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ABSTRACT. In this paper, we study the complex vector space of holomorphic
cross-sections of a homogeneous holomorphic vector bundle over an elliptic ad-
joint orbit, associated with an irreducible representation. The main purpose is
to give a necessary and sufficient condition for the vector space to be infinite-
dimensional.

1. INTRODUCTION

In general, given a connected real semisimple Lie group G, any homogeneous
pseudo-Kéhler manifold G/L of G is an elliptic (adjoint) orbit of G and vice versa.
Suppose that G acts on G/L effectively and dimec G/L # 0. Then, the center
Z(G) of G is trivial and G//L is G-equivariant biholomorphic to a domain in some
complex flag manifold G¢/Q~ via the mapping ¢ : G/L — G¢/Q~, gL — gQ~. cf.
Dorfmeister-Guan [7, 8]. From a finite-dimensional complex vector space V and a
holomorphic homomorphism p : @~ — GL(V), let us construct the homogeneous
holomorphic vector bundle G¢ x, V over G¢/Q~ associated with p. Identifying
G/L with the image ((G/L) via ¢, one can consider its restriction *(G¢ %, V) to
the domain G/L = «(G/L) C G¢/Q~, and then obtain the complex vector spaces
Veeso-(V, p) and Vg, (V, p) of holomorphic cross-sections of the bundles G¢ x, V
and /(Gc x, V), respectively. Our concern is the dimension of this vector space

VeV, p).

Lﬁ(GC XpV) G(C XpV
b |
G/L Ge/Q~
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2 N. BOUMUKI

As a side note, the same supposition enables us to decompose G into the direct
product of some connected real simple Lie groups G, with trivial centers, and
decompose G/ L into the direct product of some homogeneous pseudo-Kéhler man-
ifolds G, /L, of G, such that G, act on G,/L, effectively and dim¢ G,/L, # 0,

G/L:Gl/Ll X GQ/LQ X X Gn/Ln7

moreover, each G,/L, is G,-equivariant biholomorphic to a domain in some com-
plex flag manifold (G,)c/Q,, 1 < a < n. This paper is a sequel to the papers
[3, 4, 5]. Theorem 3.3 in [5] and its contraposition, with Remark 1.4 in [5], imply
that for the direct product G/L = G1/Ly X G/ Ly X - -+ X G,/ L,, above, each fac-
tor G,/ L, is compact Kéhler, non-compact Kéhler or non-Kéhler (pseudo-Kéhler),
and

(I) dim¢ O(G/L) =1 (i.e., all holomorphic functions on G/L are constant) if
and only if dime Vg,(V, p) < oo for all finite-dimensional complex vector
spaces V and holomorphic homomorphisms p : @~ — GL(V) if and only
if dimc O(G,/L,) = 1 for all 1 < a < n if and only if the direct product
never includes any non-compact Kéahler factors at all,

(II) dimec O(G/L) # 1 if and only if

either dime Ve/1(V, p) = 0 or dime Ve/1(V, p) = oo holds

for each finite-dimensional complex vector space V and holomorphic ho-
momorphism p : Q= — GL(V) if and only if dim¢ O(Gy/Ly) # 1 for some
1 < b < nif and only if the direct product includes at least one non-compact
Kéhler factor G/ L.

These are main results in the papers. Remark that Huckleberry [10] and Kollar
[14] study the dimension dime¢ Vg, (V, p), but they do not mention the equivalent
condition in (II).

Now, let us suppose the representation p : Q= — GL(V) to be irreducible. Then
Lemma 2.16 in [4] implies that in the case (I) above,

dime Vg/L(V, p) = dim¢ VGC/Q* (V, p) < o0

and the induced representation ¢ of the semisimple Lie group G¢ on the vec-
tor space Vg, /q-(V, p) is irreducible; therefore, we completely find the dimension
dime Vg 1 (V, p) in the case (I). Indeed, one can derive a necessary and sufficient
condition for the vector space Vg /q-(V, p) to be not equal to {0} from the Borel-
Weil theorem and holomorphic induction in stages (cf. Proposition 2.16). When
Veeso-(V, p) # {0}, one can take the highest weight @ of 0. : gc = gl(Vee/o-)
with respect to a positive system AT of roots and obtain

HaeA+ (Oz, w + 5)
HQEAJF <C¥, 5>
from Weyl’s dimension formula (0 = (1/2) > ..+ ). In contrast, no one has yet

given a necessary and sufficient condition for the vector space Vg, (V,p) in the
case (II) to be infinite-dimensional.

dimec Ve, (V,p) =
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The main purpose of this paper is to establish Theorem 3.18 which, together
with Propositions 2.16 and 2.21-(ii), supplies us with a necessary and sufficient
condition for

dime Veg/(V, p) = o0
in the case where p : Q= — GL(V) is irreducible and G/L = G1/Ly X Go/ Ly X - - - X
Gn/L, includes at least one non-compact Kéhler factor. For example, Theorem
3.18, Proposition 2.16 and Weyl’s dimension formula enable us to deduce
® dim(c VKC/Q, (V, pmm) = 0, dim@ Vg/L(V, pmm) =0 and
dime Ve /g (V. pnm) = 0 if n < 0 and any m,
o dime Vi /- (V, pnm) =n+ 1, dime Vo (V, ppm) = 00 and
dime Ve jg-(V, pom) = 0if n > 0 and m < 0,
e dim¢ VKC/Q,(V, Prm) =1+ 1, dime Va1V, ppm) = 00 and
dime Ve /0~ (Vs pom) = (R + 1) (m +1)(n +m+2)/2 if n,m > 0,
which shows that dime Vg 1 (V, pn,m) = oo if and only if n > 0 (and any m), where
G/L = SU(2,1)/S(U(1) x U(1) x U(1)), V = C and K¢/Q~ is a complex flag
manifold embedded into «(G/L) (see Example 3.20 for detail).

This paper consists of three sections. In §2 we fix our setting and confirm Proposi-

tion 2.16 which gives a necessary and sufficient condition for dime Ve, /0~ (V, p) # 0

in the case where p : @~ — GL(V) is irreducible. In addition, we prove that for
G/L = Gl/Ll X GQ/LQ X X Gn/Lna

dime Vg (V, p) # 0 if and only if dime Ve, /1, (Va, po) # 0 forall 1 <a <n

whenever p: Q7 = Q] X Q5 X -+ x Q. — GL(V) is the external tensor product
pRp - Hp, : Q] XxQy X+ xXQ, > GLV, ®Vy® ---®V,) of some
representations p, : @, — GL(V,) (see Proposition 2.20), and also prove that
an arbitrary irreducible representation p : Q7 = Q] X Qy X -+ X Q. — GL(V)
is isomorphic to the external tensor product of some irreducible representations
P Q; — GL(V,) (see Proposition 2.21-(ii)). Finally in §3 we mainly deal with
the case where GG is a connected real simple Lie group of Hermitian type and G/L
is a non-compact homogeneous Kahler manifold, take a new complex flag manifold
K¢/Q™ into consideration, and demonstrate that dime Vg (V, p) # 0 if and only
if dime Vi 6- (V, p) # 0 (see Proposition 3.17). Collecting Propositions 2.20, 3.6
and 3.17, one can accomplish the main purpose.
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2. PRELIMINARIES

In this section, we recall the definitions of elliptic element and elliptic (adjoint)
orbit, fix our setting, and deduce Propositions 2.16, 2.20 and 2.21 from some known
facts.

Notation. Throughout this paper, for a Lie group G we denote its Lie algebra by
the corresponding Fraktur small letter g and use the following notation:

(n1) N, R, C : the sets of natural numbers, real numbers, and complex numbers,
respectively, where N does not contain the zero,

(n2) C*:=C — {0},

(n3) m @ n : the direct sum of vector spaces m and n,

(nd) GL(V), gl(V) : the general linear group, and linear Lie algebra on a complex

vector space V, respectively,

) Z(G) : the center of G,

) e : the unit element of G,

) Ad, ad : the adjoint representations of G' and g, respectively,

) Co(T):={9 € G| Adg(T) =T} for an element T € g,

) Ng(m) :={g € G| Adg(m) C m} for a vector subspace m C g,

) o0, : the differential homomorphism of a Lie group homomorphism o,

) fls : the restriction of a mapping f : X — Y to a subset S C X,

) idg : the identity mapping on a set S,

) i:=V/~1,

) O(M) : the complex vector space of holomorphic functions on a complex

manifold M.

2.1. Definition of elliptic orbit. Here is the definition of elliptic (adjoint) orbit.

Definition 2.1 (cf. Kobayashi [12]). Let g be a real semisimple Lie algebra, and
G a connected Lie group with Lie algebra g.

(i) An element 7" € g is said to be elliptic, if the linear transformation ad 7 :
g — g, X — [T, X], is semisimple and all the eigenvalues of ad T" are purely
imaginary.

(ii) The adjoint orbit AdG(T) = G/Cq(T) of G through an elliptic element
T € g is called an elliptic adjoint orbit or an elliptic orbit for short.

Needless to say, the dimension of the manifold G/Cq(T) is zero if and only if
T =0.
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2.2. Setting on an elliptic orbit and a complex structure. Let us fix our
setting as follows:

e (G¢ is a connected complex semisimple Lie group,

e (5 is a connected closed subgroup of G¢ such that g is a real form of gc,

e T is a non-zero, elliptic element of g,

o L:=Cg(T), Lc :=Cq.(T), g* :={A € gc| adT(A) = irA} for a ) € R,

o ut = @A>0 g>‘7 u = ®A>0 Q_A,

o U’ :=expu®, Q° := Ng.(lc ®u®) for each s = =+,

e tis a maximal compact subalgebra of g containing 7', and g = £ ® p is the
Cartan decomposition of g,

® gy = tD Z]J,

e K and G, are the maximal compact subgroups of G and G¢ whose Lie
algebras are € and g, respectively,

e 0 is the (anti-holomorphic) Cartan involution of G¢ whose fixed point set
coincides with G,

[ J Lu = CGU(T),

e { is a maximal torus of £ containing 7,

eh:={Xeg|[X,H|=0forall Het},a:=pnNh, hr:=itdaq,

e A = A(gc, be) is the (non-zero) root system of gc relative to he, where he
is the complex subalgebra of gc generated by b,

® g, is the root subspace of g¢ for a root a € A,

e AT is a positive system of roots in A(gc, he) satisfying 5(—iT") > 0 for all
B e AT,

o A(T,0) :={ye A|y(T)=0}.

Here we refer to Varadarajan [15, p.280] for the definition of positive system of
roots. Note that both K and G, are connected, that the restriction 6 := 0| is
the Cartan involution of G whose fixed point set coincides with K, and that [ is a
reductive subalgebra of g because 6,([) C [ comes from [ = ¢;(T") and 0,(T) = T.
In addition, we note hg = {A € hc|a(A) € R for all a € A},

dc =utPlcdu = UC@EBBEA+96@9—B>

(2.2) _
ut = @5€A+—A(T,o) 95, lc =bc® @veA(T,O) gy, U = @ﬂeA+—A(T,0) 9-p-

In the setting above, one can prove

Lemma 2.3. The following nine items hold. Here s = =+.

(i) Both of the closed subgroups L C G and L, C G, are connected and reductive.
In particular, L, is compact.
(ii) The closed complex (Lie) subgroup Lc C G is connected and reductive.
(iii) 6(L¢) = L¢, O(U®) = U™*
(iv) U® is a simply connected, closed complex nilpotent subgroup of G¢ whose Lie
algebra coincides with u®, and exp : u® — U? s btholomorphic.
(v) Q° is a connected, closed complex parabolic subgroup of G such that Q° =

Le x U® (semidirect) and q° = lc & u’ = P 5, 8"
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(vi) The product mapping U~ X Q° 3 (u,q) — uq € Gc is a biholomorphism of
U™ x Q° onto a domain in Gc.
(Vi) ty : Go/Ly, — Ge/Q~, guly — g,Q~, is a Gy-equivariant real analytic dif-
feomorphism of G, /L, onto G¢c/Q~.
(viii) ¢ : G/L — G¢/Q~, gL — ¢gQ~, is a G-equivariant real analytic diffeomor-
phism of G/L onto a simply connected domain in G¢/Q~.
(ix) GQ™ is a domain in Gc.

Proof. e.g. Lemma 7.3.3, Lemma 8.0.1, Proposition 8.2.1, Lemma 11.1.2 in [6, p.71,
p.75, p.78, p.117]. O

In general, the elliptic orbit G/L admits several kinds of G-invariant complex
structures (cf. Example 10.5.1 in [6, p.115]). Since the complex flag manifold
G¢/Q~ is a complex homogeneous space, it naturally admits a Ge-invariant com-
plex structure. Hence, one can induce the G-invariant complex structure J on the
orbit G/L from G¢/Q~ by identifying G/L with the domain «(G/L) C G¢/Q~
via the mapping ¢ : gL — ¢gQ~. In this way, we consider G/L = (G/L,J) as a
homogeneous complex manifold of G.

a/L —*

Ge/Q~

2.3. Setting on holomorphic vector bundles. We set vector bundles *(G¢ %,
V) and G¢ %X, V, and set a continuous representation o (resp. ¢) of the Lie group
G (resp. G¢). The setting of §§2.2 remains valid here.

Let V be a finite-dimensional complex vector space, and let p : Q= — GL(V),
q — p(q), be a holomorphic homomorphism. Denote by G¢ %,V the homogeneous
holomorphic vector bundle over the complex flag manifold G¢/Q~ associated with
p, and by *(Gc X, V) its restriction to the domain G/L = «(G/L) C Gc/Q~ .
Then, we consider

(1) h is holomorphic,
(24) Voo (Vop) = {h:Ge =V | (2) h(ag) = pla)*(h(a) ¢,
for all (a,q) € Gc x Q™
(1) 9 is holomorphic,

(2:5)  Vou(V,p) =3¢ :GQ™ = V| (2) ¥(xq) = plg)~" (¢(x))
for all (z,q) € G~ x Q~

as the complex vector spaces of holomorphic cross-sections of the bundles G¢ %,V
and #(G¢ x » V), respectively, and sometimes express them as Vg o- and Vg1,
respectively. Note here, GQ~ is an open submanifold of the complex manifold G¢.

H(Ge x, V) Gex,V
J . J
G/L Ge/Q~

1By abuse of language we say that this H(Ge x,V) is a homogeneous holomorphic vector bundle
over the elliptic orbit G/L.
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Now, let us define a homomorphism ¢ : G = GL(Vg/1), g — o(g) by
(2.6) (0(9)¥) (x) := (g~ x) for ¢ € Vg and x € GQ™,

and provide the vector space Vg1, with a metric topology as follows. Since the Lie
group G is connected, it satisfies the second countability axiom. Hence the domain
GQ~ C G also satisfies the same axiom, and is a locally compact Hausdorff space.
Therefore there exist non-empty open subsets O,, C G~ such that

(dl) GQ~ =2, O, (countable union),
(d2) the closure O,, in GQ~ is compact for each n € N.

Setting E, := O,, for an n € N, we construct a metric d on Ve from dg, (1, 12) =
sup{|[¢1(y) — ¢2(y)ll : y € En} and

S ’le, wz)
2.7 5 :
(2.7) d(t1, 1) - leanEn v
for ¢1,v9 € VoL = VaL(V, p), where || || is an arbitrary norm on the vector space

V. This d is called the Fréchet metric on Vg, With respect to the Fréchet metric
d in (2.7), one knows

Lemma 2.8. Vg1 = Vg1, d) is a complex Fréchet space, and the mapping m, :
GxVa = Vo, (9,¢) — 0(9), is continuous, i.e., the o in (2.6) is a continuous
representation of the Lie group G on the Fréchet space V1.

Proof. Refer to Lemma 2.6.4 in [3, p.230] and references therein, for example. [

In a way similar to the way stated above, we define a homomorphism ¢ : G¢ —
GL(Veejq ), a > dla) by

(2.9) (6(a)h)(ar) := h(a™ ay) for h € Vg, /o and a; € Gg,

and provide the vector space Vg, /o~ with a metric topology; then ¢ is a continuous
representation of G¢ on Vg, o-. This continuous representation ¢ is called the
induced representation of G¢ by p: @~ — GL(V), in some papers.

Remark 2.10. Here are comments on the vector space Vg0~ = Vae/o-(V, p).

(i) Lemma 2.3-(vii) implies that G¢/@Q~ is a connected compact complex man-
ifold, so that

dime Ve g-(V, p) < 00

for all finite-dimensional complex vector spaces V and holomorphic homo-
morphisms p : Q= — GL(V). cf. Kodaira [13, Corollary, p.161].

(ii) It follows from dime Vg, /g- < 0o that GL(Vg. /o) is a complex Lie group,
and then the homomorphism ¢ : G¢ — GL(Vg./q-) is holomorphic since
the mapping 75 : Ge X Vg0~ — Vae/g- (a,h) = o(a)h, is continuous.
Conversely, given a holomorphic homomorphism ¢ : Gec — GL(Vg./q-), the
mapping 7z : Ge X Ve j0- = Vae/q-» (a,h) = S(a)h, is always continuous
because it follows from dime Vg, /g~ < oo that our topology for Vg, /o is
the same as the topology determined by an arbitrary norm on Vg o-.
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2.4. Known facts. Obeying the setting of §§2.3, we enumerate some known facts
which will play roles later.

Proposition 2.11 (cf. Ise [11, Lemma 1, p.222]). Let W be a finite-dimensional
complex vector space and p : Q- = Lc x U~ — GL(W), ¢ — p(q), a holomorphic
homomorphism. Then, the following two conditions are equivalent:

(A) The representation p: Q~ — GL(W) is completely reducible.
(B) p(u) =idw for allu e U~.

Lemma 2.12 (cf. Lemma 2.5.5 in [3, p.228]). Let V be a finite-dimensional com-
plex vector space and p : Q- = Lec x U~ — GL(V), ¢ — p(q), a holomorphic
homomorphism. Suppose that

(s0) V # {0}, (s1) p: @ — GL(V) is irreducible.

Then, (1) p« : lc = gl(V) is irreducible, and (ii) there exists a unique linear function
n:3(lc) = C such that

p«(A) = n(A)idy for all A € 3(Ic);

moreover, n(iH) € R for all H € €N 3(lc). Here 3(Ic) denotes the center of the Lie
algebra I¢.

Lemma 2.13 (cf. Corollary 3.2.2 in [3, p.241]). Let V be a finite-dimensional
complex vector space and p : Q~ — GL(V) a holomorphic homomorphism. Suppose
that

(s1) p: Q= — GL(V) is irreducible.
Then, the continuous representation o of the Lie group G on the wvector space

Ve (V, p) is indecomposable. Here we refer to (2.6) and (2.5) for o and Ve (V. p),
respectively.

Lemma 2.14 (cf. Lemma 2.16 in [4, p.9]). Let V be a finite-dimensional complex
vector space and p : Q~ — GL(V) a holomorphic homomorphism. Suppose that
(s1) p: Q= — GL(V) is irreducible, and
(I) dim¢ Vg/L < 0.

Then, the following two items hold:

(IT) o is an irreducible representation of G on Vg, = Ve (V, p).
(IIT) The representation module (V. q-,0) is G-equivariant isomorphic to
(Yeyr,0) via F : h— hlgg-.

Here we refer to (2.5), (2.6), (2.4) and (2.9) for Va1, 0, Vaejo- and 9, respectively.

2.5. A condition for dim¢ Vg /0-(V,p) # 0 (Proposition 2.16). The setting
here is the same as that of §§2.3.

In §1 we have stated that one can derive a necessary and sufficient condition for
the vector space Vg 0~ (V, p) to be not equal to {0} from the Borel-Weil theorem
and holomorphic induction in stages. For the sake of completeness, we will confirm
Proposition 2.16 below.
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Identifying the elliptic orbit G,/ L, = G../Cg, (T) with the complex flag manifold
Gc/Q~ via the mapping ¢, in Lemma 2.3-(vii), we consider G, /L, as a homoge-
neous complex manifold of the compact semisimple Lie group G, and set the
complex vector space Vg, /1, (V, p) in a similar way to (2.5).

Lg(GC XPV) G(c XpV

l !

Gu/Lu fu G(C/Q_

Then, one has

(1) h is holomorphic,
Ve p.(V,p) = b GuQ™ = V| (2) h(zq) = p(q) ™ (h(2))
for all (x,q) € G,Q~ x Q~
(2.4)
= VGC/Q7 (V7 p)
because G,Q)~ = G comes from Lemma 2.3-(vii). By Vg, /1. (V,p) = Vaeo-(V, p)
and Lemma 2.13 we conclude

Corollary 2.15. Let V be a finite-dimensional complex vector space and p : Q~ —
GL(V) a holomorphic homomorphism. Suppose p : Q— — GL(V) to be irreducible.
Then, the restriction g|g, is an irreducible (continuous) representation of the com-
pact subgroup G, C Gc on the vector space Ve, jo- = Vaejo- (V, p); in particular,
the induced representation ¢ of Ge on Vg, q- s irreducible.

Proof. Since ¢ is a continuous representation of G'¢c on Vg o, it follows that the
mapping Gy X Ve /g~ 2 (gus h) = 0(gu)h € Ve - is continuous, so that 9|, is a
continuous representation of G, on Vg, /1, = Ve @-- Then, since Lemma 2.13 still
holds even if we substitute o|g,, G. and Vg, 1, for o, G and Vg1, respectively,
one can assert that the representation g|¢, of G, on Vg, /1, is indecomposable, and
furthermore is irreducible because the Lie group G, is compact and dim¢ Vg, /1, =
dimg¢ VGC/Q* < 0. [

Taking the he, A1 in §§2.2, we are now in a position to confirm

Proposition 2.16. Let V be a finite-dimensional complex vector space and p :
Q= — GL(V) a holomorphic homomorphism. Suppose that (s1) p: Q- — GL(V)
is irreducible. Then, the following conditions (a) and (b) are equivalent for the
vector space Ve jo- = Vaejo-(V, p) in (2.4):
(a) dim(c VG(C/Q— 75 0.
(b) There exist a non-zero u € V and a holomorphic homomorphism x : He —
C*, x — x(x), such that
(1) x« is a dominant integral form on b with respect to the positive system
AT C A(g(c, f)(c), and
(2) pe(X)u = x(X)u for all X € he.

Here H¢ denotes the connected Lie subgroup of the semisimple Lie group G¢ cor-
responding to the Cartan subalgebra hc of gc.
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Proof. (a)=-(b). We shall prove (a)=-(b) by taking Remark 2.10 and Corollary 2.15
into consideration. Suppose dimc Ve /g- # 0. Then, since g, : gc — gl(Vee/o-)
is irreducible and dimc¢ Vg, /o- < oo, there exist a non-zero hy € V.- and a
unique linear function vy : he — C such that

(l) é*(gg)ho = {0} for all 6 € A+, (11) é*(X)ho = l/(](X)h() for all X € f](c.

The Cartan-Weyl theorem tells that this vy is a dominant integral form on h¢
with respect to A*. By virtue of hy # 0 and (ii), we can set a holomorphic
homomorphism x : Hec — C*, x — x(x) as

o(z)ho = x(x)ho for an = € Hg,

and deduce that
X«(X) = 1p(X) for all X € he.

In view of (i) and (2.2) we see that 0.(Y)ho = 0 for all Y € u™, so that hg is
the constant mapping with the value hg(e) on UT because of Lemma 2.3-(iv). If
ho(e) = 0, then it follows from hy € Vi, /o~ and (2.4)-(2) that hg =0 on UTQ ™, so
that Lemma 2.3-(vi) and the theorem of identity lead to ko = 0 on the whole G,
which contradicts hy # 0. For this reason

ho(e) € V — {0}.

Putting u := hg(e), one can conclude (b); indeed, (2.4)-(2), (2.9) and (ii) yield
p+(X)u = p.(X)(ho(e)) = (0:(X)ho)(e) = (vo(X)ho)(e) = (x+(X)ho)(e) = x«(X)u
for all X € be.

(b)=(a). Suppose that there exist a non-zero u; € V and a holomorphic homo-
morphism x; : Hc — C*,  — x1(z), such that

(si) x1« is a dominant integral form on h¢e with respect to A™, and

(sii) p«(X)up = x1.(X)uy for all X € be.

By the Borel-Weil theorem and holomorphic induction in stages, we will prove

@ VG({;/Q_ 7é {0}

The arguments below will be pretty much the same as those in the proof of Theorem
3.0.1 in [3, p.244].

Our first aim is to set a complex Borel subgroup B~ of G¢ and a holomorphic
homomorphism s : B~ — C*. Let R be a regular element in h¢ satisfying a(R) >
0 for all &« € AT, and let

n o= @BGA+ g-5, N :=expn~, B~ := Ng.(bc®n).

Then, Hc accords with Cg, (iR), and Lemma 2.3-(ii), (iv), (v) still holds even if we
substitute Hc, n=, N~ and B~ for L¢, u®, U® and Q°, respectively. Here He C L,
U~ C N~ and B~ C (7, and the converse inclusions also hold whenever B~ = Q™.
Now, one can define a holomorphic homomorphism ys : B~ = Hec x N~ — C* by

(2.17) x2(zn) = x1(z) for a (z,n) € Hec x N™.
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By use of this x, we define complex vector spaces L¢./p- and Lg-/,p- by

r L {f G s C (1) f is holomorphic, }
Gc/B~ = s Ge

)

2) f(ab) = x2(b)~1 f(a) for all (a,b) € Gec x B~

) ¢ is holomorphic,
) C(gb) = x2(b)~"'¢(q) for all (¢,b) € Q= x B~

respectively, define a homomorphism ¢ : Q= — GL(Lo-/5-), ¢ — 0(q) by
(@(Q)C) (1) ==C¢(¢'q) for C € Lo-/p- and ¢1 € Q7

and define a complex vector space (Vg./0-)" by

(
Lo ={c:@ | ,

(1) h is holomorphic,
Vaes-)' = h: Ge = Lo-/- | (2) hlag) = 6(q)~" (h(a))
for all (a,q) € Ge x Q™

Here we note that the connected complex reductive Lie group Lc is the locally direct
product S¢ - Z of a connected complex semisimple Lie subgroup S¢ C L¢ and the
identity component Z of the center Z(L¢), that Sc/(Sc N B™) is biholomorphic to
Q= /B~ in terms of Q= = LU~ = ScZU~, ZU~ C B~ and that

@ dim¢ ﬁQ—/B— < o0

because Lg-/p- is the complex vector space of holomorphic cross-sections of a
holomorphic line bundle over the complex flag manifold S¢/(Sc N B~) =Q~/B™.
In view of (si), (sii), (2.17) and the Borel-Weil theorem (e.g. Akhiezer [2, Theorem,
p.114]), one sees that

@ ‘CGC/B* 7é {0}7

and that in case of B~ # ) there exists a linear isomorphism f : Lo-/p- — V,
¢ — £(() satisfying

@) foo(s)=p(s)of forall s € S,

where we remark that Lo- /- # {0} (resp. V # {0}) follows from L¢. /- # {0}
(resp. u; € V), and that p, : s¢c — gl(V) is irreducible (due to Lemma 2.12) and
has Xo«|scrpe as its highest weight with respect to {7y]s.rne : v € ATNA(T,0)}. If
B~ =@, then (sl), Proposition 2.11, (sii) and (2.17) imply that p(b)u; = x2(b)u;
for all b € B~; thus, we conclude @ from @) (because one can get a non-zero
h € Vg./ - by setting h(a) := f(a)u, for a € G¢, 0 # f € Lg.p-). For this
reason we suppose B~ # ()~ henceforth. In this setting also, we can conclude @),
if one proves the following ®) and (©):

®) the vector space L. /p- can be embedded into (Vg 0-)',
© foo(q) =p(q)of forall ge @

because ® and @ yield (Vg 0-) # {0}; moreover, (© and (2.4) imply that the
vector space (Vg o-)' is isomorphic to Vg, /g-. Consequently, the rest of proof is
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to confirm these () and (©). Our second aim is to prove (0. Taking any f € L. /5~
and a € G¢, we define a holomorphic function f’(a) : @~ — C by

(2.18) f'(a)(q) = f(aq) foraqe Q™.
Then, it is immediate from f € Lg./p- that
f'(a) € Lo-/-

Hence f" : a — f'(a) gives rise to a mapping of G¢ into Lo-,p- for every f €
Lg./p-- We want to show that f’ belongs to (Vg./o-). For any a € G¢ and
¢,¢1 € Q, a direct computation with (2.18) enables us to obtain f'(aq)(q;) =

f'(a)(aq) = (&(q)"'(f'(a)))(q1); hence
@ two elements f'(ag) and 6(q) ™' (f'(a)) of Lo-,p- are equal.
Let us demonstrate that the f': Gc — Lg- /-, a — f'(a), is holomorphic. By (D
there exists a complex basis {(;}i2, C Lg-/5-, and f'(a) is expressed as
f'(a) = (@) + a*(a)G + -+ a™(a)¢n  (a € Ge),

where o' : G¢ — C. Since the sequence (i, (s, ...,y is linearly independent, one
can choose m-elements ¢; € Q~ so that the m x m matrix ((;(g;))1<ij<m is regular.
Denote by (AY)1<; j<m its inverse matrix. Then one has

ai(a) =Y flagr) A" (a € Ge,1 <i<m)

because (2.18) yields f(aqr) = f'(a)(qr) = >_7%; o/ (a)(j(gr). This and f € L)
assure that each o : G¢ — C is holomorphic. Accordingly f': Gc — Lgo-/5-,
a — f'(a), is holomorphic; furthermore, it follows from @ that

f, € (VGC/Q—>/ for all f € ‘CGC/B—-

Here one can get a linear mapping L. /p- 3 f — ' € (V. o), which is injective;
indeed, if f' =0, f € Lg./5-, then f(a) = f'(a)(e) = 0(e) = 0 for all a € G¢. For
this reason (®) holds. Now, our last aim is to prove (© f o 9(q) = p(q) o £ for all
q € ~. Fix an arbitrary z € Z. For any (s, z1,u1) € S¢ x Zx U~ and ¢ € Lg-/p-
one obtains

(0(2)¢) (sz1ur) = C(z 7 szun) = C(27'sz1)  (wp € U™ C N7, (217))
=((s2127Y) (.82 € Le, 2 € Z(Le))
= x2(2)¢(s21) = x2(2)C(s211).
This and Q~ = ScZU~ imply that
© 0(2)¢ = x2(2)¢ for all ¢ € Lo 5~

From z € Z C Hc, (sii) and (2.17) one deduces p(z)u; = x2(z)u;. This, together
with z € Z(L¢) and V = spanc{p(l)u; : | € L¢}, implies that

© p(z)v = xa(2)v for all v e V.

Fix an arbitrary « € U~. Similarly, we obtain

(@(U)C) (sz1u1) = C(U_lszlul) = C(Szl(szl)_lu_l(szl)ul) = ((s21) = ((s21u1)
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(because of Lemma 2.3-(v), sz1 € L, {(sz1) 'u(sz1),u1} C U~ C N, (2.17)),
and

@ o(u)( = ¢ forall ( € Lg-/p-.
(s1) and Proposition 2.11 tell us that
® p(u)v =v for all v e V.

Now, we are in a position to conclude (©). Take any ¢ € Q~ and ¢ € Lg-,p-. By
Q™ = ScZU~ there exists a (s, z,u) € S¢ X Z x U™ satisfying ¢ = szu; and

£(0(q)¢) = £(0(szu)()
20 1(2)£(8(5)¢) 2 xa(2)p(s) (£(0)) %2 p(s2u) (£(0)) = p(a) (£())

because f : Lg-/p- — V is linear and x»(2) € C. Thus (© holds. This completes
the proof of Proposition 2.16. O

2.6. Direct product of elliptic orbits. The main result in this paper (Theorem
3.18) is concerned with the direct product of elliptic orbits. Here we fix the setting
of Theorem 3.18.

Let (G1)c, (G2)c, - - -, (Gy)c be a finite number of connected complex semisimple
Lie groups, let G, be a connected closed subgroup of (G,)c such that g, is a real
form of (g,)c, and let T, be a non-zero elliptic element of g,, 1 < a < n. From
(Ga)c, Ga, T, we construct Ly, (g.)* and @ in a similar way to construct the L, g*,
@~ in §§2.2, and induce the complex structure J, on G,/L, = 14(G,/L,) from the
complex flag manifold (G,)c/Q, , where ¢y : Go/Lo — (Go)c/Qy ;s 9ala — 9.Q, -
Then, one can get the direct product

G/L:Gl/Ll X GQ/LQ X e X Gn/Ln

by setting G := Gy x Gy X+ xGpand L := Ly X Ly x---x L,. We equip this elliptic
orbit G/ L with the complex structure J := J; X Jy X - -+ X J,. Remark that this J
accords with the complex structure on G/L induced by ¢ = 11 Xt9 X+ X1, : G/L —

G(c/Q_, where G¢ := (GI)C X (GQ)(C X+ X (Gn>(C and Q7 := Ql_ X Q2_ X X Qr_z
In this setting, one can describe the vector space Vg,1(V, p) in (2.5) as follows:

(1) ¢ is holomorphic,

(2) 1/}($191a s 7ann) = p(q17 cee 7Qn)71 (¢(‘T17 s ,ZL‘n))
for all (z4,¢a) € GaQy X Q, 1 <a<n}.

2.7. Propositions on external tensor products (Propositions 2.20 and
2.21). In the setting of §§2.6 we show Propositions 2.20 and 2.21 below.

Proposition 2.20. Suppose that for a finite-dimensional complex vector space V
and a holomorphic homomorphism p : Q~ — GL(V),
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(S2') the representation p = p(q1,q2,---,qn) : @7 = Q7 X Qy X -+ X Q. —
GL(V) is the external tensor product of given holomorphic representations

pa:Q, — GL(V,),
V=Vi@Ve®:-- @V, p=pKpK---Hp,.

Then, dime Vg (V, p) # 0 if and only if dime Ve, /1, (Vas pa) # 0 for all1 < a <n.
Here we refer to (2.5) for Va,/1,(Va, pa)-

Proof. (=) Suppose dim¢ Vg (V, p) # 0, and fix any 1 < a < n. On the one hand,
by (2.19) there exist a ¢y € Vg (V,p) and a (g1, ..., 9,) € Gi X - - - X G, satisfying

Yo(g1, ..., gn) # 0. Putting ¢, := g(gfl, oy g Dby, we have
@ 'le GVG/L(va)v ¢1(€7"'7€) EV_{O}

On the other hand, let {e;,};"; be a complex basis of the vector space Vg (1 <
d<n), let

Wil"'iafliari»l"'in = {e’Ll ® T ® eia71 ® w ® eia+1 ® cte ® ean ‘W E Va}
(1§21 Smh...,l S’l'a,1 §ma,1,1 Sia+1 §ma+1,...,1§in§mn), and let
'(q) :=ple,....e,q,e,...,e)=1idy, X-- - Kidy, , Kp,(q) Kidy, ,  X---Xid
Pa(q) = p( q ) = idy, Vo1 Mpa(q) Ridy, Va

a—1

(¢ € Q7). Remark that each Wy, ..i, ., ,.4, 15 & pl,(Q, )-invariant complex vector
subspace of V = V; ® --- ® V,,, and that p/ is a holomorphic homomorphism of
Q, into GL(W;,..i, yi,.1-in)- Let us define a linear isomorphism f; ..;, 1iy 1y
W — V, by

11+ lg—1la41"""in
fi1-"ia—1ia+1-"in (ei1 DY €in_1 W eia+1 QR ein) =w.

Then, it turns out that

(1) the representation module (W, ..i, i, 1-in» ) i Q5 -equivariant isomorphic

to (Va, pa) via fil"'ia—lia+1"'in;
Mea—_ me n .

(2) V = @:?1:1 e 691'(1_11:1 697;@4_-:1:1 tr @2:1 Wil"'iafliaJﬁl"'in (dlreCt Sum)'
By virtue of (2) we can get the projection Pry,..i, i, 1.4, Of V O1to Wy i 1in s i -
Consequently, it is immediate from @ and (2) that the W;,..;._j.,,...j,-component
of (e, ... e) is not zero for some 1 < 53 < my,..., 1 < jo1 <Mme1,1 < jor1 <
Mat1,--.,1 < j, < m,. Defining a holomorphic mapping ¢ : G,Q), — V, by

qb(x) = (fjl"'ja—ljaJrl"'jn © Prjl"'ja—ljaﬂ"'jn O¢1)(e7 AR ERRR 6)
a—1
for an x € G,Q,, we have 0 # ¢ € Vg, /1,(Va, pa). Hence dime Vg, /1, (Va, pa) # 0.
(<) Suppose that dime Ve, /1, (Va, pa) #0forall 1 <a <n. Foreach1 <a <n
one can take a non-zero ¢, € Vg, /1, (Va, pa)- Setting ¢(zy,...,2,) := ¢1(21)®---®
bn () for a (xq,...,2,) € G1Q7 X -+ X GpQ,,, we have 0 # ¢ € Vg/(V,p). O

Proposition 2.21. The following items (i) and (ii) hold for the direct product
Q™ =07 X Q5 X---x Q. of complex parabolic subgroups Q) :



ON THE DIMENSIONS OF VECTOR SPACES, 1V 15

(i) Given finite-dimensional irreducible holomorphic representations o, : Q, —
GL(W,), 1 <a <mn, the external tensor product (W; @Wy ® - - @W,,, 01 X
oo K-+ a,) is an irreducible representation module of Q~ = Q7 X Q5 X

(ii) For any finite-dimensional irreducible holomorphic representation o : QQ~ =
Q7 XQy x---xQ, — GLW), (1,92, --,qn) = 0(q1, G2, - - -, qn), there exist
irreducible holomorphic representations o, : Q; — GL(W,), 1 < a < n
such that the representation module (W, o) is Q7 X Q5 X -+ - X Q. -equivariant
isomorphic to the external tensor product (W; @ W ® -+ - @ W, 01 K oy K
o Hoy).

Proof. From the (G,)c, G, and T, in §§2.6, we construct (L,)c, U, and (L,), in a
similar way to construct the L¢, U~ and L, in §§2.2. Note that (L,), and L, are
maximal compact subgroups of the connected complex Lie groups (L,)c and Lc,
respectively, and that ([,), and [, are real forms of (I,)c and [¢, respectively. Here
L,= (Ll)u X X (Ln)ua Lc = (Ll)(C X X (Ln)(C-

(i) Let us only investigate the case where W, # {0} for all 1 < a < n (otherwise
our assertions are trivial). Since o, : Q, = (Ls)c X U, — GL(W,) is irreducible,
Lemma 2.12-(i) assures that (0,)« : (l,)c — gl(W,) is irreducible, so that the
complex representation o, : (Lg), — GL(W,) is also irreducible because ([,), is a
real form of (I,)c. Accordingly, Lemma 3.66 in Adams [1, p.72] enables us to prove
that oy W -+ No, @ (L1)y X -+ X (Lp)y = GL(W; ® --- ® W,,) is irreducible by
mathematical induction on n. Hence (W1 ®---@W,,,0;X---Ko,) is an irreducible
representation module of Q7 X --- x @, , since (L), C Q.

(ii) Let us only investigate the case W # {0}. By arguments similar to those
above, we see that the complex representation o : L, — G L(W) is irreducible since
0:Q = Lcx U~ — GL(W) is irreducible (here, U~ = U x --- x U, ). Thus the
proof of Lemma 3.67 in Adams [1, p.72] implies that o : L, = (L1)y X+ X (Ly)y —
G L(W) is isomorphic to the external tensor product of some irreducible complex
representations o) : (Lg)y — GL(W,), 1 < a < n. Moreover, since the homoge-
neous space (Lg)c/(Lq), is simply connected, for each 1 < a < n there exists a
unique holomorphic homomorphism o}, : (L,)c — GL(W,) such that o)) = o}|(L,).
by (a generalization of) Weyl’s unitary trick. Then the holomorphic representation
o: Lec=(L1)cx---x(Ly)c = GL(W) is isomorphic to the external tensor product
of the irreducible holomorphic representations o/, : (L,)c — GL(W,). Defining a
holomorphic homomorphism o, : @, = (L,)c X U, — GL(W,) by

oq(lu) :=0ol(l) for l € (Ly)c and u € U, ,

one can get the conclusion, since Proposition 2.11 tells that o(ug,...,u,) = idw
for all (uy,...,u,) € Uy X ---x U, . O

3. THE MAIN RESULT IN THIS PAPER (THEOREM 3.18)

In this section we first deal with the case where g is a simple Lie algebra and
dimc O(G/L) # 1, and clarify some properties of V1 (see Propositions 3.6 and
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3.17), and afterwards state the main result in this paper and prove it by taking
Propositions 3.6 and 3.17 into account.

3.1. Case g is simple and dim¢c O(G/L) # 1. The setting of §§3.1 is the same as
that of §§2.3. Recall here that K is a maximal compact subgroup of the Lie group
GG whose Lie algebra € contains the elliptic element 7T'.

Let us suppose that

e the Lie algebra g is simple, and

e dimc O(G/L) # 1.
Then, it follows from Corollary 3.4.6-(ii) in [3, p.248] that the maximal compact
subalgebra £ C g is not semisimple, so that the Lie algebra g has to be of Hermitian
type, and the homogeneous space G/ K is an almost effective, irreducible Hermitian
symmetric space of non-compact type.? Hence, up to sign =+, there exists a unique
non-zero elliptic element W € g such that K = Cg(W), 3(¢) = spang{IW} and the
eigenvalues of ad W are 4 or zero. Setting

(3.1) Kc:=Cg. (W), pr:={Acgc|adW(A) =+iAd}, P*:=expp*,
one has gc = pT @ tc & p~, [p®,p°] = {0} for each s = %, and can prove

Lemma 3.2. In the setting above, the following six items hold. Here s = +.

(i) The closed complex subgroup K¢ C G is connected and reductive.

(ii) O(Kc) = K¢, 0(P%) = P~*.

(iii) P?® is a simply connected, closed complex abelian subgroup of G¢ whose Lie
algebra coincides with p°, and exp : p° — P? is biholomorphic.

(iv) KcP?® is a connected, closed complex parabolic subgroup of Gc such that
KcP?® = K¢ X P? and its Lie algebra is ¢ & p°.

(v) The product mapping P~ x KcP*®* 3 (p,z) — pz € G¢ is a biholomorphism
of P=% x K¢ P? onto a domain in Gc.

(vi) Both G C PT*KcP~ and G C P~ KcP™ hold.

Proof. We derive the items (i) through (v) from Lemma 2.3. Since g is a simple Lie
algebra of Hermitian type, we conclude the last item (vi) by the proof of Lemma
7.9 in Helgason [9, p.388]. O

As mentioned above, g is a simple Lie algebra of Hermitian type. Accordingly
dimc O(G/L) # 1, the contraposition of Corollary 3.14 in [4, p.20], and Lemma
3.16 in [4, p.21] give rise to

Lemma 3.3. Suppose that g is a simple Lie algebra and dime O(G/L) # 1. Then,
one of the following cases (cl) and (c2) necessarily occurs:

(cl) ptcut, LC K and Q~ C KcP~
(c2) p-Ccut, LC K and Q~ C KcP™.

In particular, L C K always holds.

2Here, we would like to correct errors in the paper [4]. p.18, }11, Read almost effective instead
of effective; p.20, 19, Read g_,, C instead of g_,, €; p.20, 18, Read g5 C instead of g5 €.
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Denote by € the derived subalgebra of ¢. In view of ¢ = £ & 3(€) we express the
elliptic element T' as

(3.4) T="T,+T,
(T, € t = [t,€], T, € 3(¢)) and show

Lemma 3.5. Suppose that g is a simple Lie algebra and dimec O(G/L) # 1. Then,
the following conditions (a), (b) and (c) are equivalent:

(a) [=¢.

(b) T, = 0.

(c) There exists a non-zero A € R satisfying T = AW

Proof. (a)=(b). Suppose [ = £. Then, it follows from £ C [ = ¢;(7") and T" € ¢ that
T € 3(%), so that T, = 0 by (3.4).

(b)=(c). If T; = 0, then (3.4) yields T' = T} € 3(¢) = spang{W}; thus we obtain
(c) from T # 0.

(c)=(a). Suppose that there exists a non-zero A € R satisfying 7= AW. Then
¢y(T) = ¢g(W) follows, and hence [ = ¢;(T") = ¢(W) = ¢. O

We will investigate the case [ = € in §§3.1.1 (resp. [ # ¢ in §§3.1.2) and conclude
Proposition 3.6 (resp. Proposition 3.17) from Lemmas 3.2, 3.3 and 3.5.

3.1.1. Case | =¢. Let us prove

Proposition 3.6. If g is a simple Lie algebra, dimc O(G/L) # 1 and | = ¢, then
it turns out that
(1) L = K and the elliptic orbit G/L is an almost effective, irreducible Hermit-
wan symmetric space of non-compact type;
(2) dime Vg i (V, p) # 0 if and only if V # {0}.
Here we refer to (2.5) for Vg,n(V, p).

Proof. By [ = £ and Lemma 3.5, there exists a non-zero A € R such that 7" = AW.
Then one has L = Cg(T) = Cq(W) = K; moreover, Q~ = KcP~ if A > 0, and
Q™ = KcPt if A < 0. Here (1) holds, since g is a simple Lie algebra of Hermitian
type.

(2) We only prove that V # {0} implies dim¢ Ve/1(V, p) # 0. Suppose V # {0},
and take a non-zero v € V.

(Case A > 0) In case of A > 0, Lemma 3.2-(vi), (iv) and Q= = KcP~ enable
us to have GQ~ C PTKcP~ (KcP~) C PTKcP~. Therefore, given an 2 € GQ~,
there exists a unique (py,q) € Pt x @~ satisfying

T =DP+q

by virtue of Lemma 3.2-(v) and @~ = Kc¢P~. Then we can define a mapping
¥ GQ~ — V as follows:

U(x) = plg)~'v.
This ¢ is holomorphic; furthermore, 0 # v € Vg/(V,p) because of 1(e) = v.
Hence dime Ve, (V, p) # 0.
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(Case A < 0) In case of A < 0 also, one can conclude dimc Vg/1(V,p) # 0 by
arguments similar to those above. U

3.1.2. Casel#¢. Let K be the connected Lie subgroup of the compact Lie group
K corresponding to the derived subalgebra £ of €, let £c be the complex subalgebra
of ¢ generated by & (i.e., T [tc, Ec]), and let K¢ be the connected Lie subgroup
of the complex Lie group K¢ in (3.1) corresponding to the subalgebra ¢ of £c.
Then we see

Lemma 3.7. Suppose that g is a simple Lie algebra, dime¢ O(G/L) # 1 and [ # €.
Then, it turns out that

(1) K is a connected compact subgroup of K¢ such that € is a real form of te;
(2) K¢ is a connected, closed complex semisimple subgroup of Ge and satisfies
G(K@) Kc.

Proof. (1) It is enough to confirm € # {0}, because it follows from & # {0} that &
is a compact semisimple Lie algebra. However, & £ {0} is a consequence of [ # ¢
and Lemma 3.5.

(2) Since O(K¢) = K¢ yields 0, (¢c) C [0.(kc),0.(kc)] C [tc,tc] = bc, we only
prove that the subset K¢ C G is closed. Taking the Cartan decomposition of K¢
by 0|k, into account, one knows that the mapping £ : K x t = K¢, (k, X) —
kexp(iX), is homeomorphic. Therefore, since K x tis closed in K x ¢, we conclude
that Kc = s(K x £) is closed in K¢ = k(K x €). This assures that the subset
KC C G is closed because the subset K¢ C G is closed. ]

When [ # ¢, Lemmas 3.7 and 3.5 tell that K¢ is a connected complex semisimple
Lie group, K is a connected closed subgroup of K¢ such that € is a compact real
form of £, and T} is a non-zero, elliptic element of ¢ moreover, 6| i 1s the (antl—
holomorphic) Cartan involution of K¢ whose fixed point set coincides with K,
where we remark that all elements of € are elliptic. Then we set

L:=C; (T) L¢ = Cr.(Ts),
E)‘ = {Betc| adT(B) iAB} for a A € R,

®A>OE)\ I @»o{" A
U = expiif, QF 1= ([C@u)for each s = +.

(3.8)

Lemma 2.3 does hold for these L, L¢, €, i, U* and QF. For the sake of com-
pleteness, we show

Lemma 3.9. Suppose that g is a simple Lie algebra, dime¢ O(G/L) # 1 and [ # &.
Then, the following siz items hold:

(i) The closed complex subgroup L¢ C K¢ is connected and reductive.
(ii) H(LC) Lc, H(US) U-—s.
(iii) Usis a simply connected, closed complex mlpotent subgroup of K¢ whose Lie
algebra coincides with u°, and exp : u° — U is biholomorphic.
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(iv) Q* is a connected, closed complex parabolic subgroup of K¢ such that Q° =
Le x U and §° = lc®is = @uZO psm,
(V) i: K/L — K¢/Q™, kL — kQ~, is a K-equivariant real analytic diffeomor-
phism of K /L onto K¢/Q~.
(vi) KO- — Fe.
Here s = +.

Proof. The items (i) through (v) come from Lemma 2.3. The last item (vi) is a
consequence of (v). O

We will confirm Lemma 3.10, derive Corollaries 3.11 and 3.12 from the lemma,
show Lemma 3.13, and then set a holomorphic vector bundle L&(GC X, V) over the
complex flag manifold K¢/Q~ and the complex vector space Vieso-(V, p) of its
holomorphic cross-sections.

Lemma 3.10. Suppose that g is a simple Lie algebra, dime O(G/L) # 1 and [ # €.
Then, the following eight items hold:

(1) e =lc @ 3(tc).

(2) 3(tc) C3(lc).

(3) Lc = KcNLe, L=KnNL.

(4) (E(C N [(C) ) (é@ﬂu_) =€ N ([(CEBLL_).

(5) @)\>O(Ecﬂg>\) :Ecﬁu+.

(6) B =tcNg* =tcng” forall \ € R — {0}.

(7) it =tcNus=tcnu® and U C KcNU*® for each s = +.
(8) O~ = KenQ-.

Proof. Note that [¢ C €¢ comes from Lemma 3.3.

(1) Take an arbitrary X € [¢. In terms of [¢ C ¢ = tc D 3(fc), there exists a
unique (X,, X,) € €c x 3(kc) satisfying X = X, + X,. Then it follows from (3.4),
{T, X} Ctcand X € l¢c = Coc (T) that

[TﬁvXﬁ] = [T - TZwX - Xé] = [T7 X] =0,
so that X € ¢ (T5) = Ic by (3.8). Thus one has X = X, + X, € lc @ 3(tc), and

) e C lc ® 3(kc).
Now, it is immediate from [T\ 3(fc)] C [¢,3(¢c)] = {0} and ¢ = ¢,.(T) that
®) 3(tc) C lc.

For an arbitrary A € [¢ = ¢;.(715), we obtain
from (3.4) and [T}, A] € [3(¢), bc] = {0}. This implies A € ¢4.(T) = Ic; thus le C le.

Consequently, we deduce Ic = Ic @ 3(€c) from D and @).
(2) is a consequence of ) and [3(tc), Ic] C [3(tc), tc] = {0}.
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(3) By a direct computation one has

fe D Oy (1) = fw e Ke| Adu(T) = T3)
:{wGK@]Adw( ):T}:KCHCGC(T):KCHL@

because of (3.4) and Adw(T,) = T,. Similarly, we have [ = K N L.
(4) We only prove ECF‘I([C@LL ) C (tcNlg) @ (tcnu™). Givena Y € t¢cN(lcdu),
it follows from Y € €c = ¢, (V) that

(W,Y] = 0.

From Y € [¢ @ u™, there exists a unique (Y;,Y,) € Ic X u™ satisfying Y =Y, + Y.
Then, one has 0 = [W, Y| 4+ [W,Y,]; furthermore,
(W Y)]=0=[W,Y,]

because W € [yields [W, l¢] C I, [W,u”] C u~. This assures Y, Y, € ¢,. (W) = ¥¢,
andY =Y, +Y, € (E(C N [(c) D (EC ﬂu*). Thus £ N ([(c @u’) C (E(c N [(c) ©® (E(c ﬂu*)
holds.

(5) It is clear that @, ,(tc Ng*) C €c N (B,-,9"). Moreover, one can prove
the converse inclusion tc N (., 0") C P -o(tc N g*) by arguments similar to

those above, where we remark that [T, W] = 0 yields [W, g C g*. Thus one has

D,-o(tcNg?) = tc N (P,.,9"), which enables us to conclude @, ,(tc N g*) =
tc Nut from ut = @, ., ot
(6) First of all, let us confirm the following @:

@ E(cﬂg)\C%A.

Take any A € tcNg. From A € tc = bc @ 3(€c) there exists a unique (A, 4;) €
tc x 3(fc) satisfying A = A, + A;. From A € g* one obtains [T, A] = i\A.
Accordingly

M +idA, = i = [T, A S [T+ Ty, A+ A = [T, Ad).

Then, it follows from {iAAs, [T}, As]} C tc and iAA, € 3(tc) that iAA, = [T}, A

and ¢A\A; = 0; moreover, A; = 0 by A # 0. Therefore A=A, et by (3.8), and
hence @ holds.

By a direct computation one has

B ek |[T, Bl =iAB} = {B € bc|[T, B] = i\B} = bc N g C ¥ N g

since (3.4), [T}, B] = 0 and &c C £c. This and @ imply EA“ = fcNgt =t ﬂ“g .
(7) On the one hand, it follows from @, ,(tc N g*) C tc N (P, 8") = tc NuT
and &c C £¢ that

EcNut 3{%<cﬂu D @)\>0<E(Cm ) @/\>0 Ll+
On the other hand,

tcNu + ®A>0(Ecm ) @A>O : it
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Hence we conclude it = ¢ Nut = £c Nu*, and Lemma 3.9-(iii) implies U =
expiit = exp(bc Nu™) € K NU.

One deduces i~ = tcNu™ = tcNu~, U~ C KcNU™ from it = tcNut = gcnut,
Ut ¢ KcNUT and Lemmas 3.9-(ii), 3.7-(2), 2.3-(iii) and 3.2-(i).

(8) Lemma 3.9-(iv), together with (3), (7) and Lemma 2.3-(v), assures that

Q_ :L(C X U_ - (K@ﬂLc) X (K(CHU_) CK@H(L(C X U_) :KCHQ_.
Hence, the rest of proof is to verify that the converse inclusion KenQ c Q also
holds. For any p € KcNQ~, it follows from Q~ = N, (lc®u™) that Adp(lc®u™) C
[c @ u~, so that for any (X,Y) € ¢ x U~ one has

Adp(X +Y)eten(lcdu’) CeteN(lc®u)
(é) (E(Cﬂ [(C) @(Ecﬂui) (2 (Ecﬂ [(c) u = [C@ﬁi.
because of l¢ x i~ Clexur, tc C tc and Ic C €. Thus by (1) there exists a
unique (A, B,C) € lc x 3(¢c) x i~ such that Adp(X +Y) = A+ B + C. Then,
tc 5 Adp(X+Y)—A-C = B € j(tc) and therefore Adp(X +Y) = A+C € lcBii.
This and (3.8) provide us with p € Ny (lc @ i7) = Q7; thus Kc N Q™ C Q~
holds. 0

KcN Q™ is a closed complex subgroup of G¢ in terms of Lemmas 3.7-(2) and
2.3-(v). Therefore Lemma 3.10-(8) leads to

Corollary 3.11. Suppose that g is a simple Lie algebra, dime¢ O(G/L) # 1 and
[#£¢ Then, @~ = KcNQ™ s a closed complex subgroup of Q.

Corollary 3.12. Let V be a finite-dimensional complex vector space and p : QQ~ —
GL(V), q — p(q), a holomorphic homomorphism. If g is a simple Lie algebra,
dimc O(G/L) # 1 and | # ¢, then the following items (i) and (ii) hold, where p
denotes the restriction of p to Q~ = Kc N Q™ :
(i) p: Q~ — GL(V) is a holomorphic homomorphism.
(ii) Suppose that p : Q= — GL(V) is irreducible. Then, p, : lc — gl(V) is
irreducible, and thus p: Q~ = Le x U~ — GL(V) is irreducible.

Proof. (i) is immediate from Corollary 3.11. (ii) follows by Lemmas 2.12 and 3.10-
(1), (2). [

Let us set ¢4 (G X, V) and Vi 5-(V, p) after showing

Lemma 3.13. Suppose that g is a simple Lie algebra, dime¢ O(G/L) # 1 and [ # ¢.
Then, the following four items hold:
(1) Kec € KeQ™ € GQ.
(2) The mapping Lt : KC/Q_ — Gc/Q, wQ™ — wQ™, is a Ke-equivariant
holomorphic embedding, and vx(Kc/Q™) C o(G/L).
(3) KcQ is a connected, closed complex submanifold of G¢.
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(4) The complex homogeneous space (K¢ x Q7)/Ap- is biholomorphic to KcQ™
via the mapping

(K¢ % Q7)/Ap- 3 (w,q)Ay- wqgt e KeQ.
Here Ay ={(p,p) Ip € Q" }.

Proof. (1) Lemmas 3.9-(vi) and 3.10-(8), combined with KcGand Q Q CQ,
imply Ke € KeQ = (KQ)Q = K(KeNQ)Q~ C KQ Q€ GQ-.

(2) By Lemma 3.10-(8), the tx : K¢/Q™ — G¢/Q isa K(c -equivariant holomor-
phic embedding. Moreover, it follows from (1) that 1 (Kc/Q7) = KcQ /Q~ C
GQ™/Q™ =(G/L).

(3) Denote by mc the projection of Gi¢ onto Gi¢/Q~. On the one hand, Lemma
3.9-(v) tells that K¢ /Q is a compact manifold. Therefore it follows from (2)
that LK(K((j/Q ) = KcQ /Q is a closed subset of G¢/Q~, so that KcQ™ =

(KCQ /Q7) is closed in G¢. On the other hand, the action of Kex Q™ on Ge,
(K"C x Q7) x G¢ 3 ((w,q),a) = waqg™" € Gg, is holomorphic, and KcQ~ accords
with the orbit of the connected Lie group K¢ x @~ through the unit e € Ge.
Consequently, KcQ™ is a connected closed (regular) submanifold of G¢, and in
addition, it is complex because the tangent space Te(KCQ_) is stable under the
invariant complex structure on Gc.

(4) The action of the complex Lie group K¢ x Q™ on Gg, ((w, q),a) — waq™?,
is holomorphic, and K¢Q~ accords with its orbit through the unit e € G¢. Thus

(Kex Q7)/Ap- 3 (w,q) Ay — wg " € KcQ~

is biholomorphic, since the isotropy subgroup of K¢ x Q~ at e is {(w,q) € K¢ %
Q |weqg" =e} = Ay o = Ay by Lemma 3.10-(8). O

Now, we are in a position to set % (G x, V) and Vieso- (Vs p). Let E(Ge x, V)
be the induced bundle of the holomorphic vector bundle G¢ x, V by the mapping
tx in Lemma 3.13-(2) (in other wards, the homogeneous holomorphlc vector bundle
over the complex flag manifold K¢/Q~ associated with j: Q= — GL(V)).

LK(G@ XPV) G(C XpV

l l

LK

Ke/Q™ —— Gc/Q~
Taking Q_ = Ken Q" and p = p\Q_ into account, we consider

(1) ¢ is holomorphic,

B10) Ve (Vi) = 61 ke =V | (2) () = jip) " ((w))
for all (w,p) € K¢ x Q~

as the complex vector space of holomorphic cross-sections of the bundle LﬁK(G@ X ,V),
and sometimes express it as Vi -. In addition, we denote by ¢ the induced

representation of K¢ on Vieso- = Viceso- (Vs D)-



ON THE DIMENSIONS OF VECTOR SPACES, 1V 23

Remark 3.15. Referring to comments in Remark 2.10 and taking Lemma 3.9-(v)
into consideration, one can assert that
(i) dime Vi, 5-(V,p) < oo for all finite-dimensional complex vector spaces V
and holomorphic homomorphisms p : Q= — GL(V);
(ii) the homomorphism § : K¢ — GL(Vi,6-), w 6(w), is holomorphic.

Let us prepare the following lemma for proving Proposition 3.17:

Lemma 3.16. Suppose that g is a simple Lie algebra, dime¢ O(G/L) # 1 and [ # &.
Then, one of the following cases (c1') and (c2') necessarily occurs:

(Cll) K@Q_ = K@P_;

(02/) KcQ™ = K((:P+.

Proof. Recall that one of the cases (c1) and (c2) in Lemma 3.3 necessarily occurs.
In view of £c = EC @ 3(fc) we see that the connected Lie group K¢ is the locally
direct product K¢-Z;, of the connected semisimple Lie subgroup K¢ and the identity
component Zj, of the center Z(K¢). Here Z, C L¢ comes from Lemma 3.10-(2).

(c1’) In the case (c1) of Lemma 3.3, p™ C u™ and @~ C K¢P~ hold. By Lemma
3.2-(ii), (iii) and Lemma 2.3-(iii), (iv), we have p~ = 0,(p*) C 0,(u*) = u~, and
P~ C U~; then it follows from K¢ = K¢Zy, Z, C Le, LeU™ = Q~ and K¢ € K¢
that

KcP~ C (KeZy)U™ € KeLeU™ = KeQ™ € Ke(KeP™) € KeP,

ie., KcP™ = K@Q_.
(c2') In the case (c2) of Lemma 3.3, p~ C ut and Q- C KcPT hold. By
arguments similar to those above, we obtain Pt C U~ and

KePt C (KeZy)U™ € KeLeU™ = KeQ™ € Ke(KePt) € KeP+.

Now, let us prove

Proposition 3.17. Suppose that g is a simple Lie algebra, dimc O(G/L) # 1 and
[ # €. Then, it follows that
(i) Q = KC N Q™ is a connected, closed complex parabolic subgroup of K(c,
(ii) the induced representation ¢ of Ke on Vi ~jo-(V,p) is irreducible, provided
that p : Q= — GL(V) is irreducible;
(iii) dime Va/o(V,p) # 0 if and only if dimc Vice /- (V,p) # 0.

Proof. (i) follows by Lemmas 3.9-(iv) and 3.10-(8).

(ii) Corollary 3.12 enables us to have (ii), since Corollary 2.15 still holds even
if we substitute p, Q , 0, K, K¢ and Vi /O~ for p, @7, 0, Gy, Gc and Vg o,
respectively.

(iii) (=) Suppose dimc Vg/(V,p) # 0. Then, there exists a 1 € Vg/(V, p)
which satisfies ¢(e) # 0. (2.5) and Lemma 3.13-(1) allow us to put ¢ := 1| _; then
we obtain 0 # ¢ € V- (V, p) from Lemma 3.7-(2), Lemma 2.3-(ix) and (3.14).
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(<) Suppose dim¢ PKC/Q,(V,ﬁ) # 0. Taking a non-zero ¢ € Vi 5-(V,p), we
define a mapping f: KcQ~ — V by

flwq) = p(q) ™ (op(w))

for a wqg € KeQ™ (’L_{J € ["(.‘.C’ g € 7). Remark here that this definition is well-
defined by virtue of @~ = KcN@Q~ and (3.14). We want to clarify some properties
of the f: Kc@Q~ — V. Needless to say, f # 0. A direct computation yields

@ f(za) = p(@)7' (f(2))
for all (z,¢) € KcQ™ x Q. From now on, let us show that
@ f: KcQ — V is holomorphic.

The mapping f; : (K¢ x Q7)/As- =V, (w,q)As- p(q)(¢(w)), is well-defined
by ¢ € Vi g-(V,p) and (3.14). It is clear that the mapping F7 : KexQ =V,
(w,q) — p(q)(¢(w)), is holomorphic. For the projection Pr : Ke x Q™ — (Kg x
Q7)/Ays- we have Fy = fi o Pr.
K(C X Q_
Pri
(Ke x Q7)/Ap-

£
\Y

1

Consequently f; : (K¢ x Q7)/As- =V, (w,q)Ay- — p(q)(¢(w)), is holomorphic.
This and Lemma 3.13-(4) assure that f : KcQ™ — V, wg — p(q)~"'(p(w)), is
holomorphic. Thus @ holds.

In the case (c1’) of Lemma 3.16, for each x € GQ, it follows from GQ~ C
PYKeP~, KcP~™ = KcQ™ and Lemma 3.2-(v) that there exists a unique (p;,2) €
Pt x KcQ™ satisfying © = p, z, and then one can define a holomorphic mapping
P GQT — V by

n(z) == f(2)

because of @). Moreover, a direct computation, together with (D), yields 1 (xq) =
p(q) " (Y1(z)) for all (z,q) € GQ™ x Q~. Thus 0 # ¢ € Vgyr(V, p) follows by
2.5).

( 113 the case (c2') of Lemma 3.16, we can conclude dime Vg 1,(V, p) # 0 by taking
GQ~ C P~ KcP*, KcPt = KcQ™ into consideration. Hence dime Viceso- (V, p) #
0 always implies dim¢ Vg (V,p) # 0, because one of the cases (c1’) and (c2')
necessarily occurs. O

3.2. The statement and proof of Theorem 3.18. The main purpose of this
paper is to establish

Theorem 3.18. In the setting of §52.6, suppose the Lie algebras g1, @2, ..., @n to
be simple, and suppose further that
(S1) there exists an integer 1 < k < n satisfying dimec O(Gy/Ly) # 1 for all
1<b<kanddimcO(G./L.) =1 forallk+1<c¢<n,
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and that for a finite-dimensional complex vector space V and a holomorphic homo-
morphism p: Q- — GL(V),

(S2) the representation p = p(qi,q2, .-, qn) : Q@7 = Q7 XQg X---xQ,, — GL(V)
1s the external tensor product of given irreducible holomorphic representa-
tions p, = Q, — GL(V,),

V=Vi®Ve® @V, p=pXpX- - -Kp,.

Then, the following items (1), (2) and (3) hold:

(1) dime Vg (V, p) = oo if and only if dime Ve, /1, (Va, pa) 7# 0 for all1 < a <
n.

(2) For each 1 < b < k, let K}, be a maximal compact subgroup of Gy whose
Lie algebra €, contains the elliptic element Ty,. Denote by (&)c the com-
plex subalgebra of (gy)c generated by €,, denote by (Kp)c the connected Lie
subgroup of (Gy)c corresponding to the subalgebra (&)c of (gv)c, denote
by (K¢ the connected Lie subgroup of (Kp)c corresponding to the derived
subalgebra [(&)c, (&)c] of (&)c, and set Qy = (Kp)c N Qy, by = 'Ob|Qb

(i) Suppose l, = &. Then, it turns out that
1) Ly, = K, and the elliptic orbit Gy/Ly is an almost effective, irre-
ducible Hermitian symmetric space of non-compact type;
2) dimc Vg, /1, (Vo, pp) # 0 if and only if Vi, # {0}.
(ii) Suppose l, # . Then, it turns out that
1) (Kb)c is a connected, closed complex semisimple subgroup of (Gp)c;
Q, 1s a connected, closed complex parabolic subgroup of (Kb)c;
dim¢ V(Kb ) O (Vy, fp) < 00;

2)
3)
) Db : Qb — GL(Vy) is irreducible;
)

5) the induced representation oy, of the semisimple Lie group (Kb)cc on
the vector space Viicye/op (Vy, o) 1s irreducible;

6) dim(c VGb/Lb (Vb, pb) 7é 0 Zf and only Zf dim(c )% ["(b C/Q (Vb, pb) 7& 0.
(3) For each k+1 < ¢ < n, dimc Vg, /1, (Ve, pe) = dime Vi, /g (Ve pe) < o0
and the induced representation 0. of the semisimple Lze group (G.)c on the
vector space Vg 1. gz (Ves pe) is irreducible.

Here we refer to (2.19), (2.5) and (3.14) for Va,(V,p), Ve r.(Va,pa) and
V(Kb)c/q'); (Vs, ), respectively.

W

Proof. (1) On the one hand, since dim¢ O(G/L) # 1, the contraposition of Theo-
rem 3.3 in [5, p.303] tells that either dime Vg,1(V, p) = 0 or dime Vg 1.(V, p) = 00
holds; thus, dimc Vg r(V,p) = oo if and only if dime Vg/r(V,p) # 0. On
the other hand, Proposition 2.20 shows that dim¢ Vg (V,p) # 0 if and only if
dime Ve, /1, (Va, pa) # 0 for all 1 < a < n. Thus we have (1).

(2)-(i) follows by Proposition 3.6.

(2)-(ii) Lemma 3.7-(2) implies 1). Proposition 3.17 implies 2), 5) and 6). Remark
3.15-(i) and Corollary 3.12 imply 3) and 4), respectively. Note that the way to set



26 N. BOUMUKI

(K3)c (vesp. Qy ) here is different from the way to set the K¢ in (3.1) (resp. @~ in
(3.8)), but it does not matter due to Lemma 3.2-(i) (resp. Lemma 3.10-(8)).

(3) Theorem 3.3 in [5] and dim¢ O(G./L.) = 1 assure dim¢ Vg, /1. (Ve, pe) < 00.
Hence, (3) comes from Lemma 2.14. O

Remark 3.19. Here are comments on Theorem 3.18.

(i) By virtue of Proposition 2.21-(ii) one may assume that the supposition (S2)
holds for every finite-dimensional, irreducible holomorphic representation p =
P G2r -3 n) 2 @7 = Q7 X @y X - X Q = GL(V).

(ii) Proposition 2.16 gives a necessary and sufficient condition for not only the
vector space Vg, /o- (Ve; pe) in (3) but also the vector space Vj;, ) Mors (V, pp)
in (2)-(ii)-6) to be not equal to {0}. Therefore one can obtain a necessary and
sufficient condition for dime Ve, /1, (Va,pa) # 0 (1 < a < n) from (2)-(i)-2),
(2)-(ii)-6) and (3), and this condition is the same as that for dim¢ Vg, (V, p) =
0.

(iii) One can find the dimensions dim¢ Viky)e/Gr (Vy, o) and dime Ve, /1, (Ve, pe) =
dime V(Gc)c 0= (Ve, pe) by Weyl’s dimension formula.

(iv) Lemma 3.9-(v) implies that Kj,/Lj is real analytic diffeomorphic to the com-
plex flag manifold (K,)c/Qy , since K;/Ly is real analytic diffeomorphic to
K3/ Ly in terms of K = KbZ(Kb), Z(Kyp) C Ly and Ly = K, N Ly. cf. Lemma
3.10-(3).

3.3. An application of Theorem 3.18. We end this paper with giving

Example 3.20 (G/L = SU(2,1)/S(U(1) x U(1) x U(1))). Let G¢ := SL(3,C),
let G :=SU(2,1) ={g € Gc|'9l21g = L1}, and let

1t 0 0
T:=(10 0 0 [,
0 0 —i
-1 0 0
where Io; = | 0 —1 0. Then, this 7" is a non-zero elliptic element of g, and
0 0 1
it follows that
(751 0 0
L=Com) =3[0 w ol|2w UM gy vayx o),
0 0 Uus U1U2U3 = 1
gc=g'dg e’ ®g @
d 0 0
- - - d7d7d7b7c7de(c7
Q ::NGc(go@gl@g 2): b dy O b 3ddd—1
c d d3 14283 —

In the first place, let us confirm dim¢ O(G/L) # 1. Noting that for every matrix
x € GQ its (3,3)-component is non-zero, we define a holomorphic mapping f :
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GQ~ — C by
y Tr1 T2 I3
f(z) = Bforanz= [y o y3|€CGQ .
3 Z1 k2 23

Then it turns out that f(zq) = f(z) for all (z,q) € GQ~xQ, so that f € O(G/L).
Moreover, for any € € R we have

1 0 0 1 0 0
0 coshé sinhé | € G, f|0 coshf sinhé | =tanh@.
0 sinhé@ cosh@ 0 sinhé@ coshd

This implies that f is non-constant, and thus
dime¢ O(G/L) # 1.

In the second place, we remark that

A Y\ aev@E, uevn),

K = 0
ERET (det A)u =1

= S(U2) x U(1))

is a maximal compact subgroup of G whose Lie algebra £ contains the 7', that

0
o= [t €] = X 0 X €su(2) p, 3(8) = spang{W}
0010
i/3 0 0 )
where W := 0 /3 0 |, and that the ¢-component T, and the 3()-
0 0 |-2i/3
component T} of the T" € € = t @ 3(k) are
i/2 0 0 i/2 0 0
T,=| 0 —i/2 | 0|, I,=( 0 /2 |0 |,
0 0 [0 0 0 |—

respectively. We set K¢ := Cg. (W), denote by K¢ the connected Lie subgroup of
K¢ corresponding to the derived subalgebra [€c, €c] of ¢, and then have

a b |0
Ke={| ¢ a]o a;llzl’f‘;f_ci ~ SI(2,C),
0 0 1 a
di 0 0
. - d17d27c € (C,
Q = K(C N Q = C d2 0 d1d2 —1
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In the third place, let V := C. Given integers n and m, we define holomorphic
homomorphisms py, ,,, : @~ — GL(V) and p,, ., : @~ — GL(V) by

d 0 0
(3.21) Prm(q) == (d1)"(drdg)™idy forag=| b dy 0 ]|€@,
) C d d3
Prm = Pn,m‘Qﬂ

set complex Cartan subgroups He C Ge and He C K¢ as

d 0 O
c 2 dydyds =1 (7
0 0 ds
He := Kc N He,

and define holomorphic homomorphisms x;, ., : Hc — C* and x,, : He — C* by

d 0 0
Xn,m(y) = (dl)n(dldg)m for a Yy = 0 d 0 )€ H(C7
0 0 ds
d; 0 0 )
Xn(2) = (d)" foraz=| 0 dy | 0 | € Hc (ie, Xn = Xnmla.)
0 O 1

respectively. Needless to say, the representation p;, ., : Q= — GL(V) is irreducible.

In the last place, let us give a condition for dime Ve r(V, pnm) = co. Taking
T, € be into account, we denote by = = H(EC, bc) the root system of te relative
to he, and set ZF := {¢€ € Z|£(—iT,) > 0}. In this setting, one shows that y,, is
a dominant integral form on fjc with respect to =7 if and only if n > 0, and that
Prme(Z) = xnx(Z) idy for all Z € he. Accordingly Proposition 2.16 and Theorem
3.18, combined with [ # £, assure that

n > 0 if and only if dime Vg, 5-(V,pnm) # 0 if and only if
dime Ve (V, pom) = 00.

Here m is any integer.
Incidentally,

e In case of n > 0 (and any m), one can define mappings ¢, : K¢ — V, and
Yy GQ™ — V by

a b |0 )
p1(w):=d"foraw=| ¢ d | 0 | € K,
001

Ty T2 T3

() = (Yaz3 — ys20)"(z3)" foranz = y2 ys | € GQ™,
Z1 k2 23
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respectively; then 0 # ¢1 € Vi 65— (V. prm), 0 # ¥1 € Voyr(V, pum). Here
we remark that the definitions above are well-defined by virtue of n > 0

and z3 # 0, and that Kc C GQ™, ¢; =

¢1|k<c'

e Let A = A(gc, be) denote the root system of ge relative to he, and let
At = {a € Ala(—iT) > 0}. Then, one shows that x,, . is a dominant
integral form on e with respect to A™ if and only if n,m > 0, and that
Prms(Y) = Xnm«(Y) idy for all Y € he. Therefore, Proposition 2.16 assures

that

n,m > 0 if and only if dim¢ V. /0~ (V, pnm) # 0.
e In case of n,m > 0, we can define a mapping h; : G¢ — V by

ap as
hi(a) := (bacg — bzco)™(c3)™ for an a = [ by by
C1 Co

as
b3 - G(C,

C3

and obtain 0 # hy € Vg0 (V, pnm). Note here that c3 can be zero.
By the arguments above and Weyl’s dimension formula, we make Table 1 below.

Table 1
dinl(C V}"{C O- (V, ﬁn,m) dlm(C VG/L (Va pn,m) dlm(C VGC/Q* (Va pn,m)
n <0
(and any m) 0 0 0
n>0
and m <0 n+l o0 0
1 1 2
n,m >0 n+1 00 (n+ )(m+2)(n+m—|— )

Here G/L =SU(2,1)/S(U(1) x U(1) x U(1)), V = C and p,,,, in (3.21). We refer
to (3.14), (2.5) and (2.4) for Vi 5-(V, frm), Vasr(V, pam) and Voo q-(V, pom),

respectively.
L(Ge x, V) = K¢ x5V H(Ge %, V) Ge %,V
. LK L
Ke/Q~ - Ge/Q
I l I
K/L > G/L Gec/Q~
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