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ABSTRACT. This expository paper consists of two parts. In the first half, using
geometric properties of geodesic spheres with sufficiently big radii in a complex
projective space, we redefine Berger spheres (cf. [18]). We study such Berger
spheres from the viewpoints of contact geometry, submanifold geometry and
length spectral geometry (see Theorems 1 and 2). In the latter half (cf. [17]),
considering geodesic spheres of sufficiently small radii in a complex hyperbolic
space, we present examples of non-Berger spheres related to the redefinition
of Berger spheres (see Theorem 3). We finally characterize such non-Berger
spheres considered as real hypersurfaces isometrically immersed into a complex
hyperbolic space (see Theorem 4).

1. INTRODUCTION

In order to state the background of our study in [18] and [17], we first recall the
fact on lengths of closed geodesics on a compact manifold to Klingenberg ([12]):
On an even dimensional compact simply connected Riemannian manifold M whose
sectional curvatures lie in the interval (0, L] with a constant L, the length of every
closed geodesic on M is not shorter than 27/ V'L . For odd dimensional manifolds,
Berger ([6, 7]) gave examples of metrics on a 3-sphere S® whose sectional curvatures
lie in (0, L] and that has a closed geodesic of length shorter than this constant
21/ VL. This 3-sphere is called a Berger sphere with a Riemannian metric from a
one-parameter family, which can be obtained from the standard metric by shrinking
along fibers of a Hopf fibration. In his paper [11], Chavel constructed similar
metrics on higher odd-dimensional spheres. Three years after this paper, Weinstein
([25]) showed that these Berger and Chavel examples can be regarded as geodesic
spheres of radius r (0 < r < 7/y/c ) with tan®(y/c r/2) > 2 in a complex projective
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space CP"(c) of complex dimension n (> 2) and of constant holomorphic sectional
curvature ¢ (> 0).

In this context, it is natural to investigate geometric properties of these geodesic
spheres of sufficiently big radii in CP™(¢) (see Proposition 1). Motivated by this
study on geodesic spheres, we first give a redefinition of Berger spheres. Following
this redefinition of Berger spheres, Tanabe and the first author showed in [18]
that every complete simply connected Sasakian space form N(k) := N?"71(k) of
constant ¢-sectional curvature k£ with k£ > 9 is an example of a Berger sphere and
that in the case of k = 8n + 5 this space N (k) can be regarded as a homogeneous
submanifold with nonzero parallel mean curvature vector with respect to the normal
connection in some Euclidean sphere (see Theorem 1). Moreover, they clarify the
length spectrum of this Berger sphere N (k) (k > 9) (see Theorem 2).

In [17], the authors found an example of non-Berger spheres as a geodesic sphere
G(r) of sufficiently small radius r with 2 < coth(y/]c[ 7/2) < 3/v/2 in a complex
hyperbolic CH™(c) of constant holomorphic sectional curvature ¢(< 0) (see The-
orem 3). We finally give a characterization of this non-Berger sphere in the class
of real hypersurfaces isometrically immersed into the ambient space CH"(c) (see
Theorem 4).

2. FUNDAMENTAL NOTIONS IN CONTACT METRIC STRUCTURES

We denote by N an odd dimensional Riemannian manifold equipped with Rie-
mannian metric g. A quartet (¢,&,7n,9) of a (1,1)-tensor ¢, a vector field &, a
1-form 7, and the Riemannian metric g on N is called an almost contact metric
structure if

P*’X =-X+n(X)E, nE) =1 and g(¢pX,9Y)=g(X,Y)—n(X)n(Y)

hold for all tangent vectors X, Y € TIN. We see easily that these equalities yield
both of ¢ = 0 and n(¢X) = 0 for each X € TN. An odd dimensional Riemannian
manifold N is said to be an almost contact metric manifold if it admits an almost
contact metric structure. Here, ¢, & and 7 are called the structure tensor, the
characteristic vector and the contact form on N, respectively. Following Theorem
6.3 in [8], we say an almost contact metric manifold N to be a Sasakian manifold
if the structure tensor ¢ of N satisfies

(2.1) (Vx9)Y = g(X,Y)§ —n(Y)X

for all X,Y € TN with Riemannian connection V on N associated with g. A
Sasakian manifold (endowed with Riemannian curvature tensor R) is called a
Sasakian space form of constant ¢-sectional curvature k if the sectional curva-
ture K (u, gu) := g(R(u, pu)opu,u) of the ¢-section of u satisfies K (u,pu) = k for
each unit vector u orthogonal to . The following is a Sasakian analogue of Schur’s
Theorem.

Proposition A ([21]). If ¢-sectional curvatures at each point of a Sasakian man-
ifold N of dimension > 5 does not depend on the choice of ¢-section at that point,
then it is constant on N.
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In this paper, we denote by N?"~!(k) a (2n—1)-dimensional Sasakian space form
of constant ¢-sectional curvature k. For the standard construction of Sasakian
space forms, see pp. 114-115 in [8]. The following shows the uniqueness of Sasakian
space forms.

Proposition B ([24]). For any two simply connected complete Sasakian manifolds
of the same constant ¢-sectional curvature k, there exists an isomorphism between
their almost contact metric structures.

The curvature tensor R of a Sasakian space form N?"~!(k) is given in [21].

3. FUNDAMENTAL THEORY OF REAL HYPERSURFACES IN A NONFLAT COMPLEX
SPACE FORM

Let M?"~! be a real hypersurface with a unit normal local vector field A/ isomet-
rically immersed into a complex n(> 2)-dimensional nonflat complex space form

M, (c) of constant holomorphic sectional curvature ¢(# 0), namely the space M, (c)
is globally congruent to either CP"(c) (¢ > 0) furnished with Fubini-Study metric

or CH™(c) (¢ < 0) endowed with Bergman metric. The Riemannian connections V

of M,,(c) and V of M are related by the following formulas of Gauss and Weingarten
with a unit normal local vector field N:

(3.1) VxY = VxY 4+ g(AX,Y)N and VxN = —AX

for all vector fields X and Y tangent to M, where g is the Riemannian metric of
M induced from the above canonical metric (, say) g of the ambient space M, (c)

and A is the shape operator of M in M,(c) associated with N.
On M an almost contact metric structure (¢, &, n, g) associated with A/ is canon-

ically induced from the Kéahler structure J of the ambient space CP"(c). They are
defined by

90X Y) =g(JX,Y), §=—JN and n(X)=g({ X)=g(JX,N),
where J is the Kahler structure of M,/(c). By the formulas of Gauss and Weingarten
and by the property VJ = 0, we have
(3.2) (Vxd)Y =n(Y)AX — g(AX,Y)¢ and V&= ¢pAX.
Denoting the curvature tensor of M by R, we have the equation of Gauss given by
9(R(X,Y)Z, W)

= (c/D{g(Y, 2)9(X, W) — g(X, Z)g(Y, W) + g(6Y, Z)g(¢ X, W)

—9(6X, Z)g(dY. W) — 29(¢X. Y )g(¢Z, W) }
+9(AY, Z)g(AX, W) — g(AX, Z)g(AY, W)

for all vectors X,Y,Z and W on M. Hence, the sectional curvature K(X,Y) of
the real plane spanned by a pair of orthonormal vectors X, Y is given by

(34)  K(X,Y)=(c/4)(1+39(¢X,Y)?) + g(AX, X)g(AY,Y) — g(AX,Y)>.

(3.3)
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An eigenvector X of the shape operator A is called a principal curvature vector

of M in M,(c) and an eigenvalue A of A is called a principal curvature of M in
this ambient space. We usually call M a Hopf hypersurface if the characteristic
vector £ is a principal curvature vector at each point of M. For a Hopf hyper-

surface M?"~1 (n > 2) in M,(c), the principal curvature v corresponding to the
characteristic vector field ¢ is locally constant on M. Furthermore, every tube of

sufficiently small constant radius around each Kéhler submanifold of M, (c) is a
Hopf hypersurface (cf. [10]). This fact shows that the set of all Hopf hypersurfaces

of M,(c) is an abundant class.

We here clarify the meaning of the condition that a real hypersurface M of Mn(c)
through an isometric immersion is Sasakian with respect to the almost contact

metric structure. On an orientable connected real hypersurface M in M, (c), we
have two almost contact metric structures (¢,&,n, g) and (¢, —&, —n, g) which are
associated with a unit normal vector N” and —A\ of M, respectively. We call a real
hypersurface M Sasakian if M satisfies either (2.1) or

(Vx9)Y = —g(X,Y)E +n(Y)X

forall X, Y € TM.

4. REDEFINITION OF BERGER SPHERES

It is known that geodesic spheres in CP"(c) are the simplest examples of Hopf
hypersurfaces in this ambient space. The shape operator A of a geodesic sphere
G(r) of radius r (0 < r < 7/+/c ) in CP"(c) is expressed as

A¢ = /c cot(v/er)é and AX = (vc/2)cot(ver/2)X
for each tangent vector X perpendicular to £. In order to estimate sectional curva-
tures of G(r), it suffices to compute K (sin 6- X +cos0-£,Y") for a pair of orthonormal
vectors X and Y that are orthogonal to £. It follows from (3.4) that
K(sing- X +cosf-&Y) = (c/4){sin® (1 + 3g(¢X,Y)?) + cot*(v/c r/2)}.
This gives the following sharp inequalities on sectional curvatures:

(4.1) (c/4) cot?(ver/2) < K < c+ (c/4) cot*(Ve r/2).

Here, for the minimum and the maximum values of sectional curvatures, we have
Kuin = (¢/4) cot?(var/2) = K(X,€),
Kupax = ¢+ (¢/4) cot?(Ve r/2) = K(X, 6 X)

for each unit vector X orthogonal to . Solving the inequality K/ Kmax < 1/9
on radii, we have tan?(y/c r/2) > 2 and vice versa.

Next, we take an integral curve 7¢ = 7¢(s) of the characteristic vector field £
on G(r) (0 < r < 7/y/c). Since the curve 7¢ lies on a holomorphic line CP!(c)(=
S%(c)) as a circle of positive curvature k = /c | cot(y/c 7)|, it is closed with length

27 2m 2T
= ViZte Veeot?(Ver) +c Ve sin(ver)
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(c.f. [1, 4]). Moreover, from the second equality in (3.2), we know that V¢ =
pAE = 0, so that the curve ¢ = v¢(s) is a geodesic on G(r), where V is the
Riemannian connection on G(r) (0 < r < 7/4/c ) induced from the Riemannian
connection V in the ambient space CP™(¢). We set the following inequality:

27 27 21
= > sin(y/c r).

V Kmax cr C
\/c + 4 cotz(‘f ) Ve

2

Then, solving this inequality, we get tan?(y/c 7/2) > 2 and vice versa. Hence, we
obtain the following which is a key in this paper.

Proposition 1 ([18]). Let G(r) be a geodesic sphere of radius r (0 < r < w/\/c)
in CP™(c), n > 2. Then the following three conditions are mutually equivalent:
(1) The radius r satisfies an inequality tan®(\/c r/2) > 2;
(2) The sectional curvature K of G(r) satisfies sharp inequalities 0L < K < L
for some constant § € (0,1/9) at its each point,
(8) The length of every integral curve of the characteristic vector field & on G(r)
is shorter than 27 /v/L , where L is the maximal sectional curvature of G(r).

Needless to say, each of geodesic spheres G(r) (0 < r < w/y/c ) in CP"(c¢) is a
Riemannian homogeneous manifold.
Inspired by Proposition 1, Tanabe and the first author redefined Berger spheres

in [18].

Definition. An odd dimensional Riemannian homogeneous manifold M is called
a Berger sphere if M satisfies the following three conditions:

(1) M is diffeomorphic to a Euclidean sphere;

(2) The sectional curvature K of M satisfies sharp inequalities 0 < 0L < K < L
on M for some constant ¢ € (0,1/9);

(3) M has a closed geodesic whose length is shorter than 27 /v/L | where L is a
positive constant given by (2).

Characterizations of Berger spheres from the viewpoint of submanifold geometry
are given in [13].

5. LENGTH SPECTRUM OF GEODESIC SPHERES G(r) IN M,(c)

When we study the length spectrum of geodesics on a Riemannian manifold
M, in order to avoid the influence of the action of the full isometry group I(M)
of M, we consider the moduli space of geodesics under the action of isometries.
We say two smooth curves oy, oo are congruent to each other if there exist an
isometry ¢ € I(M) and some sy satisfying os(s) = (¢ o o1)(s + sg) for every
s. The moduli space Geod(M) of geodesics of unit speed on M is the quotient
space of the set of all geodesics on M under the congruency relation. We call
a smooth curve o parameterized by its arclength closed if there is a nonzero s,
with o(s + s.) = o(s) for all s. The minimum positive such s, is said to be its
length and is denoted by length(c). We call a smooth curve o open if it is not
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closed. For convenience we set length(c) = oo for an open curve 0. We define
the length spectrum Ly : Geod(M) — R U {oco} of M by Ly([y]) = length(y),
where [y] denotes the congruency class containing a geodesic 7. We also call the
image LSpec(M) = L(Geod(M)) N R the length spectrum of M. For example,
the length spectrum of CP"(c¢) is LSpec(CP"(c)) = {2x/+/c }.

We first review the congruence theorem for geodesics on either a geodesic sphere
G(r) of radius r (0 < r < w/4/c ) in CP"(c) or a geodesic sphere G(r) of radius
r(0 < r < oo)in CH"(c). For a geodesic v on G(r), we set p,(s) = g(7(5), & (s))
and call it its structure torsion. Note that p, = p,(s) is constant along the curve
7. Indeed, due to the commutativity A = A¢ on G(r) and the second equality in
(3.2) we see

Y(9(7.€)) = 9(3, Vs€) = g(¥, 9AY) = g(7, Ad)
which shows that §(g(¥,€)) = 0, hence p, is a constant with —1 < p, < 1. Using

the notion of structure torsions, the congruence theorem for geodesics on G(r) can
be stated as follows:

Lemma A ([5]). Two geodesics 1 = Y2(s) and v = Y2(s) of unit speed on G(r)
mn Mn(c) are congruent to each other if and only if their structure torsions satisfy
|p71| = |p72|'

We remark that geodesics v on G(r) with structure torsions p, = 0, £1 must be
closed. But other geodesics are not necessarily closed in general. In the following,

we pay particular attention to the length spectrum LSpec(G(r)) of a geodesic sphere
G(r) (0 <r < 7/y/c)in CP™(c), that is, it is expressed as

LSpec(G(r)) = {(2r/+/c )sin(v/c r)} U {(4n/v/c )sin(v/c r/2)}

p and q are relatively prime }

4
U{% \/p2 sin?(v/c 1/2) + g% cos?(y/c r/2) positive integers which satisfy
c

pq is even and g < ptan®(y\/c r/2)

p and q are relatively prime }

2
U{—W \/ p2sin®(y/c r/2) + q2 cos?(v/c r/2) | positive integers which satisfy
a pq is odd and ¢ < ptan®(\/c r/2)

(cf. [5]). If a pair (p,q) of integers satisfies p?sin® 6 + ¢® cos? § < L? with a given
real 6, it corresponds to a lattice point which is contained or is on the ellipse on
the pg-plane. Therefore we obtain the following:

Theorem A ([5]). On a geodesic sphere G(r) (0 < r < m//c ) in CP"(c), there
exist countably infinite congruency classes of closed geodesics. Moreover the length
spectrum LSpec(G(r)) of G(r) is a discrete unbounded subset in the real line R.

Remark 1. Theorem A also holds for a geodesic sphere G(r) (0 < r < o0) in
CH"(c).

For a length spectrum A € LSpec(M) we call the cardinality mjs(A\) of the set
L7 (N\) the multiplicity of . When the multiplicity of a length spectrum is 1 we
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say it is simple. Clearly for a geodesic sphere G(r) in a complex projective space,
we see by the expression of LSpec(G(r)) that mge)(A) < oo at each . It follows
from the above expression of LSpec(G(r)) that

Corollary 1 ([5]). Let G(r) be a geodesic sphere of radius r (0 < r < w/\/c ) in
CP"(c). Except geodesics with structure torsion +1, the length of every geodesic

on G(r) is longer than 27 /v/ Kyax -

The following is worth mentioning.

Theorem B ([5]). Let G(r) be a geodesic sphere of radius r (0 < r < 7/\/c) in
CP"(c).
(1) If tan®(\/c r/2) is irrational, then every length spectrum of G(r) is simple.
(2) If tan®(\/c r/2) is rational, then the multiplicity of each length spectrum
of G(r) is finite. But it is not uniformly bounded; limsup,_, .. mg@)(A) =
oo. In this case, the growth order of mg(y is not so rapid. It satisfies
limy 00 A0ma(n (A) = 0 for arbitrary positive §.

This theorem guarantees that on a geodesic sphere of radius r with irrational
tan?(y/c r/2) in CP"(c), two closed geodesics are congruent to each other if and
only if they have the same length. On the other hand, if tan?(/c r/2) is rational,
this theorem shows that we can not classify congruency classes of closed geodesics
only by their length.

For a Riemannian manifold M, we denote by nj () the cardinality of the set
{[7] € Geod(M) | La([7]) < A}. We have

Theorem C ([5]). For every geodesic sphere G(r) of radius r (0 <r < 7/+/c ) in

CP"(c) we have
lim ng(r)()\) - 30\/ET
Ao A2 Srdsin(yer)

Since the function 6 — 6/sin 6 on the interval (0, 7) is monotone increasing, we
have

Corollary 2. A geodesic sphere G(r) of radius r (0 < r < w/y/c) in CP™(c)
1s a Berger sphere if and only if the asymptotic behavior of the number of length
spectrum satisfies

(A
lim G )( ) 9\/§ctan*1 \/5

A—oo A2 1674

6. SASAKIAN SPACE FORMS OF gb-SECTIONAL CURVATURE GREATER THAN 9

We bridge between contact geometry and the redefinition of Berger spheres (for
details, see [18]):

Theorem 1. Every complete simply connected Sasakian space form N (k) :=

N2"=Y(k), n > 2 of constant ¢-sectional curvature k which is greater than 9 is a
Berger sphere. In particular, when k = 8n + 5, the space N (k) can be realized as a
homogeneous submanifold with nonzero parallel mean curvature vector with respect
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to the normal connection in an d-dimensional sphere S%(¢) of constant sectional
curvature ¢, where d =n(n+2)—1 and ¢ =2(n+ 1)(2n+ 1)/n.

Sketch of Proof. We first prove that every complete simply connected Sasakian
space form N(k) with k& > 1 is represented as a real hypersurface M?"~! isomet-
rically immersed into CP"(¢),n > 2, where k satisfies k¥ = ¢+ 1. To do this,
for a real hypersurface M**~! in CP"(c), n > 2, we verify that the following four
conditions are mutually equivalent (cf. [2]):

(1) M is a Sasakian manifold with respect to the almost contact metric struc-
ture either (¢, &, 7, g) or (¢, —&, —n, g) induced from the Kéhler structure J
of the ambient space CP™(c);

(2) M is a Sasakian space form of constant ¢-sectional curvature k with re-
spect to the almost contact metric structure given by (1), where k satisfies
automatically £ = ¢ + 1;

(3) The shape operator A of M in CP™(c) satisfies either AX = —X +
(¢/Hn(X)E for all X € TM or AX = X — (¢/4)n(X)¢ for all X € TM,

(4) M islocally congruent to a geodesic sphere G(r) of radius r (0 < r < 7/+/c )
with (v/¢/2) cot(y/cr/2) = 1.

These, together with Proposition B, yield the first half of the statement of
our Theorem: Every complete simply connected Sasakian space form N(k) :=
N2"71(k), n > 2 of constant ¢-sectional curvature k& which is greater than 9 is a
Berger sphere.

We next explain an idea to prove the second half of the statement of our Theorem
(cf. [19]). We shall use standard notations and terminologies without explanation
in submanifold geometry. We denote by (G(r), tq()) a geodesic sphere G(r) of ra-
dius 7 (0 < r < m/4/c ) through a natural embedding ¢ : G(r) = CP"(c). In the
following, we regard geodesic spheres G(r) in CP"(c) as submanifolds of a sphere
S +2)=1((n 4+ 1)c/(2n)) of constant sectional curvature (n 4 1)c/(2n) through
fi © gy, where fi is the parallel equivariant minimal embedding of CP"(c) into
this Euclidean sphere. We here give the definition and fundamental geometric prop-
erties of f;. The embedding f; is defined by eigenfunctions of the first eigenvalue
of the Laplacian A on CP"(c) (cf. [9, 23]).

In submanifold geometry, the embedding f; is the unique minimal parallel full
isometric immersion of a complex projective space (endowed with Fubini-Study
metric and Ké&hler structure J) into a Euclidean sphere (furnished with standard
metric g). It is known that the inner product of the first normal space of f; is given
by

g(aﬁ(Xa Y)7Uf1 (Zv W)) = —(C/(Zﬂ))g(X, Y)g(Z7 W)
(6.1) + (/D) {g(X, W)g(Y, Z) + 9(X, Z)g(Y, W)
+g9(JX, W)g(JY,Z)+ g(JX, Z)g(JY, W)}

for all vectors X, Y, Z and W on CP"(c), where oy, denotes the second fundamental
form of the embedding f; (for details, see Lemma 8 in [16]). By virtue of (6.1) we
have the following geometric properties of fi:
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(i) f1 is minimal;
(ii) of(JX,JY) =04(X,Y) for all tangent vectors X and Y on CP"(c)
(namely, oy, is J-invariant);
(i) |log (X, X)|| = /(n —1)c/(2n) for each unit tangent vector X on CP"(c)
(ie., f1is y/(n — 1)c/(2n)-isotropic (see [22])).
Thus we obtain a family of submanifolds {(G(r), fiotg@))} in the sphere. We note
that every geodesic sphere G(r) is homogeneous in CP"(c¢), i.e., it is an orbit of some
subgroup of the full isometry group U(n + 1) of the ambient space CP"(c). This,
together with a fact that CP"(c) is an orbit of some subgroup of the full isometry
group SO(n(n + 2)) of the ambient sphere S™™+2~1((n + 1)c¢/(2n)) through the
embedding fi, shows that every submanifold (G(r), fiotg()) is also a homogeneous
submanifold of the sphere, so that it has constant mean curvature, i.e., the length
of the mean curvature vector  of the embedding fi o gy : G(r) — S"FD=1((n+
1)c/(2n)) is constant.

On the other hand, there exist no submanifolds with parallel second fundamental
form in the class {(G (), fiota@))} because every G(r) is a homogeneous manifold
but not a locally symmetric space isometrically immersed into the ambient sphere
Sr+2)=1((n +1)¢/(2n)) which is a Riemannian symmetric space in a trivial sense.

Hence it is natural to consider a submanifold with parallel mean curvature vec-
tor h with respect to the normal connection D in the family of submanifolds
{(G(r), fi o ta)} in the sphere S""*2=1((n + 1)c/(2n)). We shall compute the
mean curvature vector b of each of submanifolds {(G(r), f1 © ta()) }o<r<n/ye in the
sphere. To do this, we take a local field of orthonormal frames {ey, ..., e,_1, pei(=
Jei), ..., 0en_1(= Je,—1),&} on G(r). Then we see that {e1,...,e,1,Jeq,. ..,
Jen1,§, JE(= N)} is a local field of orthonormal frames on CP"(c) along G(r).
By the definition of the mean curvature vector b, we have

n—1

1
b= T [(Tracez‘UN-I- ;(01(61', ei)+o1(Je;, Jep)) + al(g,g)],
which, together with the fundamental properties (i) and (ii) of f;, shows that
1
(6.2) h= 5 [(Trace AN — 01(&,€)].

Here, A is the shape operator of G(r) in CP"(¢) through the natural embedding
LG(r) and Trace A is written as:

Trace A = (2n — 1)(v/c¢ /2) cot(v/e r/2) — (/¢ /2) tan(Ve 1/2),

which is a constant.

Using (6.1) and the fundamental properties (i), (ii), (iii) of the embedding f;
repeatedly, we shall compute the derivative Db of the mean curvature vector b,
where D is the normal connection of the embedding fi o tg(). We first have

(6.3) Deb = 0.
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Next, we find
1

(6.4) Deh=5—

for each j (1 < j < mn —1). Similarly, we get the following equality corresponding
to (6.4):

o, ((Trace A)e; + 2Ae;, J€)

(6.5) Dye b = 5 1h ((Trace A)e; — 29 Ade;, €)

for each j (1 < j <n —1). Then from (6.4) and (6.5), we can see that the mean
curvature vector b of the isometric embedding f; o tg() is parallel with respect to
the normal connection D if and only if the following two equalities hold:

(6.6) of, ((Trace A)e; + 2Ae;, JE) =0 forj(1<j<n-—1);

(6.7) o, ((Trace A)e; — 2¢pAge;, JE) =0 forj (1<j<n-—1).

On the other hand, it follows from (6.1) that

c :
68) lop (X0 = o4 (X, 7| = Y2 IX||  forall X € TG(r) with X L&
We here note that both of vectors (Trace A)e; +2Ae; and (Trace A)e; —2¢Age; on
G(r) are perpendicular to £ for each j € {1,2,...,n — 1}. Hence in view of (6.6),
(6.7) and (6.8) we obtain

(6.9) Aej = —%(TraceA)ej forj (1<j<n-—1)

and )
PApe; = §(TraceA)¢ej forj(1<j<n-1).

This, combined with the equality ¢*X = —X + n(X)¢ and the fact that G(r) is a
Hopf hypersurface, yields that

(6.10) Age; = —%(Trace Ae; forj(1<j<n-—-1).

In consideration of (6.9) and (6.10) we know that the mean curvature vector h of
the embedding f; o 1) is parallel with respect to the normal connection D if and
only if the radius r of G(r) satisfies the following equation:

YE cor(¥Er) = —2[2n = 1Y% cot(Lor) = L tan (L0

5 ot 5 2 2 2 2 2

Solving this equation, we obtain tan®(y/c r/2) = 2n + 1. Note that this equality is
equivalent to k = 8n + 5 because of (y/c /2)cot(y/cr/2) =1 and k = c+ 1. Thus
we have proved the second half of the statement of our theorem. O

Remark 2. In [19], Udagawa and the first author showed a fact that for every real
hypersurface M?"~! of CP"(c) (n > 2) through an isometric immersion ¢y, the
isometric immersion fj oty 1 M#~1 — S(+2)=1((n 4 1)¢/(2n)) has parallel mean
curvature vector with respect to the normal connection in this ambient sphere if
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and only if M is locally congruent to a geodesic sphere G(r) of radius r with
tan®(y/c r/2) = 2n + 1 up to the full isometry group U(n + 1).

The following gives detailed information on the length spectrum LSpec(N(k)) of
each complete simply connected Sasakian space form N (k) with & > 1.

Theorem 2 ([3]). On the space N(k) with k > 1, there exist countably infinite
congruency classes of closed geodesics and the length spectrum LSpec(N(k)) of

N(k) is a discrete unbounded subset in the real line R. Moreover, the following
hold.

(1) When k is irrational, two closed geodesics on N(k) are congruent to each
other if and only if they have the common length.

(2) If k is rational, then the multiplicity of each length spectrum of N (k)
is finite. But it is not uniformly bounded; limsupy_,. mnyr)(A) = oo.
In this case, the growth order of myuy is not so rapid. It satisfies
limy o0 )\_5mN(k)()\) = 0 for arbitrary positive 9.

(3) For every k(> 1)

onvw(A) 3k +3)VE-T L —
S VI 1674 tan™ (VA —1/2).

Sketch of proof. By virtue of Theorem A and the discussion in the proof of our
Theorem we can see that on the space N (k) with k£ > 1 there exist countably infinite
congruency classes of closed geodesics and the length spectrum LSpec(N(k)) of
N (k) is a discrete unbounded subset in the real line R. Furthermore, LSpec(N(k))
can be expressed as follows (for details, see [3]):

3T 4m }

LSpec(N(k)) = {k;—i—3’ —
E—1)p2+4g2 | P and ¢ are relatively prime
U{47r\/ ( ’ 1)p k;+ 3q positive integers which satisfy
(k =1)(k +3) pq is even and 4p < (k — 1)g
E—1)p2+4g2 | P and ¢ are relatively prime
U{Q’ﬂ'\/ ( JP* +4q positive integers which satisfy ;.

(k=1)(k+3) | pyis odd and 4p < (k—1)q

Next, under equalities (y/c/2)cot(y/cr/2) = 1 and k = ¢+ 1 we see that
tan?(y/c r/2) is irrational (resp. rational) if and only if k is irrational (resp. ra-
tional), so that we obtain (1) and (2). We finally check (3). It follows from

(vc/2)cot(y/cr/2) =1 and k = ¢+ 1 that
\/7
k+3

9 _ [k —
r= tan~! K 1, \/_r 1
k—1 2 k:—|—3

These, together with Theorem C, yield the equality in

7. EXAMPLES OF NON-BERGER SPHERES

Motivated by the redefinition of Berger spheres, we pose the following problem:
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Problem. Does there exist an odd dimensional Riemannian homogeneous manifold
M satistying the following three conditions (1), (2) and (3)’7
(1) M is diffeomorphic to a Euclidean sphere;
(2) The sectional curvature K of M satisfies sharp inequalities 0 < 0L < K < L
on M for some constant ¢ € (0,1/9);
(3)" The length of each closed geodesic of M is longer than 27 /+/L, where L is
a positive constant given by (2).

Our aim here is to give an affirmative answer to this problem. We have

Theorem 3 ([17]). If the radius r of a geodesic sphere G(r) in a complex hyperbolic
space CH"™(c) (n > 2) satisfies the inequalities 2 < coth(y/|c|r/2) < 3//2, then it
has the following properties:
1) The sectional curvature K of G(r) satisfies sharp inequalities 0 < 6L <
K < L on G(r) for some constant 6 € (0,1/9);
2) The length of each closed geodesic of G(r) is longer than 2m/\/L , where L
is a positive constant given by 1).

Sketch of proof. We shall prove the statement 1). We take an arbitrary geo-
desic sphere G(r)(0 < r < o0) in CH"(c¢). Its shape operator A satisfies

A€ = /|c| coth(y/]c] )€ and AX = (y/]e] /2) coth(y/]e] 7/2)X for each vector

X perpendicular to the characteristic vector £ on G(r). Hence we can see that the
sectional curvature K of our geodesic sphere G(r) satisfies the following inequalities
corresponding to (4.1):

(7.1) ¢+ (|e|/4) coth®(\/]e| r/2) < K < (|e|/4) coth®(\/|¢| 7/2).
Here, we have
Ko = ¢+ (|¢|/4) coth®(1/]¢]| r/2) = K(X, ¢X),
Koax = (lel/4) coth®(V/]e[ 7/2) = K(X,€)
for each unit vector X orthogonal to £. Solving an inequality K, > 0, we get

coth(y/|c| 7/2) > 2 and vice versa. Next, solving 0 < Kpin/Kmax < 1/9, we have

2 < coth(y/]c] r/2) < 3/+/2 and vice versa. Thus we have proved our assertion 1).

We next prove the statement 2). As was shown in [5], a geodesic v on G(r) in
CH"(c) is closed if and only if its structure torsion satisfies one of the following
conditions:

1) p, = =£1,
2) py =0,
3) p, satisfies 0 < |p,| < 1 and is of the form

+q

sinh(/c[r/2) \/p2 tanh?(y/]c[r/2) — ¢2
with some pair (p,q) of relatively prime positive integers p, ¢ satisfying

q< ptanhQ(\/Hr/Q).
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Corresponding to these cases, lengths of closed geodesics are given as

(QW/\/H) sinh(\/mr), (47r/\/H) sinh(\/Hr/Q) and
47T\/{p2 sinh2(\/|?|r/2) —q¢? cosh2(\/|?|r/2)}/|c| ,  when pgq is even,
27r\/{p2 sinhz(\/ﬂr/Q) —¢? coshz(\/ﬂr/Q)}/M . when pq is odd.

We now compare these with 27/\/Kuax = (47/4/|c]) tanh(y/[c]7/2). Tt is
clear that (27r/\/E|) sinh(/]c|r) and (4#/\/H) Sinh(\/HT/Q) are greater than

this constant. We study lengths of other closed geodesics. By the condition

p > gcoth®(y/]c|7/2), we have sinh*(+/[c|r/2) > q/(p — q). We take a quadratic
function f, , defined by

(p* — ¢*)x* + (p* — 2¢* — 1)z — ¢*, when pq is even,
Joal®) = 2 2\,2 2 o2 2 .
(p* —q¢°)z* + (p* — 2¢° — 4)x — ¢*, when pq is odd,

and consider its vertex. When pq is even, by direct computation we have

Jr.a (sinh2 (\/HT/Q)) > 0, so that
{ p? sinh? <@> — ¢* cosh? (@) } cosh? <—\/|2?| r> > sinh? < |20| 7"> _

When pq is odd, by direct calculation we obtain f,, (sinhz(\/ le|r/ 2)) > 0, which
shows

{ p” sinh? (@) — ¢* cosh? (@) } cosh® (@) > 4 sinh? (%)

2
In both cases, those inequalities show that lengths of closed geodesics are larger
than 27/+/Kpax. This completes the proof of the case 2). O

Remark 3. The inequalities 2 < coth(y/|c[r/2) < 3/+/2 in Theorem 3 are equiva-
lent to the following inequalities:

1 11 4+ 6v2 log 3
og LHEOV2 JoBS
Vel 7 ]
Remark 4. For a geodesic sphere G(r) (0 < r < oo) in CH"(c) the first length
spectrum A, of LSpec(G(r)) is given by A\; = (4m/+/|c|) sinh(y/|c|r/2) which is
the length of a closed geodesic of null structure torsion (see Proposition 3.9(1) in
[5])-

We shall characterize geodesic spheres in CH"(c) studied in Theorem 3 by ob-
serving geodesics on these real hypersurfaces. For this purpose, we review the
notion of circles in Riemannian geometry.

A smooth curve parameterized by its arclength on a Riemannian manifold M
is said to be a circle if it satisfies the following system of ordinary differential

equations with some nonnegative constant k£, and a field Y of unit vectors along
the curve ~:

V#’ﬁ/ = k?WY and VWY = —]{?7’3/,
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which is equivalent to the equation

ViVid +({V5%, Vii)y = 0.
Here, V, is the covariant differentiation along the curve v with respect to the
Riemannian connection V of M. We call k, the curvature of v. We regard geodesics
as circles of null curvature.

We here recall a fact that an n-dimensional Riemannian manifold M™ which is
isometrically immersed into an (n + 1)-dimensional Riemannian manifold M™!
is totally umbilic and the Trace A of its shape operator A is locally constant on
M if and only if every geodesic on M is mapped to a circle in the ambient space
M"*1 (see [15]). However, the space CH"(c¢) (n > 2) admits no totally umbilic real
hypersurfaces (see [20]), so that this space does not have a real hypersurface all
of whose geodesics are mapped to circles in the ambient space CH™(c). We hence
weaken this condition. We shall say that for a real hypersurface M in CH"(c) a
unit tangent vector v € TM satisfies the extrinsic k-circular geodesic condition if

the geodesic 7, of initial vector 4,(0) = v on M is mapped to a circle of curvature
kin CH"(c).

Theorem 4 ([17]). Let M*"~1 be a connected real hypersurface of CH™(c) (n > 2)
through an isometric immersion. It is locally congruent to a geodesic sphere G(r)
of radius r with 2 < coth(y/|c| r/2) < 3/V/2 with respect to the full isometry group
U(1,n) of CH"(c) if and only if at each point p € M, there exists an orthonor-
mal basis {v1, v, ..., Vap_2,Von_1 = &} of T,M and a positive constant k(p) with
Vel < k(p) < 3+/2]c| /4 such that v; satisfies the extrinsic k(p)-circular geodesic
condition for every i (0 <1i < 2n — 2).

In this case, the function k = k(p) on M is automatically constant with k =

(V/1el /2) coth(y/]c] 7/2).

In order to show this characterization of our geodesic spheres, we need to recall
some results on homogeneous Hopf hypersurfaces in CH™(c).

Lemma B ([14]). For a Hopf hypersurface M in CH"(c) (n > 2), the following
hold.

(1) If a nonzero vector v € TM orthogonal to & satisfies Av = v, then (2A —
v)Apv = (VA+(c/2))¢v holds with the principal curvature v associated with
&. In particular, when 2X\—v # 0, we have Agv = ((vA+(c/2))/(2A—v)) pv.

(2) The principal curvature v associated with & is locally constant.

(3) When 2\ — v =0, we see A = \/[c|/2 and v = \/]¢].

Proof of Theorem 4. (=) Suppose that we can regard M as a geodesic sphere
G(r) of radius r with 2 < coth(y/|¢| 7/2) < 3/v/2 in the ambient space CH"(c).
We take an arbitrary geodesic v on M whose initial vector is perpendicular to the
characteristic vector &,(). Then we have p, = 0. Recalling principal curvatures of
G(r), we see Ay(s) = (1/]c]/2) coth(y/|c] 7/2)%(s) for every s. Thus, by use of the
Gauss and Weingarten formulae (3.1), we find that the curve =, considered as a
curve in the ambient space CH™(c), is a circle of the same positive curvature k with
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k = (\/|c|/2) coth(y/|c| 7/2) which is independent of the choice of 7. Moreover, by
the assumption that 2 < coth(y/[c| 7/2) < 3/v/2 we get \/|c| < k < (3+/2]c| )/4.
Thus we obtain the “only if*“ part.
(«<=) We take orthonormal vectors vy, vs, ..., v9, 5 at an arbitrary fixed point
p of a real hypersurface M satisfying the condition. Then, the geodesic 7; with
initial vector v; satisfies o
V. Va4 = —k(p)*4
with positive k(p). On the other hand, from (3.1) we have
Vi, Vi = (V. A) i, Yy N — (A, i) A
Comparing the tangential components of the right-hand sides of these equalities,
we see that
(A, Yi) A = k(P)Z’%’,
so that at s = 0 we get
(Av;, v;)Av; = k(p)?v; for 1<i<2n—2.
Since k(p) # 0, we obtain
(7.2) Av; = k(p)v; or  Av; = —k(p)v; for 1<i<2n-—2.

This implies that £ is a principal curvature vector, because (A&, v;) = (£, Av;) =0
for 1 < i < 2n — 2. Therefore our real hypersurface M is a Hopf hypersurface with
at most three distinct principal curvatures k(p), —k(p) and v = (A€, &) at each
point p € M. Since principal curvatures of M vary continuously, we may suppose
that £ : M — R is continuous.

Next, we shall show that k(p) does not depend on the choice of a point p, and
determine the real hypersurface M. Our discussion is divided into the following
three cases (i), (ii,) and (iip).

(i) Suppose that 2k(p) — v(p) # 0 at each point p € M. Then, by Lemma B(1)
and (7.2) we have

vk + (c/2) vk + (c/2)
——~ =k or —=
2k — v 2k — v
This, together with the local constancy of v, implies that the function £ : M — R is
locally constant on M. Hence we find that M is a Hopf hypersurface with at most
three distinct constant principal curvatures k, —k and v. However, there does not
exist a Hopf hypersurface M with just three distinct constant principal curvatures
k,—k and v. So we can see that the shape operator A of M satisfies Av = kv for
every vector v orthogonal to £ with some positive constant k. This, combined with
the same discussion in the “only if“ part, shows that every geodesic v = ~y(s) with
initial vector perpendicular to the characteristic vector on M is mapped to a circle
of the same positive curvature k. Moreover, by hypothesis this constant k satisfies
the inequalities /|c| < k < (3/2]c| )/4. Thus we obtain that M is our geodesic

sphere given in Theorem 4.
(ii,) Suppose that 2k — v = 0 holds in some open subset U of M. Then, it
follows from Lemma B(3) that on this open set U the shape operator A of M

(7.3) _—
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satisfies Av = (\/H /2)v for every vector v perpendicular to £. Hence, by the
above discussion our real hypersurface M does not satisfy the assumption on M.
So, the case (ii,) does not occur.

(ii,) Suppose that there exists a point p € M satisfying that (2k — v)(p) = 0,
11_{11 pn = p and (2k—v)(p,) # 0 for some point sequence {p,} (n =1,2,...) on M.

Then by the discussion in the case (i) we see that the function 2k —wv is locally a step
function on M. This, together with the continuity of this function, implies that

2k —v)(p1) = 2k —v)(p2) = - - = (2k =) (pn) = - - # 0, s0 that (2k —v)(p) # 0,
which is a contradiction. So, the case (ii,) does not occur also. O

8. APPENDIX: COMMENTS ON METRICS OF SASAKIAN SPACE FORMS OF
CONSTANT gb-SECTIONAL CURVATURES GREATER THAN 1

Rewriting Theorem 1, we obtain the following fact:

(1) A geodesic sphere G(r) in CP"(c) (n > 2) is a Sasakian space form M?"~!(k)
of constant ¢-sectional curvature k if and only if the radius r satisfies an
equality (1/c/2)cot(y/cr/2) = 1. Here, k satisfies automatically & = ¢ +
1(>1).

(2) A geodesic sphere G(r) in CP"(c) (n > 2) is both of a Berger sphere and
a Sasakian space form M?"~!(k) of constant ¢-sectional curvature k if and
only if the radius r satisfies tan?(y/c r/2) > 2 and (1/c /2) cot(y/c r/2) = 1.
Here, k satisfies automatically k¥ = ¢+ 1 and k£ > 9. Moreover, when
tan?(y/c r/2) = 2n + 1, this geodesic sphere G(r) can be regarded as a
homogeneous submanifold with nonzero parallel mean curvature vector with
respect to the normal connection in a certain Euclidean sphere. In this case,
k satisfies automatically k = 8n + 5.

We first clarify the relation between the metrics of CP"(c) and S?"*!(c/4) of
constant sectional curvature ¢/4 through the Hopf fibration 7 : S*"*1(c/4) —
CP"(c) (for details, see Section 5 in [2]). We denote by S™[R] an m-dimensional
Euclidean sphere of radius R. So we can set

n n n 1
SUHUR) = {2 = (20,- -+ 20) € CF a0 4o+ 4 [z f? = B2} = 5741 (5.
It is well-known that the standard inner product (, ) of C**! is defined by (X,Y) =
Re(Dr , XiVi) for X = (Xo....,X,), Y = (Yo,...,Y,) € C"™'. Note that the
horizontal part H; of T;S?""![R] with respect to m : S*"T[R] — CP"(4/R?) at
z € S T1[R] is expressed as:

Hs = {(2,X) € {2} x C"M| (3, X) = (i2, X) = 0}.
Then the metric g of CP"(4/R?) defines the metric g of S*"*[R] which degenerates
along the vertical vector 2 as follows. For any (2, X), (2,Y) € T:S*""[R] = {X €
C"*1| (2, X) = 0}, we take two horizontal vectors

. 12 A\ 12 . 1 .. 4. =~ 12 ~A\1Z2 & 1, e
X — <§’X>E =X — ﬁ(@z,X)zz, Y — <— Y>— =Y — —(iz,Y)iz € H;.
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By direct computation we have

(8.1) (2, X), (2,Y)) = (X,Y) = 7 (i2, X)(i2,Y)

R
for each (2,X), (2,Y) € T:S*"*![R].

Next, we denote by G(r) = G(r;4/R?) a geodesic sphere of radius r (0 < r <
Rm/2) in CP"(4/R?). The inverse image 7 !(G(r)) is expressed as:

1 (G(r)) = S'[Ry] x S* YRy], R?+ R2=R>

We here note that Ry = Rcos(r/R) and Ry = Rsin(r/R). Indeed, we can set
Ry = Rcosf, Ry = Rsind. It is known that the hypersurface 77(G(r)) of S*"*[R]
has two constant principal curvatures —Ry/(RR;), R1/(RR>). Hence the principal
curvatures A1, v of the geodesic sphere G(r) are given by \y = Ri/(RRs), v =
(Ri/(RRy)) — (Rg/(RR1)). On the other hand, A\; can be expressed as A\ =
(/¢ /2) cot(y/c r/2) = (1/R) cot(r/R). So we find that § = r/R.

Next, in order to define a diffeomorphism ¢ : S**1(1)(= S [1]) — G(r),
we consider a diffeomorphism ¢ : S?"71(1) — ¢(S*1(1)) (C SRy x S Ry))
given by ¢(z) = (Ry, Rez). Then we have a desirable mapping ¢ : S?*~1(1) — G(r)
as ¢ = mo ». We here note that

It follows from (8.1) and (8.2) that

gﬂ((zvX)>(Z’Y)) g(((RlvRQZ) (O7R2X))7((RlaR2Z)>(07R2Y)))
= ((0, R2X), (0, R2Y))

- %(i(Rl, Ro2), (0, RaX))(i(By, Boz), (0, RyY))
~ RUX,Y) — %(iz,X><iz, Y)
= R2(X,Y) — (iz, X){iz, V) + R;fg iz, X) iz, V).

We here recall that Ry = RRy, Ry/(RR1) = ¢/4 and R} + R3 = R?. Thus we see
that R =2/\/c, Ry =4/\/c(c+4) and Ry = 2/v/c+ 4. We hence know that the
metric g of the geodesic sphere G (7’) is realized as the following metric gy which is
nothing but the deformation of the standard metric gy of S**~1(1):

4
+4

4
c+4

2
9 = (go—n®n)+< >n®n

Hence we can see that the metric g of a geodesic sphere of radius 7 (0 < r < 7//c )
in CP"(c) coincides with the well-known metric of a complete simply connected
Sasakian space form M?"~!(c+ 1) of constant ¢-sectional curvature ¢ + 1 for each

c >0 (cf. [8]).
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