (3.17) we have
HUE(E) 2 oy (66 + 9 = 5o 200+ cunls) + (14 20))
= 27,(1 4+ &p) (77(3) + %) for s> ss.

Hence, by (3.15) we obtain

i) = o)1 {~Heon - 4 }

2L +20) — 27,1+ 20) (- 1)/p + 205"

1

2
A
< —|nls)+ —
(19+3) - T TR
Thus, from Lemma 3.3 we have

for s > s9.

A 1
< R
291 +e0)((p—1)/p+e0)* ~ 4
which is a contradiction to (3.11). This completes the proof of Proposition 2.1. [

4. PROOF OF PROPOSITION 2.2

Before proving Proposition 2.2, we will show that oscillatory solutions of (2.2)
tend to zero.

Lemma 4.1. Let (1.2) and (1.9) hold. Suppose that c(t) satisfies (2.4) for t suf-
ficiently large, and that equation (2.2) has a nontrivial oscillatory solution. Then
the solution tends to zero as t — oo.

Proof. Let x(t) be a nontrivial oscillatory solution of (2.2). Changing variable
t = e®, we can transform equation (2.2) into the system

U= ¢Q(U)7

(4.1) 0= —(p—1)v—ePc(e’)g(u),
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where ¢ = p/(p—1). Let (u(s),v(s)) be the solution of (4.1) corresponding to z(t).
Then there exists a sequence {s,} such that u(s,) = 0. Consider the function

1|v[‘1 + G(u) if wo <0,
Ul(u,v) =<} ¢
G(u+ ¢q(v)) if wv > 0.

Using (1.2) and (2.4), we have

Uy (1, 0) = =4(0)((p — v + e”c(e”)g(w)) + g(u)dy(v)
= —(p = Dol + (1 —€e”c(e”))g(u)dy(v)
<—=(p-Dp*<0 for vu <0,
Uany(,0) = gt + 64 (0){8y(0) = (g = DIl (0 = o = e”c(e*)g (u))}
= g(u+ ¢,()){(1 = (p — 1)(q — 1)y (v) — (¢ = D)e™c(e”)[v]* g (u)}
= —(q — eP*c(e®)|v|9 2 g(u)g(u + ¢ (v)) < 0 for vu > 0.
Hence, by (1.9) we obtain

lim U(u(s),v(s)) = G(¢q(v(sn)))

s—8n+0

p_lvs p(q_l)zlvs = lim u(s),v(s
- |v(sn)] q|(n)| lim U(u(s), v(s)).

- s—5p—0

Put

U(u(s), o(s)) if 5 5,
V(s) = ) :
hmﬁoU(u(s), v(s)) if s=sp,.
Then we conclude that the function V' (s) is piecewise continuous and decreasing for
s > s;. Hence, v(s) is bounded, namely, there exists a B > 0 such that |v(s)| < B
for s > s5.

To complete the proof, it suffices to show that V(s) tends to zero as s — oc.
Suppose that there exists a V > 0 such that

Vi(s) \\ Vo as s — 00.

Let Sy, = {(u,v) | U(u,v) < Vp}. Then the solution (u(s),v(s)) does not enter
Sy, for s > s;. The region Sy, consists of two bounded and disjointed parts and
encircles the origin.

We can find an gy so small that

{(u,v) | Ju| <eg and |v| <eg} C Sy,

Since the positive orbit of (4.1) corresponding to (u(s),v(s)) rotates around the
region Sy, in a clockwise direction, there exists a sequence {o,} such that o,, < s,,
|u(o,)| = €0 and |v(s)| > €q for 0, < s < s,. Hence, we have

/ is)is| = | [ Bu(0(5))ds

0 = |u(sy) — u(on)| = < ¢g(B) (5, — o),
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and therefore,

: > d
Vo= Vis1) < Jim (U(us), o(s) = Ula(r),o(m))) = [ S0, o(5)ds

<=0 [ < (p - DeFY (0 - o)

n=1"9n n=1
oo ‘o

< —(p—1)} = —00,

'L 5
which is a contradiction. The lemma is proved. 0

We are now able to prove Proposition 2.2

Proof of Proposition 2.2. We prove only the case that condition (1.11) is satisfied
for z > 0 sufficiently small, because the other case is carried out in the same
manner.

By (1.10) and (3.16), there exist an g > 0 and an ; > 0 such that

1+¢g
27,

P

p—1
12 HOS T el o - ses- (e

and

(14 20\ < (p_l )2
€0 Y| —— —¢€1 ] .
2P P

Note that €; depends on €y. Let
B (14 ¢e0)A
29, ((p—1)/p— 1)
Then 0 < § < 1/4. Define n(s) = —1/2 + z/s, where z = (1 + /1 —45)/2 > 0.

Then we see that 7(s) satisfies equation

(4.3)

1\* ¢
4.4 ) = — - - =
(4.4) 1 (77 + 2) =
We also see that there exists a 7 > 0 such that

1 (1+¢) p—1 pl
4.5 I S VA Y I
(@5) o) =5+ ( (r-a)
and
1

(4.6) n(s) > —3 for s > .
Let 9 be a positive number satisfying

-1
(4.7) loge, < — (p_ — €1> T

p

and (1.11) for 0 < z < 9.
The proof is by contradiction. Suppose that (2.2) has an oscillatory solution
x(t). Then, from Lemma 4.1 we see that x(t) tends to zero as t — oo. Let u(s)
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be the solution of (3.12) corresponding to x(t). Since u(s) is also oscillatory and
tends to zero as s — oo, there exist an s; and an s, such that

(4.8) u(s1) = u(sg) =0, a(s1) >0, u(s2) <0
and
(4.9) 0<u(s) <ey for s; <s< so.

Note that we may assume that

(4.10) ePe(e’) <1 for s1 < s < 89
by (2.4). Let
Pp(i(s))
£(s) = ——% for s1 < s < $o.
e B
Then, by (4.8) we have
s_l)lglﬂé(S) =00 and 8_1)15151_05(8) = —00.

Since £(s) is continuous on the bounded open interval (sq, s9), there exist an s, and
an s* such that s < s, < s* < 5o,

_ p-1
(4.11) £(s,) = — (% — a) ;o ST =
and
p—1
(4.12) —p < &(s) < — <p%1 - 51> for s, < s <s*.

Hence, we have

@:g(s>1/(l’—1) < — p;l_gl for S §3§5*~
u(s) P

Integrating both sides of this inequality from s, to s < s*, and using (4.7) and
(4.9), we obtain

(s — si) + log u(sy)

(5— 5.) (7%—51>T

(s —ss+7) for s, <s<s"

)

p—1_ 51> (s —s.) +1loges
)
)
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Hence, together with (1.11), (3.12), (4.2), (4.10) and (4.12), we have

oo (op(als))) )|
=St PV
_ —(p=Dgp(u(s)) — e c(e®)g(u(s)) . |uls)|”
6, (u(3) P D)
(o GP-D 4 g @D A
> ~(p- D {leG D g+ P S
A
- _H<€(S)) - (logu(s))2
14 €9 9 A *
— s — for s, < s <™.

S Ty
Put
(4.13) ((s) = —% + 1;;0(5(3 +5.—7)+7,) for T<s<s" —s. 4T
Then, from (4.3) we have

{(s) = 1;%505'(5 T

1+eg 2 o 1+eo A
> () Eers et - R
(4.14) :—(C(s)—i—%) —% for 7<s<s" —s.+T
By (4.5) and (4.11), we have
1 14¢g
n(r)=—5+ > (£(s4) + ) = ¢(7)

Comparing equation (4.4) and inequality (4.14), we see that
(4.15) n(s) <((s) for 7<s<s" —s.+T.
However, by (4.6), (4.11) and (4.13), we have

1 1
n(s* —s.+71)> —5 and ((s"—s,+7)= —3

This is a contradiction to (4.15) with s = s*—s,+7. The proof is now complete. [
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