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In this note we shall consider G-vector bundles which admit in a sense simple repre-
sentatives of characteristic maps, and for these bundles we shall call that the actions on the
total spaces are of diagonal type. Some examples of this type have been given in [3], [4].

In section 1 we shall prepare some generalities to apply the work in [2]. The author has
obtained Theorems 1 and 2 in this note by an idea due to Professor H. Toda, and would like
to thank him for a private communication.

In section 2 we shall obtain more examples of actions of diagonal type.

§1. Some general results

Let B be a compact Hausdorff space and G, I' be compact connected Lie groups.
Let p: E—B be a fibre bundle with fibre ¥ and structure group I.  We assume that
the spaces E, B are G-spaces and the projection p is an equivariant map.

DeriviTION.  If the action g: E—E is a bundle map for each ge G, then the
G-action on the total space E is called a bundle action. A bundle action GxXx E—E
is called of diagonal type when there exist a covering B= U U; by G-stable open sets,
homomorphisms «;: G—I'" and G-local trivialities ¢;: U;x V—p~1(U,) for each i such
that there holds the relation

di(gx, w(g) W) =g-p{x,v)  for geG,(x,0)eU;xV.

If a bundle space admits a bundle action of diagonal type, then the transition
functions yj;: U;x U;—T satisfies the relation a(g)y;(x)=x (gx)a(g), and vice versa.

Now we consider the case where G=S1, the circle group, B=S%X the unreduced
suspension of a G-space X. Then the space B admits the obvious action. We denote
by QI the space of loops on the Lie group I', which can be identified with the space of
maps S!—TI preserving base points. We define an S'-action on QI by

(go)(g)=w(g;9)w(g)*  for g,9,€G, weQl.

Let V—E—B be a fibre bundle with a characteristic map y: X—I" and a: S'—I be
a homomorphism. We define a map f: X—QI' by f(x)(g)=x(gx)x(g)x(x)~*. Then
we have
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THEOREM 1. Suppose that the map f is G-homotopic to the constant map onto
ain Q. Then there is a bundle action of StonE.

PROOF. The total space E is obtained from the union (( + 1)*X ) xVu (( DxX)x V
by the identification

(+D+X)x Vo2 X x Va(x, )=(x, x(x)(0)) e X x V(- 1)xX) x V.
We define an S'-action on (+1)+X x V by '
9(b, v)=(gb, a(g)v) for geG, be(+1)+X, veV.
By assumption, the map f can be extended to a map f: ((— 1)#X)— QI such that
F®(000=70:9@)- F®(g) for Te(~DsX, g, g€ 5",
and f ((,_ 1))=0. Then we can define an S'-action on ((; 1)=X) x .V by '
9(b, v)=(gb, f(b)(9)(v)) . for geS', veV.
Thus we obtain an S!-action on the total space E which is a bundle action.
CoRrOLLARY. The S'-action given by Theorem 1 is of diagonal type. '

PrOOF, The sets (+ 1)*X and (—1)+X are G- contractible to (+1) and (-1
respectlvely, and by the proof of Theorem 1, S'-actions on the fibres over (+1), (—1)
coincide with a. Then we have the corollary.

Next we consider the case X =SQ«Y, where the S!-action on X is given by
9(g’, y, )=(gg’, y, 1)  for g,g'€G, yeY, 0<t<1.
We have isomorphisms of groups consisting of homotopy elasses, |
6] LX, F1=[(exY, Y), (2T, )]=[S°+Y, Q'T7],

where e is the unit element, Q'I" the component of the constant loop e¢,. Here we refer
the map g° given in [2], which is obtained as follows. Let I', be the centralizer of the
group «(S') in I and I'* be the space I'/T,. Then the map of I into Q'I" given by
y—=y(g)yTa(g)~ induces the injective map g*: I'*—Q'I'. Thus we have a homo-
morphism i,: [S°Y, g*(I'*)]—[S°+Y, Q'T"] induced by the inclusion map i: g*(I')c
Q. Then we have

THEOREM 2. If an element [y']1€[S°+Y, Q'] belongs to the i.-image, then the
map x: S's*Y—I' which corresponds to the map y', satisfies the assumption in
Theorem 1.

PrOOF. For the map y': (e+Y, Y)—(g“(I'®), ¢,), the map y: S'+Y—TI is given by
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x(gx)=x'(x)(9) for geS!, xeexY,
=ya(g)y~'a(g)"!  for some yel.
Then
F(gx)(g)=x(g'gx)(g" )x(gx)~"
=yog'g)y~to(g'g) " alg") (yg)y~tau(g) ")~
=yulg" Wy =f(¥)(g"),

therefore the map f: S‘*Y—»QF is the composite map

StxY =, exYLL, L, f¢(I'*)c QI where 7 is the orbit map, f| the restriction of f and
Sf*is the map given by f“(yI",)(g)=ya(g)y~! forye I Hence the map fis G-homotopic
to the constant map St*Y—oe Qr. ‘ ‘

§2. Applications

Here we consider two cases of '=SU(2n—2) and I'=S0(2n+2). We have the
following homomorphisms.

o (H)=(exp m it)""! x (exp — = it)"~! in Ad SU(2n —2), the adjoint group,
a,(f)=(exp 2m it) * 1 x (exp —2x it)"~! in SU2n-2),
and ‘ -
oy (H)=r(exp = it)**! in Ad SO(2n+ 2), the adjoint group,
a,(t)=r(exp 2z it)"*! in SO(2n+2),
where 7 is the realification map.
Let denote by 4: QT—-QT xQ'T the diagonal map, u: QI'xQT'—-Q'I" the
product in the loop space, v: SI'*—~SI'*v SI'* the comultiplication, d: SI'* v SI'*—
SI* the map given by d|SI'* x (xo)=d|(xo) X S'*= the identity map of SI'*, where

SrI'« is the reduced suspension of the space I'* and a=a,, «,. Denote by Map (Z, W)
the set of continuous maps preserving base points. We have the known equivalence

Map (I'*, Q' IN~Map (SI'*, I').

For a map a: S*—TI*%, let Sa: S"*1—SI'* be its suspension and [a], [Sa] be the
homotopy classes. Then we have

ProprosiTION 3. [g*2a]=2[g*a].

PrOOF. For maps h: SI'*—T and k: *—Q'T, let h' ra-»g'r and k: SI*—T
be the corresponding maps. Then we have g“lodov g“‘2 (pod)g*:=g*2, and
([Sa]) 29 ([Sa]). Since (g%-Sa) =g*:a and [(g=+Sa)]=[g"*a]=2[(g"°Sa)]
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=2[g*:a] we have the proposition.
Now we have

ProposiTiON 4.  Let I'=SU(2n—2) or SO(2n+2) and n=2. Then any element
of the group 2m,,_(I') gives a G-vector bundle of diagonal type over the base space
SI*SZn—Z.

Proor. By the proposition 8.3 in [2], g¢t: n{UQRn—2)/U(n—1)x U(n—1))—
(Q'SU(2n —2)) is an isomorphism for 0<i<2n—1. Then by Corollary to the proof
of Theorem 1 and Proposition 3, we have the proposition in the case of I'=SU(2n—2).
For the case of I'=S0(2n+2), by the section 5 in [2], «, is a generating circle. By
the proposition 31.2 in [1], H(SO(2n+2)/U(n+1)) ~ Hom (H*(S2 x --- x §27), Z).
Then by Theorem 1 and Proposition 10.1 in [2], g%': H{SOQ2n+2)/U(n+1))—
H{(Q'SO(2n+2)) is an isomorphism for 0<i<2n—2. Therefore by the theorem of
J. H. C. Whitehead g%:: n(SO(2n+2)/U(n+1))-»n(Q'SO(2n+2)) is an isomorphism
for 0Si<2n—2. Thus again by Corollary and Proposition 3 we have the proposition.
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