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The initial growth mechanisms of intrinsic hexagonal boron
nitride (hBN) islands on Cu(111) terraces during chemical vapor
deposition (CVD) are investigated using density functional
theory calculations. Edge energies are calculated with high
accuracy, and critical sizes for previously unexamined island
shapes are predicted. The formation energies of small hBN
islands are found to be strongly influenced by the curl effect.
Through two-dimensional variation of the chemical potential,
three of the most stable structures at the critical size—zigzag
hexagonal, zigzag boron-edge triangular, and zigzag nitrogen-
edge triangular—are identified. Generalization of these shapes
enables the drawing of two types of phase diagrams, demon-
strating a strong dependence of shape stability on the chemical
potential. It is further revealed that maintaining the chemical potential near a specific value is essential for increasing the critical
size. These results provide explanations for the experimentally observed hBN island shapes on Cu surfaces during CVD and
propose chemical potential conditions for growing hBN films with superior single crystallinity.
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I. INTRODUCTION

Hexagonal boron nitride (hBN) is a two-dimensional (2D)
material with a honeycomb structure composed of sp2 hybri-
dized covalent bonds between B and N atoms. It exhibits a
bandgap of 5.97 eV [1, 2]. Bulk hBN possesses exceptional
mechanical and thermal strength, as well as high chemical
stability [3, 4]. These properties make hBN highly suitable as
an insulating layer for electronics based on 2D semiconduc-
tor materials, such as graphene and transition metal dichal-
cogenides (TMDCs). In the field of 2D transistor research,
devices combining hBN flakes—mechanically exfoliated
from hBN crystals synthesized via high-pressure and high-
temperature (HP/HT) methods—with graphene and TMDCs
have been extensively studied. To date, the flattening effect
of hBN at interfaces has been reported to enable high carrier
mobility and reduce charge trapping [5–9].
hBN mechanically exfoliated from crystals synthesized via

HP/HT methods exhibits exceptional quality in terms of film

uniformity and thickness control. However, its lateral size is
limited to several tens of micrometers [6–8]. In contrast,
chemical vapor deposition (CVD) methods using borazine
(B3N3H6) or ammonia borane (BH3-NH3) as precursors en-
able the growth of hBN over large areas at low cost [10, 11].
For industrial applications, achieving both large-area cover-
age and cost-effective production is highly desirable. Never-
theless, the quality of CVD-grown hBN remains inferior to
that of mechanically exfoliated hBN derived from HP/HT-
synthesized crystals. For practical applications of CVD-
grown hBN, its quality must be comparable to or surpass
that of exfoliated hBN. Therefore, improving the quality of
CVD-grown hBN is crucial to unlocking its potential for
industrial applications.
In the CVD growth of hBN, the choice of catalytic metal

substrate plays a critical role in controlling film thickness.
For instance, when substrates like Ni or Ni-Fe alloys, which
exhibit high solubility for B and N, are used, hBN tends
to grow into multilayers via precipitation reactions [11–13].
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In contrast, substrates such as Cu, Co, Pt, Ru, and Ir do
not promote precipitation reactions, resulting in the growth
of monolayer hBN [10, 14–26]. During CVD growth on
Cu(111), it has been reported that hBN forms triangular
islands [10, 14, 19–21, 23–26]. However, under specific
conditions, such as when the Cu surface is pretreated by
electropolishing [19] or when a small amount of O2 is mixed
with the carrier gas [26], hexagonal islands are observed. To
date, the successful growth of high-quality single-crystalline
hBN has been achieved primarily through the optimization of
growth temperature, substrate conditions, precursor types and
dosages, and carrier gas types and flow rates. Chen et al. [10]
reported the growth of wafer-scale, large-area, high-quality
monolayer hBN films via low-pressure CVD with BH3-NH3

as the raw material on a Cu(111) thin film on sapphire,
without grain boundaries, at a growth temperature of
1050°C. Notably, the islands formed during growth were
triangular in shape, with almost all aligned in the same
orientation. Since hBN exhibits three-fold symmetry,
Cu(111), which also exhibit three-fold symmetry, is consid-
ered an ideal substrate orientation. Achieving superior single
crystallinity requires precise control over the growth temper-
ature—set as close as possible to the substrate’s melting
point—and minimizing the raw material dosage.
From an industrial application perspective, achieving the

growth of larger-area hBN films with superior quality re-
mains a significant challenge. To address this, it is crucial to
gain a detailed understanding of the growth mechanism of
hBN crystals on Cu(111). We have investigated the crystal
growth mechanism of hBN using first-principles calculations
based on density functional theory (DFT). Specifically, we
focused on the critical size, a key factor that determines the
nucleation density during crystal growth. Exploring the con-
ditions that lead to a larger critical size is closely linked to
achieving higher-quality single-crystalline hBN growth.
In previous theoretical studies, the relationship between

the shape of hBN islands on Cu(111) and the chemical
potential has been discussed [27, 28]. These studies assumed
macroscopic hBN sizes and examined the stability of shapes
based on edge energy per unit length. As a result, it was
concluded that the N-terminated triangular shape is stable
under the condition of the N-rich side, while the B-termi-
nated triangular shape is stable under the condition of the B-
rich side. However, these scenarios focus on stable shapes
and do not provide insights into strategies for growing high-
quality crystals. Furthermore, Fan et al. [24] conducted a
study on hBN growth via CVD on Cu(111) from both
experimental and theoretical perspectives, while they did
not investigate the growth process based on the critical size.
We have conducted theoretical studies aimed at discussing

strategies for growing high-quality crystals, particularly by
examining the critical size. In our previous theoretical study
[29], we created a model assuming various shapes of hBN
nucleation on an ideal terrace of Cu(111) and calculated their
total energies. From these calculations, we evaluated the
formation energy (Ef ) and investigated the relationship be-
tween the edge-B energy ("B), edge-N energy ("N), and the

energy of the inside atoms that are not at the edges ("in).
Using these three variables, we predicted the critical size at
which hBN nuclei would spontaneously begin to grow, based
on a mathematical approach. However, three key issues were
identified: 1) The three variables could only predict the
critical size for hBN nuclei in the shape of a triangle. 2)
These variables include effects specific to small islands,
which have not been fully examined, and there should be
concern about the quantitative validity of these three varia-
bles. 3) The range of chemical potentials used in the analysis
of the results was one-dimensional, allowing for only limited
comparison with experimental results.
In this study, we conducted theoretical research to address

these issues. Using a nanoribbon hBN model on Cu(111), we
evaluated the energy for the zigzag (Z) edge and the armchair
(A) edge, denoted as "Z and "A, respectively, based on the
results for nanoribbons with these edge types. This approach
enabled us to predict the critical size for shapes other than
triangles. By performing calculations on sufficiently wide
nanoribbons, the number of inside atoms with the ideal value
of "in was increased, and the average value of "in approached
the ideal value. In other words, the curl effect [29] became
negligible. Furthermore, by considering the 2D variation of
the chemical potential, we were able to compare the results
with experimental observations in greater detail and discuss
the conditions for increasing the critical size. The results
reveal that the most stable structure at the critical size varies
significantly depending on the chemical potential and that
targeting a specific, narrow range of chemical potential is
essential for increasing the critical size.

II. METHODOLOGY

We performed the DFT calculations using the PHASE/0
program package [30]. All calculations were based on the
projector augmented wave (PAW) method, employing PAW
ultrasoft pseudopotentials. The cutoff energy for the plane-
wave basis was set to 30 Ry, and van der Waals corrections
were introduced using the rev-vdW-DF2 (B86r) functional
[31]. This functional has been demonstrated to accurately
reproduce the interlayer spacing of bulk hBN [31], and is the
only correction reported to reproduce the experimental moiré
pattern of hBN/Ir(111) [32]. Thus, B86r is suitable for hBN
on metal surfaces.
Given its widespread experimental use, we chose the

Cu(111) surface for our calculations. The Monkhorst-Pack
scheme was employed for k-point sampling. Convergence
criteria for electronic energy and forces were set to 10−10 har-
tree and 10−3 hartree bohr−1, respectively. For the structure
where the entire Cu(111) surface is fully covered by an hBN
sheet (without edges), referred to as the full coverage hBN on
the Cu(111) system, these criteria were adjusted to 10−10

hartree and 2 × 10−4 hartree bohr−1, respectively. While cer-
tain atoms were fixed at specific positions, the positions of all
other atoms were optimized.
The B atom was placed at the hollow site, directly above

the third Cu layer from the surface, and the N atom was
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positioned at the top site, directly above a surface Cu atom. It
is known that this configuration is the most energetically
stable pattern under the condition of B86r functional [29].
The formation energy Ef was defined as

Ef ¼ Etot � ECu � nB�B � nN�N; ð1Þ
where Etot and ECu are the total energies of the system with
the hBN island adsorbed and of the bare Cu substrate,
respectively. nB and nN represent the number of B and N
atoms in the island. �B and �N indicate the chemical potential
of B and of N.
In our previous work [29], we considered a one-dimen-

sional constraint in which �B and �N were linked, analogous
to studies on the epitaxial growth of GaAs and GaN [33, 34].
However, unlike GaAs and GaN, hBN does not grow on an
hBN substrate but rather on a Cu substrate. Consequently, the
supply of N does not necessarily ensure a corresponding
supply of B in an appropriate ratio. Instead, the B and N
precursors are likely to behave independently.
Thus, we defined �B and �N as

�B ¼ EBatom þ ��B; ð2Þ
�N ¼ ENatom þ ��N; ð3Þ

where EBatom and ENatom are the energies of the isolated B
and N atoms, which are −149.07 and −377.62 eV, respec-
tively. ��B and ��N denote the variations in �B and �N. The
upper limits of �B and �N are set to EBatom and ENatom,
respectively, implying in ��B and ��N are less than or equal
to zero. To explore the broadest possible range of variation,
we set the upper limits of �B and �N to the energies of
isolated atomic states, which are the most unstable phases.
A conceptual diagram of the chemical potential range defined
by Eqs. (2) and (3) is shown in Figure S1 in Supplementary
Material. In this study, we assume that �B and �N can vary
freely and treat ��B and ��N as variables constrained to ≤0.
Through this approach, the chemical potentials are defined as

variables with 2D degrees of freedom, as described by
Eqs. (2) and (3). While the lower limits of ��B and ��N
are not well understood, we set them to −10 eV to explore
the widest possible range.
In our previous study [29], we defined the chemical po-

tentials under the condition of �B þ �N ¼ EBN, where EBN

describes the energy per BN pair in a free-standing hBN
sheet, which is −541.034 eV. The upper limit of �B is given
by the energy per atom of α-boron, E�B=50 ¼ �155:70 eV,
while the upper limit of �N by half the energy of an N2

molecule, EN2
=2 ¼ �382:60 eV. Under these conditions, the

lower limits of �B and �N are �158:40 and �385:28 eV,
respectively. The midpoint values between the upper and
lower limits of �B and �N (corresponding to �N ¼ 0:5 in
Ref. 29) are associated with ��B ¼ �8:01 eV and ��N ¼
�6:34 eV in this study. The chemical potential range consid-
ered in our previous study is also shown in Figure S1. It is
evident that the range was extremely narrow.

A. Nanoribbon model

Z and A nanoribbon models are shown in Figure 1. The
reason why we considered these models is to evaluate "Z and
"A under the condition of ideal value of "in, thereby improv-
ing the precision of critical size evaluations. For the Z and A
nanoribbon hBN, Cu(111) 1 × 8

ffiffiffi
3

p
and 16 ×

ffiffiffi
3

p
orthorhom-

bic lateral supercells were adopted, respectively (Figure 1).
In both cases, a super-slab geometry with a vacuum layer of
11Å was applied, and the slab thickness was set to four Cu
layers, with the bottom layer fixed. The k-point grid was
12 × 1 × 1 for the Z nanoribbon and 1 × 6 × 1 for the A
nanoribbon. By counting the number of six-membered rings
in the width of nanoribbons, denoted as nt, nt was varied
from 3 to 13 in increments of one, and the corresponding Ef

was calculated for each case. To evaluate "Z and "A, we
considered Ef as functions of contributions from the edges
and the inside atoms. For the Z and A nanoribbons, these

Figure 1: (a) Schematic of the optimized atomic structure of a zigzag nanoribbon hBN on Cu(111). The lateral periodicity of the unit cell is
1 × 8

ffiffiffi
3

p
. (b) Schematic of the optimized atomic structure of an armchair nanoribbon hBN on Cu(111). The lateral periodicity of the unit cell is

16 ×
ffiffiffi
3

p
. Both (a) and (b) correspond to models with nt ¼ 6. Blue, green, and silver spheres represent Cu, B, and N atoms, respectively.
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were defined as

Ef ¼ "Z þ 2nt "
Z
in; ð4Þ

Ef ¼ 2"A þ 4nt "
A
in; ð5Þ

where "Zin and "Ain are the energies per atom of the inside
atoms for Z and A nanoribbons, respectively. By constructing
Eqs. (4) and (5) for nt ¼ 3 to 13, the values of the "Z, "Zin, "A,
and "Ain were obtained as functions of nanoribbon width. It
was hypothesized that for sufficiently wide nanoribbons, "Z
and "A would converge, and "Zin ¼ "Ain, indicating consistent
inside atoms energies for both Z and A nanoribbons.

B. Large island model

As the large island model, five specific shapes of hBN
islands shown in Figure 2 were placed on Cu(111). The
shapes were Z hexagons, an A hexagon, Z + A (Mix) rec-
tangles, Zigzag B (ZB) triangles, and Zigzag N (ZN) triangles.
The parameter n represents the size of the island as it grows
while maintaining its shape. The results from nanoribbon
calculations alone are insufficient to predict the critical sizes
for a variety of island shapes. Thus, in addition to nano-
ribbons, we need to rely on the calculation results for hBN
islands on Cu(111). To minimize the influence of the curl
effect, the largest possible hBN islands were placed onto a
sufficiently large Cu(111) unit cell.
A 10 × 10 hexagonal lateral supercell of Cu(111) was

utilized with a super-slab geometry that included an 11Å
vacuum layer. The slab thickness consisted of three Cu
layers, with the bottom Cu layer was fixed. The k-point mesh
was set to 2 × 2 × 1. ZB and ZN triangular islands corre-
sponding to n ¼ 4 to 6 were placed on the Cu(111) 10 × 10
supercell, and the calculations were performed. These atomic

models are shown in Figure S2 in Supplementary Material.
To predict of critical sizes for various shapes, we calcu-

lated new variables. "ZB and "ZN represent the energies of B and
N atoms constituting the Z edge, respectively. Similarly, "AB
and "AN describe the energies of B and N atoms constituting
the A edge. "CB and "CN indicate the energies of B and N atoms
constituting the corners of hBN islands, which cannot be
determined from the nanoribbon models. Here, "Z ¼ "ZB þ "ZN,
"A ¼ "AB þ "AN, and "C ¼ "CB þ "CN.
The formation energies of ZB and ZN triangular islands can

be expressed as follows:

Ef ¼ 6"AB þ 3"CN þ 3ðn � 1Þ"ZB þ ðn2 þ 3nÞ"in; ð6Þ
Ef ¼ 6"AN þ 3"CB þ 3ðn � 1Þ"ZN þ ðn2 þ 3nÞ"in: ð7Þ

From these equations, "Z was evaluated. By combining with
the value of "A obtained from the nanoribbon models, "C was
determined. It is anticipated that the value of "Z derived from
the island calculations may not exactly match "Z obtained
from the nanoribbon models. Therefore, careful considera-
tion of this discrepancy is necessary in the discussion.

III. RESULTS AND DISCUSSION

A. Nanoribbon results

We evaluated Ef from the nanoribbon calculations under
the conditions of ��B ¼ �8:01 eV and ��N ¼ �6:34 eV.
These conditions correspond to �N ¼ 0:5 in our previous
study [29], and this specific point was chosen to enable a
direct comparison with our previous results.
Figure 3(a) shows the nt-dependence of "Zin and "Ain. The

values of "B þ "N and "in are our previous results [29]. As nt

Figure 2: Schematic atomic structures of (a) Z hexagon, (b) A hexagon, (c) Mix rectangle, (d) ZB triangle, and (e) ZN triangle for n ¼ 1 and
n ¼ 2. Brown, red, yellow, purple, blue, sky blue, and gray spheres represent atoms associated with "CB, "

Z
B, "

A
B, "

C
N, "

Z
N, "

A
N, and "in, respectively.

The regions enclosed by dashed-lines indicate the boundaries used to predict the critical size.
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increases, both "Z and "A converge, along with "Zin and "Ain.
The converged values are "Z ¼ 2:01 eVatom−1, "A ¼ 2:35
eVatom−1, and "Zin ¼ "Ain ¼ �0:07 eVatom−1. The agreement
between "Zin and "Ain is consistent with our expectation, and we
henceforth indicate this common value as "in ¼ �0:07
eVatom−1. These converged values differ from those obtained
in our previous study, where "B þ "N ¼ 2:43 eVatom−1 and
"in ¼ �0:02 eVatom−1. In our previous study, only triangular
islands were considered, and the curl effects led to an over-
estimation of "in in the positive direction, while "B þ "N was
underestimated. Compared to the present results, "in was
overestimated by 0:05 eVatom−1. Although "B þ "N was
underestimated, its value is still larger than the converged
values of "Z and "A. This overestimation occurs because that
"B þ "N averages the contributions of "Z, "A, and corner
effects. Since corners have higher energy, making them en-
ergetically disadvantageous. Additionally, "Z is more stable
than "A, indicating that Z edge is more stable, and islands with
Z edge are more likely to stabilize. The calculated values of
"Z, "A, and "in derived from the nanoribbon models were used
for predicting critical sizes, as described later.
Here, it must be noticed that the difference between the

converged value of "in and "fullin ¼ �0:06 eVatom−1 is only
0:01 eVatom−1. This small discrepancy indicates that our
approach based on the nanoribbon models sufficiently ex-
cludes curl effects [29]. Then, the evaluated values of "Z and
"A must be also accurate enough. Overall, the edge energy
and the inside atoms energy are expected to exhibit improved
quantitative accuracy compared to our previous results.

B. Large island results

We calculated the total energies of triangular islands with
n ¼ 4 to 6 for ZB and ZN triangles on Cu(111) 10 × 10. From
these results, Ef under the conditions of ��B ¼ �8:01 eVand
��N ¼ �6:34 eV was derived "ZB, "

Z
N, and "C were evaluated

as 1.17, 0.97, and 3.94 eV, respectively. Note that the com-
bined value "ZB þ "ZN = 2.14 eV was 0.13 eV higher than the
value "Z ¼ 2:01 eV obtained from nanoribbon model calcu-
lations. It is considered that the discrepancy comes from the
curl effect. Similarly, "C is also expected to deviate slightly
from its true value in macroscopic islands. Therefore, it is
crucial to interpret any predictions of critical sizes based on
these values as approximate references.
The critical size of triangular islands can be predicted

using Eqs. (6) and (7). From the calculation results of island,
the n-independent terms 6"AB þ 3"CN and 6"AN þ 3"CB were
determined. For ��B ¼ �8:01 eVand ��N ¼ �6:34 eV, these
values were 12.97 and 12.95 eV, respectively. These values
could be also expected to deviate slightly from the true
ones.

C. Prediction of critical size

Utilizing the results from Sections III.A and III.B, we
predicted the critical sizes of hBN islands with various
shapes. Five specific shapes of hBN were considered: Z
hexagon, A hexagon, Mix rectangle, ZB triangle, and ZN

triangle [Figure 2(a–e)]. The critical sizes for Z hexagon, A
hexagon, and Mix rectangle were predicted based on the
following equations:

Ef ¼ 6"A þ 3ðn � 1Þ"Z þ 6ðn2 þ nÞ"in; ð8Þ
Ef ¼ 3"C þ 6n"A þ 6ð3n2 þ nÞ"in; ð9Þ
Ef ¼ "C þ ð4 þ nÞ"A þ ðn � 1Þ"Z þ 2ðn2 þ 3n þ 1Þ"in: ð10Þ
Since Ef is a quadratic function of "in in these equations,
plotting Ef as the function of n, which determines the size of
the hBN nucleus, yields convex curves. The value of n at the
maximum Ef corresponds to the critical size.
Figure 4(a) shows the predicted critical sizes for the five

shapes using Eqs. (6)–(10) under the conditions of
��B ¼ �8:01 eV and ��N ¼ �6:34 eV. To facilitate compar-
ison, the islands size is normalized based on the area. The
normalizing method is shown in Supplementary Material.
Numerical values of the critical sizes for each shape are
listed in Table 1. Under these conditions, Z hexagons were
found to be the most energetically favorable and easiest to
form. For triangular shapes, the critical sizes predicted here
are approximately 1/7 to 1/4 of those reported in our previous
work [29]. This discrepancy arises from the inability of the
previous method to properly evaluate both edge and inside
atoms energies, highlighting issues in its quantitative accu-
racy. Unfortunately, critical sizes are challenging to observe
experimentally, and no experimental data exists for compar-
ison as far as we examined. However, our method provides
qualitative insights into the conditions required to fabricate
high-quality and large-area hBN films by identifying the

Figure 3: (a) Edge energies and (b) Inside atoms energies as func-
tions of nt under the conditions of ��B ¼ �8:01 eV and ��N ¼
�6:34 eV. Purple, light green, black, and gray markers represent "Z,
"A, "Zin, and "Ain, respectively. The dotted-lines indicate values from
Ref. 29. The red dashed-line depicts "fullin , the ideal value of "in in our
computation.
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energetically stable shapes and the chemical potential con-
ditions under which critical sizes increase.
Figure 4(b, c) depicts Ef as the function of normalized size

under the conditions ��B ¼ �6:68 eV, ��N ¼ �7:67 eV and

��B ¼ �9:33 eV, ��N ¼ �5:02 eV, respectively. These con-
ditions correspond to the B-rich (�N ¼ 0) and N-rich (�N ¼
1:0) scenarios as discussed in our previous study [29]. For
��B ¼ �6:68 eV and ��N ¼ �7:67 eV, ZB triangle is the
most stable across almost all normalized sizes. Conversely,
for ��B ¼ �9:33 eV and ��N ¼ �5:02 eV, ZN triangle is the
most stable across all normalized sizes.
When the chemical potentials are constrained by �B þ

�N ¼ EBN, the curves for Z hexagon, A hexagon, and Mix
rectangle in Figure 4 remain unchanged regardless of the
chemical potential. This is because these three shapes have
equal numbers of B and N atoms at their edge. To understand
which chemical potential conditions, stabilize specific shapes
and result in larger critical size, it is necessary to conduct free
independent variation of ��B and ��N in Eqs. (2) and (3).
This will be discussed in detail in Section III.E.

D. Comparison of predicted values and
results derived from large island models

We examined the discrepancies between Ef predicted by
Eqs. (6)–(10) and those derived from calculations of the
large island models (hereafter referred to as the island re-
sults). Calculations were performed for Z hexagons with
n ¼ 1 to 3, an A hexagon with n ¼ 1, Mix rectangles with
n ¼ 1 to 4, and ZB and ZN triangles with n ¼ 1 to 6, within
the limitation of the Cu(111) 10 × 10 unit cell. The atomic
models for ZB and ZN triangles are shown in Figure S2 in
Supplementary Material, while the models for Z hexagon, A
hexagon, and Mix rectangle are shown in Figure S3.
Figure 5 compares Ef values predicted in Section III.C

with the island results under the conditions of ��B ¼
�8:01 eV and ��N ¼ �6:34 eV. The numerical values of Ef

are listed in Table S1 in Supplementary Material. For Z
hexagons, the island results are higher than the predicted
values, which can be attributed to the curl effect. This effect
reduces the absolute value of "in, an averaged quantity that
depends on the number of inside atoms and their distances to
the Cu(111) surface. For a detailed discussion on the curl
effect, refer to Ref. 29 and Figure S4 in Supplementary
Material. Even when using the maximum feasible size within
our computation limitation, the system exhibits such an
effect. Further, regarding the initial rise in Figure 5, our
prediction method fails to reproduce the island results.
The predicted values for Z hexagons can be derived solely

from the results in Section III.A. In contrast, the values for

Figure 4: Formation energies Ef as functions of normalized size for
Z hexagon, A hexagon, Mix rectangle, ZB triangle, and ZN triangle
under the conditions of (a) ��B ¼ �8:01 eV and ��N ¼ �6:34 eV,
(b) ��B ¼ �6:68 eV and ��N ¼ �7:67 eV, and (c) ��B ¼ �9:33 eV
and ��N ¼ �5:02 eV.

Table 1: Comparison of normalized critical sizes in unit of nm for
Z hexagon, A hexagon, Mix rectangle, ZB triangle, and ZN triangle
between this study and our previous study [29] under the conditions
of ��B ¼ �8:01 eV and ��N ¼ �6:34 eV.

This study Ref. 29

Z hexagon 8.26 —
A hexagon 11.33 —
Mix rectangle 9.83 —
ZB triangle 11.38 77.50
ZN triangle 9.27 39.58
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other four shapes must be the results of Section III.B as well
as from Section III.A. For A hexagon, Eq. (9) includes 3"C
term. The island results are lower than the predicted values,
likely due to the overestimation of 3"C, as discussed in
Section III.A. For Mix rectangles, Eq. (10) includes "C term.
While the predicted values appear to match the island results,

this may come from an overestimation of "C and an under-
estimation of "in. In the case of ZB triangles, the island results
are lower than the predicted values for n ¼ 1 and 2, but this
trend reverses for n � 3. This reversal is likely due to an
overestimation of the 6"AB þ 3"CN term in Eq. (6). It may also
be influenced by the curl effect and the increase in the
number of inside atoms. For ZN triangles, the island results
are initially lower than the predicted values but almost agree
for n � 3. This agreement is thought to come from the over-
estimation of the 6"AN þ 3"CB term in Eq. (7). As with ZB

triangle, changes in the curves of the island results may also
be influenced by the curl effect and the number of inside
atoms. Overall, we confirmed that even for large islands on
Cu(111) 10 × 10, the curl effect is evident. The variables
derived from the island results tend to be overestimated.

E. 2D variation of the chemical potential

1. Most stable shape and critical size

We conducted a 2D analysis by freely varying both ��B
and ��N in steps of −0.05 eV within the range of −10 eV,
rather than using a one-dimensional range of chemical po-
tentials as in previous scenarios. Figure 6(a) shows the
��B–��N phase diagram of the most stable shapes at their
critical sizes, determined by Ef. The critical value nc, which
corresponds to the critical size, can be calculated for each
shape by differentiating Eqs. (6)–(10) with respect to n.
Within the range where nc � 1, nc was rounded to the nearest
integer to one decimal place. The ranges of ��B þ ��N

Figure 5: Formation energies Ef as the function of normalized size
for Z hexagon, A hexagon, Mix rectangle, ZB triangle, and ZN

triangle under the conditions of ��B ¼ �8:01 eV and ��N ¼
�6:34 eV. The solid-lines represent the predicted values evaluated
from Eqs. (6)–(10), while the dashed-lines indicate the results de-
rived from calculations of the large island models (the island results).

Figure 6: (a) ��B–��N phase diagram showing the most stable shape at the critical size. E�B=50, E0K
N2

=2, and E1300K
N2

=2 represent the energies of
α-boron, N2 molecules at 0K, and N2 molecules at 1300K, respectively. Red, light blue, blue, gray, and uncolored regions depict ZB triangle, Z
hexagon, ZN triangle, amorphous, and no growth phases, respectively. (b) Formation energies Ef and (c) normalized critical sizes as functions of
��B for Z hexagon, A hexagon, Mix rectangle, ZB triangle, and ZN triangle under the condition of ��N ¼ �5:02 eV.
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where nc � 1 for each shape are shown in Figure S5 in
Supplementary Material. In the range where nc � 1, the
islands are assumed to grow, while in the range where
nc < 1, any nuclei, regardless of shape, are considered stable.
This implies disordered growth, leading to the formation of
an amorphous structure. Consequently, the boundary be-
tween the island growth and the amorphous-formation is
located at ��B þ ��N = 14.00 eV. On the other hand, in
regions where ��B þ ��N < −14.45 eV, "in takes a positive
value, indicating that the critical size becomes infinite for any
shape. This suggests that crystal growth is not possible in this
region. In conclusion, the range of ��B þ ��N that allows for
ordered growth of specific shapes is

� 14:45 eV � ��B þ �N � �14:00 eV: ð11Þ
Within this range, only three shapes—Z hexagon, ZB trian-
gle, and ZN triangle— are found to be the most stable.
In our proposed scenario, EBatom (��B ¼ 0) represents the

upper limit of �B, indicating chemical equilibrium with
single B atoms along this line. Similarly, ENatom (��N ¼ 0)
represents the upper limit of �N, indicating chemical equi-
librium with single N atoms along this line. When ��B
exceeds E�B=50, it is assumed to be in chemical equilibrium
with single B atom gas. Similarly, when ��N exceeds EN2

=2,
it is assumed to be in equilibrium with single N atom gas.
When ��B is below E�B=50, it is assumed to be in chemical
equilibrium with α-boron. Similarly, when ��N is below
EN2

=2, it is assumed to be in chemical equilibrium with N2

molecules. Note that the chemical potential of N2 molecules
depends on temperature. In this study, E0K

N2
=2 was obtained

from DFT calculations, while E1300K
N2

=2, corresponding to the
typical experimental CVD growth temperature of 1300K,
was calculated using data from the NIST-JANAF Thermo-
chemical Tables [35]. On the other hand, since α-boron is a
solid, the effects of rotational and translational motions on its
chemical potential can be neglected. Additionally, due to its
highly covalent crystalline structure (rhombohedral configu-
ration), the influence of lattice vibrations on the chemical
potential at approximately 1300K can be considered negli-
gible [36]. Therefore, only the reference value obtained from
DFT calculations was adopted. E�B=50, E0K

N2
=2, and E1300K

N2
=2

correspond to ��B ¼ �6:68 eV, ��N ¼ �5:02 eV, and ��N ¼
�6:41 eV, respectively [Figure 6(a)].
The most stable region for ZB triangle is very limited at

��B � �6:68 eV, and within �6:41 eV � ��N � �5:02eV,
the most stable structure varies between Z hexagon and ZN

triangle depending on ��B. Near ��N ¼ �6:41 eV, which
corresponds to the assumed CVD growth temperature, Z
hexagon is the only stable shape. It is worth noting that
our scenario presupposes the formation of hBN and does
not consider the formation of other compounds. Exploring
the chemical potentials at which hBN transitions to other
compounds lies beyond the scope of this study, but it
would be an intriguing approach for discussing CVD growth
environments.
Figure 6(b) shows Ef of each shape as the function of ��B

when ��N is fixed at �5:02 eV. Figure 6(c) describes the

critical size of each shape instead of Ef . As ��B decreases,
Ef increases monotonically, resulting in larger critical sizes.
Conversely, as ��B increases, Ef decreases, and the critical
size becomes smaller. For Z hexagon, A hexagon, and Mix
rectangle, since the numbers of B and N atoms at the edge are
equal, both Ef and the critical size remain constant under the
condition of ��B þ ��N = constant. On the other hand, tri-
angles have unequal numbers of B and N atoms at the edge,
so Ef and the critical size do not remain constant. This
behavior is shown in Figure S6 in Supplementary Material.
The chemical potential conditions where triangles become
the most stable in terms of Ef and exhibit the largest critical
sizes are near the phase boundary between Z hexagon and
triangles. In summary, to increase the critical size, it is
necessary to adjust the chemical potential within the range
specified by Eq. (11), moving closer to ��B þ ��N =
−14.45 eV. Additionally, to form triangular nuclei with the
larger critical size, the chemical potential should be as close
as possible to the phase boundary with Z hexagon.

2. Generalization of shape scenario

In Section III.E.1, we established that the possible shapes
of hBN nuclei are restricted to Z hexagon or one of the
triangular shapes: ZB or ZN. Consequently, the stability com-
parison scenario between Z hexagons and triangles can be
generalized. Moreover, in addition to the standard Z hexa-
gon, we considered the stability of ZB-like hexagon, charac-
terized by a longer ZB edge relative to the ZN edge, and ZN-
like hexagon, where the ZN edge is longer than the ZB edge.
Figure 7(a) schematically illustrates our idea of shape

generalization. In this framework, Z hexagon is formed by
truncating the corners of ZN triangle by ZB triangles with side

Figure 7: (a) Schematic illustration of the generalization idea,
showing the transformation of an equilateral triangle into a hexagon.
Red and blue lines indicate the ZB and ZN edges, respectively. a and
b represent the length of the ZB and ZN edges, respectively. (b) Most
stable shapes as the function of ac=lc. The ZN triangle, ZN-like
hexagon, Z hexagon, ZB-like hexagon, and ZB triangle correspond
to ac=lc � 0, 0 < ac=lc < 1=6, ac=lc ¼ 1=6, 1=6 < ac=lc < 1=3, and
1=3 � ac=lc, respectively.
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length a. After truncation, the perimeter l of the resulting Z
hexagon is given by 3a þ 3b, and its area is ð ffiffiffi

3
p

=4Þð2a þ
bÞ2 − ð3 ffiffiffi

3
p

=4Þa2. Since a and b correspond to the lengths of
the ZB and ZN edges, respectively, the edge energies per unit
length, eB and eN, and the energy per unit are for inside
atoms, ein, can be calculated using the following equations:

eB ¼ "ZB
u
; ð12Þ

eN ¼ "ZN
u
; ð13Þ

ein ¼ 4ffiffiffi
3

p "in
u2

; ð14Þ

where u represents the unit length of the edge. In this
scenario, the smallest nuclei size is assumed to be the triangle
at n ¼ 1 [Figure 2(d, e)]. The area per hexagonal ring is
5.66Å2, resulting in this triangular hBN being 16.98Å2.
Using this area, u was determined as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16:98 × ð4= ffiffiffi

3
p Þ

p
=

6.26Å. This value was used to evaluate eB, eN, and ein.
Following the above, the formation energy of the hexagon

can be expressed as:

Ef ¼ 3aeB þ ðl � 3aÞeN

þ
ffiffiffi
3

p

4
a þ l

3

� �2

� 3
ffiffiffi
3

p

4
a2

" #
ein: ð15Þ

Differentiating Eq. (15) with respect to a, setting the deriv-
ative to zero, and solving for the critical value of Ef , the
critical value of a (ac) can be obtained as:

ac ¼
ffiffiffi
3

p

ein
ðeB � eNÞ þ l

6
: ð16Þ

Substituting Eq. (16) into a in Eq. (15) and then differentiat-
ing with respect to l, setting the derivative to zero, and
solving for the critical value of Ef , the critical value of l
(lc) can be derived as

lc ¼ � 2
ffiffiffi
3

p

ein
ðeB þ eNÞ; ð17Þ

where lc is constrained to be lc � 18:79Å, the minimum
nucleus size. The ratio ac=lc is then evaluated as

ac
lc

¼ 2eN � eB
3ðeB þ eNÞ : ð18Þ

This idea allows for a generalization of this shape theory.
Depending on the chemical potential range, the most stable
shape corresponding to Eq. (18) can be categorized as fol-
lows: ac=lc � 0 (ZN triangle), 0 < ac=lc � 1=6 (ZN-like hex-
agon), ac=lc ¼ 1=6 (Z hexagon), 1/6 < ac=lc � 1=3 (ZB-like
hexagon), and 1=3 � ac=lc (ZB triangle) [Figure 7(b)].
Figure 8(a) shows the ��B–��N phase diagram where

lc � 18:79 (Å), indicating the most stable shape at lc. The
possible presence range of lc is

� 14:45 eV � ��B þ ��N � �13:35 eV: ð19Þ
The ranges of ��B and ��N, where the ZB triangle, ZB-like

hexagon, ZN-like hexagon, and ZN triangle are the most
stable shapes under the condition of Eq. (19), are summariz-
ed in Table 2. Here, the range where the Z hexagon becomes
the most stable corresponds to the boundary region between
the most stable ranges of the ZB-like hexagon and the ZN-like
hexagon.
Thus far, we have considered scenarios where the shape of

the hBN nucleus is determined by its critical size. However,
we also examined the case where the shape is determined not
by the critical size, but by the diffusion length of the growth
precursor. Although the exact growth precursor is unknown,
it can be assumed to be monomers of B or N. In the case
where the shape is determined by the critical size, the islands

Figure 8: ��B–��N phase diagrams showing the most stable
shape, determined by (a) the critical size and (b) the diffusion length
l0 ¼ 100Å. E�B=50, E0K

N2
=2, and E1300K

N2
=2 represent energies of α-

boron, N2 molecule at 0K, and N2 molecule at 1300K, respectively.
Red, pink, purple, blue, gray, and uncolored regions depict ZB

triangle, ZB hexagon, ZN hexagon, ZN triangle, amorphous, and
no growth phases, respectively.
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and the precursor must be in complete equilibrium. However,
since islands can grow continuously over time, assuming an
arbitrarily long diffusion length is unrealistic. Therefore, we
consider that the shape is determined by the diffusion length.
If we consider that the shape of the hBN nucleus is deter-
mined by a diffusion length l0 ¼ 100Å, the values of a at the
critical value of Ef and the ratio of l0 to a0 are given by:

a0 ¼
ffiffiffi
3

p

ein
ðeB � eNÞ þ 100

6
; ð20Þ

a0
l0

¼
ffiffiffi
3

p

100ein
ðeB � eNÞ þ 1

6
: ð21Þ

Figure 8(b) indicates the ��B–��N phase diagram for the
most stable shapes, assuming the hBN nucleus shape is
determined by l0 ¼ 100Å. The range of hBN growth is the
same as in Eq. (19). The phase boundaries between the ZB

triangle and ZB-like hexagon, and ZN triangle and ZN-like
hexagon are not perfectly linear, respectively. However, for
simplicity, these boundaries are approximated as linear equa-
tions. The equations of the linear lines for the boundaries
between ZB triangle and ZB-like hexagon, and ZN triangle
and ZN-like hexagon, are ��B = �1:46��N � 17:57 eV and
��B = �0:68��N � 12:35 eV, respectively. The ranges of
��B and ��N where the ZB triangle, ZB-like hexagon, ZN-
like hexagon, and ZN triangle are the most stable under the
condition of Eq. (19) are summarized in Table 3. The most
stable range for the triangle depends on the diffusion length.
If l0 is shorter than 100Å, the most stable range becomes
wider, while it narrows as l0 become longer. This behavior is
shown in Figure S7 in Supplementary Material.
We have examined the regions where the triangle shapes

are most stable in both scenarios: one where the hBN nucleus
shape is determined by the critical size, and the other by
diffusion length. Considering both scenarios, the most stable
shapes within the range satisfying Eq. (19) are as follows: ZB

triangle is the most stable in the range ��B ≤ �1:46��N �
17:57 eV, �6:60 eV ≤ ��B � �3:35 eV, and �10:0 eV ≤

��N � �6:75 eV, while ZN triangle is most stable in the
range ��B ≤ �0:68��N � 12:35 eV, �10:0 eV ≤ ��B �
�7:80 eV, and �5:55 eV ≤ ��N � �3:35 eV.
F. Discussions

First, we examine whether the three issues identified our
previous study [29] and, described in Section I, have been
addressed. The three issues are as follows: 1) The three
variables could only predict the critical size for hBN nuclei
in the shape of a triangle. 2) These variables include effects
specific to small islands, which have not been fully exam-
ined, and there should be concern about the quantitative
validity of these three variables. 3) The range of chemical
potentials used in the analysis of the results was one-dimen-
sional, allowing for only limited comparison with experi-
mental results. To address the first issue, we successfully
predicted the critical sizes of non-triangular shapes by eval-
uating "Z, "A, "ZB, "

Z
N, "C, and "in through calculations of

nanoribbon hBN on Cu(111) and large hBN islands on
Cu(111) 10 × 10. Our findings indicate that hBN nuclei
stabilize energetically as either Z hexagons or triangles. This
is supported by the greater stability of "Z compared to "A and
the strong dependence of "ZB and "ZN on the chemical poten-
tial. For the second issue, we calculated sufficiently wide
hBN nanoribbons, confirming that "in reaches the value
equivalent to "fullin . The edge energies "Z and "A have been
accurately estimated. To address the third issue, we allowed
the chemical potential to vary freely in 2D using Eqs. (2) and
(3). This approach enabled us to construct ��B–��N phase
diagrams for the most stable shapes, providing more detailed
data. We identified that the specific chemical potential con-
ditions are required to reach the critical size for growing
high-quality single crystals.
In typical CVD experiments, hBN islands on Cu(111) are

frequently reported to grow into triangular shapes [10, 14,
19–21, 23–26]. According to our results, the formation of
triangular islands requires chemical potential conditions that

Table 2: Summary of the most stable ranges of ��B (eV) and ��N (eV) for ZB triangle, ZB-like hexagon, ZN-like hexagon, and ZN triangle,
determined by most stable shape at critical size under the condition of Eq. (19).

��B ��N

ZB triangle −6.60 ≤ ��B ≤ −3.35 −10.0 ≤ ��N ≤ −6.75
ZB-like hexagon −7.75 ≤ ��B ≤ −6.60 −7.80 ≤ ��N ≤ −6.15
ZN-like hexagon –8.85 ≤ ��B ≤ −7.25 −6.65 ≤ ��N ≤ −5.55
ZN triangle −10.0 ≤ ��B ≤ −7.80 −5.55 ≤ ��N ≤ −3.35

Table 3: Summary of the most stable ranges of ��B (eV) and ��N (eV) for ZB triangle, ZB-like hexagon, ZN-like hexagon, and ZN triangle,
determined by the most stable shape at diffusion length l0 ¼ 100Å under the condition of Eq. (19).

��B and ��N ��B ��N

ZB triangle ��B ≤ −1.46 ��N − 17.57 −7.65 ≤ ��B ≤ −3.35 −10.0 ≤ ��N ≤ −6.80
ZB-like hexagon ��B > −1.46 ��N – 17.57 −7.65 ≤ ��B ≤ −4.20 −9.15 ≤ ��N ≤ −6.15
ZN-like hexagon ��B > −0.68 ��N − 12.35 −10.0 ≤ ��B ≤ −7.25 −6.65 ≤ ��N ≤ −3.35
ZN triangle ��B ≤ −0.68 ��N − 12.35 −10.0 ≤ ��B ≤ −7.85 −6.65 ≤ ��N ≤ −3.35
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are either B-rich and N-poor or N-rich and B-poor. It is thus
essential to determine which of these conditions is present
during growth. Our independent calculations indicate that B
atoms are energetically more stable in subsurface sites than
on the outermost surface of Cu(111), whereas N atoms are
more stable on the surface than in subsurface sites [29].
These findings are shown in Figure S8 in Supplementary
Material, align with experimental observation of B atom
dissolutions into transition metals, including Cu, at high
temperatures [37–39]. Based on this evidence, we infer that
B atoms dissolve into the Cu substrate, creating a B-poor
condition at the surface. While, N atoms do not dissolve into
Cu, resulting in an N-rich condition at the surface. According
to our results, the B-poor and N-rich conditions correspond
to the stability region of ZN triangle. We therefore propose
that the triangular hBN islands observed in experiments are
ZN triangles.
In contrast, experiments using a small amount of O2 mixed

with Ar carrier gas (Ar with 0.5% O2) yield nearly perfect
hexagonal hBN islands on Cu(111) [26]. We hypothesize that
this occurs because O2 reacts with N atoms to form gaseous
products, which then leaves the Cu surface. Consequently, �N
shifts slightly towards the N-poor side, aligning with the
stability range of the Z hexagon identified in our results.
Furthermore, Cu substrates subjected to electropolishing are
oxidized on the surface, and hBN islands grown on such
substrates are also observed to form hexagonal shapes [19].
We propose that the surface oxidation prevents B atoms from
entering subsurface sites, resulting a more uniform chemical
potential ratio of B and N on the surface. This condition
corresponds to the stability region of Z hexagon in our
results. Based on these findings, we infer that the observed
hexagonal hBN islands are Z hexagons. Additionally, non-
CVD methods of hBN production shows N atoms being
substituted with O atoms [40], further suggesting that O2

plays a role in hBN growth.
The three phase diagrams we constructed are all qualita-

tively valid, as they consistently explain the experimental
observations without contradiction. Across all three dia-
grams, the lower-left region (B-poor and N-poor directions)
corresponds to the no-growth phase, while the upper-right
region (B-rich and N-rich directions) consistent with the
amorphous phase. Even in the growth phase, in the lower-
left region of the phase diagram, where the critical size
becomes significantly large, the system exhibits similar
shapes within qualitatively nearly the same range of chemical
potential. This is because "in is more stable than "ZB and "ZN.
However, notable differences exist among the three phase

diagrams. These differences are reflected in the slope of the
phase boundaries and the width of the growth regions. The
variations arise from whether the Z edge, A edge, and corners
are considered collectively or whether only the Z edge is
accounted for. They depend on whether the shape is dictated
by the critical size or the diffusion length. The difference
between the phase diagrams in Figures 6(a) and 8(a) lies in
the consideration of corner instability in triangular shapes, as
accounted for in Figure 6(a). Consequently, Z hexagons

without corners become more stable for small islands. This
is further influenced by the assumption for Figure 8(a) that
the shape of a small island is determined solely by "ZB and "ZN.
The difference between the phase diagrams in Figure 8(a, b)
is attributed to the fact that, as islands grow beyond their
critical sizes, the influence of "ZB and "ZN diminishes in Fig-
ure 8(b). If experimental or theoretical advancements enable
the precise determination of the actual chemical potential in
experiments, it may become possible to identify which of the
phase diagrams is most appropriate.
Furthermore, some challenges remain. The values of "ZB,

"ZN, "C, and the combined corner energies of the triangles,
6"AB þ 3"CN and 6"AN þ 3"CB, were estimated based on the cal-
culations of hBN islands. As a result, these values are slightly
overestimated, though not critically so. Consequently, the Ef

and critical sizes of triangular islands are also overestimated.
To improve the quantitative accuracy of these variables, more
advanced analytical methods are required. Addressing this
issue remains a subject for future work.
In this study, we assumed that the chemical potential has

2D degrees of freedom. As evident from Figures 6(a) and
8(a, b), the largest critical size is achieved outside the con-
ventional range of the chemical potential, where it was
previously considered to have only one degree of freedom.
Furthermore, as discussed above, various experimental stud-
ies have likely been conducted outside this conventional one-
dimensional range as well. These findings support the idea
that, in hBN growth, the chemical potential indeed has 2D
degrees of freedom. This means that the supply of B and N is
independent rather than correlated, and that their precursors
also behave independently.
More fundamentally, we assumed growth on a clean ter-

race without considering the effects of steps. Nucleation is
believed to occur at defects or steps. Indeed, step-flow
growth of hBN on metal surfaces has been observed exper-
imentally [10, 13, 15, 21, 25], and DFT calculations have
reported that steps stabilize edge energies [10]. Further, we
assumed that, under high-temperature conditions, H desorbs
from the Cu surface, and thus excluded H from our calcu-
lations. As a result, the effects of H during hBN growth were
not addressed. Considering these two factors could lead to
deeper insights into the CVD growth mechanism of hBN, but
this is beyond the scope of this study and remains a subject
for future work.

IV. CONCLUSIONS

In this study, we performed DFT calculations to predict the
critical sizes of non-triangular shapes and improve the accu-
racy of edge energies quantification for hBN on the Cu(111)
terrace. Specifically, we calculated hBN nanoribbons with Z
edges, nanoribbons with A edges, and larger hBN islands on
Cu(111). First, by obtaining "in without the curl effect, we
successfully calculated edge energies with enough precision.
Additionally, we achieved the prediction of critical sizes for
shapes that had not been previously analyzed. On the other
hand, we found that the Ef of small hBN islands on Cu(111)
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are strongly influenced by curl effects. Subsequently, by
varying the chemical potential in 2D, we clarified that the
most stable structures at the critical size are three types: Z-
hexagonal, ZB-triangular, and ZN-triangular. Furthermore, we
generalized the shapes and depicted two new types of phase
diagrams. These results demonstrate that the stability of hBN
island shapes is highly dependent on the chemical potential.
Additionally, we identified that to increase the critical size,
the chemical potential should be as close as possible to
��B þ ��N = −14.45 eV. Our findings provide an explana-
tion for the correspondence between the observed hBN island
shapes on the Cu(111) surface during CVD experiments and
their respective chemical potential conditions. Furthermore,
we proposed optimal chemical potential conditions for grow-
ing hBN films with superior single crystallinity.
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