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1. Introduction

In this paper, we consider the following optimization problem:

minimize f(x),
subject to x € A,

where f is an extended real-valued quasiconvex function on R", and A is a convex
subset of R™. In the research of optimization theory, optimality conditions play a
central role. In particular, optimality conditions in terms of subdifferentials have
been studied extensively, see [1, 5, 6, 7, 8, 9, 10, 13, 14, 15, 18, 19, 20, 21, 24,
27, 28, 31, 32, 33, 35] and references therein. One of the most important optimal-
ity conditions is the following condition for convex programming in terms of the
subdifferential:

0e 8f(x0) + NA(ZL‘()),

where Of () is the subdifferential of f at zo, and Na(x¢) is the normal cone of A at
2. By the convexity of the objective function, the above condition is a necessary and
sufficient optimality condition for convex programming. The condition is a powerful
tool for solving the problem. On the other hand, in quasiconvex programming, there
are not many results on necessary and sufficient optimality conditions. Recently, the
author introduce some necessary and sufficient optimality conditions for quasiconvex
programming in terms of subdifferentials in [27, 28, 32, 33].
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In particular, by using Martinez-Legaz subdifferential in [13] and the epigraph of the
support function, we show necessary and sufficient optimality conditions for general
quasiconvex programming, see [33].

Other important concepts in the research of optimization theory are several types of
conjugate functions, see [3, 4, 11, 12, 13, 15, 16, 17, 18, 21, 22, 23, 25, 26, 29, 30, 34,
35]. Among them, Fenchel conjugate in [3] plays an essential role in convex analysis
and optimization. It is also closely related to the subdifferential. For example, the
following characterization is well-known:

v € 0f(xg) if and only if f(zo) + f*(v) = (v, o) .

In quasiconvex programming, there is no conjugate that plays a decisive role like
Fenchel conjugate, and some conjugates have been introduced and investigated. The
idea of A-quasiconjugate in [4] is closely related to Fenchel conjugate, and surrogate
duality results in terms of A-quasiconjugate are investigated. H-quasiconjugate
in [34] and R-quasiconjugate in [35] are defined as special cases of A\-quasiconjugate,
and duality problems in terms of these conjugates are introduced. For these con-
jugates, some subdifferentials are defined with reference to the relation between
Fenchel conjugate and the subdifferential. In particular, Greenberg-Pierskalla sub-
differential [4] and Martinez-Legaz subdifferential are related to -conjugate in [13]
and A-quasiconjugate. Hence, we can characterize these subdifferentials by using
conjugates. In other words, optimality conditions in terms of subdifferentials can
be characterized by these conjugates.

In this paper, we study optimality conditions for quasiconvex programming in terms
of quasiconjugate functions. By using ()-conjugate, we show a necessary and suffi-
cient optimality condition for quasiconvex programming. Additionally, by using H-
quasiconjugate, O-quasiconjugate, and R-quasiconjugate, we introduce optimality
conditions for some kind of evenly quasiconvex objective functions. We investigate
evenly convex sets and evenly quasiconvex functions, and continuity of quasiconvex
functions.

The remainder of the present paper is organized as follows. In Section 2, we intro-
duce some preliminaries and fundamental results in previous studies. We show some
properties of evenly quasiconvex functions. In Section 3, we investigate optimality
conditions for quasiconvex programming in terms of quasiconjugate functions. We
show necessary and sufficient optimality conditions by using four types of quasicon-
jugate functions. In Section 4, we discuss about our results. In particular, we study
optimality conditions for R-evenly quasiconvex functions precisely.

2. Preliminaries

Let R™ denote the n-dimensional Euclidean space. The inner product of two vectors
v and z in R™ is denoted by (v, x). Given a nonempty set A, we denote the interior
of A by intA. The normal cone of A at x € A is denoted by

Ny(z)={veR":Vye A, (v,y —x) <0}.
The indicator function 64 of A is defined by

Saz) = {0, x €A,

00, otherwise.
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Let f be a function from R™ to R = [—~00, 00]. The epigraph of f is defined as
epi f = {(z,0) €R" x R: f(z) < a},

and f is said to be convex if epi f is convex. The Fenchel conjugate f*: R" — R of
f:R™ = R is defined as

f(v) = sup {(v,2) — f(x)}.

zeR"
Define the level sets of f with respect to a binary relation ¢ on R as
lev(f,o,a) ={z € R": f(z)oa}

for each @ € R. A function f is said to be quasiconvex if lev(f, <, «) is convex for
all € R. Any convex function is quasiconvex, but the converse is not true. For
cach v € R™, we define a linear function v(-) := (v,-) from R™ to R. We define the
following families of open half spaces:

H = {lev(v,
Ht = {lev
HY = {lev
H~ = {lev(v,

Clearly, H = HT U H° U H~. A subset A of R" is said to be evenly (H-evenly,
O-evenly, and R-evenly) convex if it is the intersection of a subfamily of H (H™,
H°, H~, respectively). We define the whole space and the empty set is evenly (H-
evenly, O-evenly, and R-evenly, respectively) convex by convention. We can check
easily that the following statements hold:

« an evenly convex set is convex,
e an open or closed convex set is evenly convex,

e a nonempty set A is H-evenly convex if and only if A is evenly convex and
contains 0,

o if A is O-evenly convex, then for each x € A and t > 0, tx € A,
o if Ais R-evenly convex, then for each x € A and t > 1, tx € A.

A function f is said to be evenly (H-evenly, O-evenly, and R-evenly) quasiconvex
if lev(f, <, ) is evenly (H-evenly, O-evenly, and R-evenly, respectively) convex for
all @ € R. We can check easily that the following statements hold:

e an evenly quasiconvex function is quasiconvex,
o a lower semicontinuous (lsc) quasiconvex function is evenly quasiconvex,
o a function f is H-evenly quasiconvex if and only if f is evenly quasiconvex and

f(0) = irel]g{ f(z), see [30],

o if f is O-evenly quasiconvex or R-evenly quasiconvex, then, f(0) = max f(z).
TER™

Additionally, we show the following proposition on evenly quasiconvexity.
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Proposition 2.1. Let f be a function from R" to R. Then the following statements
hold:

(i) if f is upper semicontinuous (usc) quasiconvez, then f is evenly quasiconvex,
(ii) if f is O-evenly quasiconvez, then for each x € R™ and t > 0, f(x) = f(tx),
(iii) if f is R-evenly quasiconvex, then for each x € R™ and t > 1, f(x) > f(tx).

Proof. (i) Assume that f is usc quasiconvex. Then, lev(f, <, «) is open convex for
each a € R. By using the following equation,

lev(f, <,a) = [)lev(f, <, a+e),
e>0
lev(f, <,a) is evenly convex for each o € R.
(ii) Assume that f is O-evenly quasiconvex. Take x € R™ and let ¢ > 0. Since

lev(f, <, f(x)) is O-evenly convex, tz € lev(f, <, f(x)), that is, f(tx) < f(z). Simi-
larly, “tx € lev(f, <, f(tx)) and % > 07 implies that = € lev(f, <, f(tx)). This shows

that f(z) = f(tz).
(iii) Assume that f is R-evenly quasiconvex, and let z € R™ and ¢ > 1. Since

>
lev(f, <, f(x)) is R-evenly convex, tx € lev(f, <, f(z)), that is, f(tz) < f(z). This
completes the proof. O

For more details on evenly convex sets and evenly quasiconvex functions, see Sec-

tion 4 and [2, 25, 26, 30, 35].

In quasiconvex analysis, various types of subdifferentials have been introduced,
see [4, 5,9, 13, 14, 18, 19, 20, 27, 28, 31, 32, 33, 35]. In this paper, we use the
following Martinez-Legaz subdifferential:

0" f(xo) = {(v,t) e R s inf{f () : (v,2) > t} > f(xo), (v, 20) > t}.

It is introduced by Martinez-Legaz in [13] as a special case of c-subdifferential in
Moreau’s generalized conjugation in [15]. In [33], we show the following necessary
and sufficient optimality condition in terms of Martinez-Legaz subdifferential.

Theorem 2.2. Let f be an usc quasiconvez function from R™ to R, A a convez
subset of R™, and xq € A. Then, the following statements are equivalent:

(i) flzo) = min f(z),
(i) 0€ oM f(xg) + epidy.

In this paper, we use the following four quasiconjugates for quasiconvex functions.
The Q-conjugate of f in [13] is the function f@: R™ x R — R such that for each
(v,t) € R" x R we have f@(v,t) = —inf{f(z) | (v,z) > t}.

The H-quasiconjugate of f in [34] is the function f¥ : R® — R such that

wy oy J —inf{f(@) | (v,z) > 1}, v #0,
/ (U)_{—sup{f(xﬂxeR”}, v=0.

The O-quasiconjugate of f in [16] is the function f©:R™ — R such that for each
v E€R"™ we have )
o) = —inf{f(z) | (v,2) > 0}.
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The R-quasiconjugate of f in [35] is the function f#:R™ — R such that we have for
each veR"™, )
ffv) = —inf{f(z) | (v,2) > ~1}.

Although @Q-conjugate and O-quasiconjugate are defined by other names and nota-
tions, f¢and f*, in these literature, we denote 9 and f© for the sake of distinction.

3. Optimality conditions in terms of quasiconjugate functions

In this section, we show optimality conditions for quasiconvex programming in terms
of quasiconjugate functions. By using four types of quasiconjugates, we show nec-
essary and sufficient optimality conditions.

At first, we show a necessary and sufficient optimality condition in terms of Q-
conjugate.

Theorem 3.1. Let f be an usc quasiconver function from R™ to R, A a convex
subset of R™, and xo € A. Then, the following statements are equivalent:

() flan) = min f(a),
(ii)  there exists (v,t) € R™"! such that f(xo) + f9(v,t) =0 and in£1 (v,2) >t.
S

Proof. Assume that z, is a global minimizer of f in A. By Theorem 2.2,
0 € OM f(x) + epid.
Hence, there exists (v,t) € 9™ f(xq) such that —(v,t) €epidy. Since (v,t) €M f(xy),
inf{f(z) : (v,z) =t} = f(9),
and (v, 1) > t. Hence —f%(v,t) = inf{f(x): (v,2) >t} = f(x0).

Furthermore, (—v,z) < —t for each z € A since —(v,t) € epid’. This shows that
(ii) holds.

Conversely, assume that (ii) holds. Then, we can check that
flwo) = =fv,t) = mf{f(2) : (v,2) 2 t}, (v, 20) 2,

0% (—v) = sup (—v,z) < —t.

€A
This shows that (v,t) € O™ f(zy) and —(v,t) € epid¥, that is, 0 € OM f(xo) +epi d%.
By Theorem 2.2, (i) holds. This completes the proof. O

In the following theorem, we show a necessary and sufficient optimality condition
for H-evenly quasiconvex functions in terms of H-quasiconjugate. The assumption
“ ingf(x) > ian f(z)” will be mentioned in Section 4.4.

Te rER™

Theorem 3.2. Let f be an usc H-evenly quasiconvex function from R* to R, A a
convez subset of R, and xo € A. Assume that inf,ea f(x) > infyern f(z). Then,
the following statements are equivalent:

(©)  flao) = min f(2),
(i)  there exists v € R™ such that f(x) + f7(v) =0 and ing (v, ) > 1.
S
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Proof. Assume that zg is a global minimizer of f in A. By Theorem 2.2,
0 € OM f(zg) + epid.
Hence, there exists (v,t) € O™ f(xo) such that —(v,t) € epidy. If v = 0, then
0= (v,x0) >t,

inf f(z) = inf{f(2) : (0,2) > 1} > f(wo) = inf f(z).

z€eR™
This is a contradiction. Hence v # 0.

By the definition of Martinez-Legaz subdifferential, for each x € R",
f(zo) > f(x) implies (v,z) < t.
Since f is H-evenly quasiconvex, 0 is a global minimizer of f in R". By assumption,
f(wo) = inf f(z) > mf f(z) = f(0).

This shows that ¢ > 0.

By a similar way as in the proof of Theorem 3.1,
f(xo) = —f9(v,t) = inf{f(x) : (v,2) >t}
i) (1) 21 =17 ()

Since —(v,t) € epid’ we have in£<%,:c> > 1.
TE

Hence, f(zq) + f7 (%) =0 and in£<%x> > 1, that is, (ii) holds.
BAS

Assume that (ii) holds. Since inf1 (vyz)y > 1, v # 0. We can easily check that
Te

f2(v) = f9w,1). Hence, by Theorem 3.1, (i) holds. This completes the proof. [
In the following theorem, we show a necessary and sufficient optimality condition
for O-evenly quasiconvex functions in terms of O-quasiconjugate.

Theorem 3.3. Let f be an usc O-evenly quasiconvez function from R™ to R, A a
conver subset of R", and xo € A. Then, the following statements are equivalent:

(1) flao) = min f(z),

(ii)  there exists v € R™ such that f(xo) + fO(v) =0 and in£ (v,z) > 0.
Te

Proof. Assume that zg is a global minimizer of f in A. By Theorem 2.2,
0 € M f(zg) + epidy.
Hence, there exists (v,t) € OM f(z,) such that —(v,t) € epidy. Then,

(v,xz) >t implies f(xo) < f(z), and irelf1 (v,z) > t.
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If v =0, then it is clear that inf (v, ) > 0. Additionally, 0 = (v, z¢) > ¢, and

€A
inf () = nf{f(2)  (v,2) > 0} = ~[°(0)
> nf{f(z): (v,2) 2t} = f(xo) = inf f(x),

reR”™

that is, f(z) = —f(v). This shows that (ii) holds.

Assume that v # 0 and ¢t < 0. Let x € R" satisfy f(xo) > f(x), then (v,x) <t <O0.
By Proposition 2.1, for each A > 0, we have f(x) = f(Az). For sufficiently small A,
(v, Ax) > t. This implies

f(zo) < f(Ax) = f(x) < f(20).
This is a contradiction. Hence ¢t > 0.

Let x € R" satisfying (v,z) > 0. Then, for sufficiently large A, (v, Ax) > ¢. This
shows that f(z) = f(Ax) > f(zo). Let x € R” satisfying (v,z) = 0. Then = + %v
converges to x and f(x+ zv) > f(xo). By the upper semicontinuity of f we deduce
f(z) > f(xp). This shows that

—fC(v) = inf{f(z) : (v,2) > 0} = f(z).

Additionally, in£ (v,z) >t > 0. Hence (ii) holds.
s

Assume that (i) holds. We can easily check that fO(v) = f9(v,0). Hence, by
Theorem 3.1, (i) holds. This completes the proof. H

In the following theorem, we show a necessary and sufficient optimality condition for
R-evenly quasiconvex functions in terms of O-quasiconjugate and R-quasiconjugate.

Theorem 3.4. Let f be an usc R-evenly quasiconvez function from R™ to R, A a
convez subset of R", and xy € A. Then, the following statement (i) holds if and
only if one of (ii) or (iii) holds:

(1) flao) = min f(2),
(ii)  there exists v € R™ such that f(xo) + fO(v) =0 and igfx (v,z) >0,
(iii) there exists v € R™ such that f(zo) + f(v) =0 and ;Ielg (v,2) > —1.
Proof. Assume that zg is a global minimizer of f in A. By Theorem 2.2,
0 € M f(wo) + epi .
Hence, there exists (v,t) € OM f(xg) such that —(v,t) € epidy. Then,
(v,2) > t implies f(zo) < f(x),

and inf,ca (v,z) > t. If v = 0, then we can prove that (ii) holds by the similar way
in the proof of Theorem 3.3. Additionally, if v # 0 and ¢ < 0, then we can easily
check that (iii) holds for —%.
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Assume that v # 0 and ¢ > 0. If there exists x € R™ such that (v,z) > 0 and
f(xg) > f(x), then for sufficiently large A, (v, Az) >t and

flxo) > f(z) = f(Az) = f(xo),

by Proposition 2.1. This is a contradiction. Hence,
(v,z) > 0 implies f(x) < f(x).

By the similar way in the proof of Theorem 3.3, we can show that
(v,z) > 0 implies f(xy) < f(z)

since f is usc and v # 0. This shows that (ii) holds.

Assume that (i) or (iii) holds. We can easily check that f°(v) = f9(v,0) and
fB(v) = f9(v,—1). Hence, by Theorem 3.1, (i) holds. This completes the proof. [

4. Discussion

In this section, we discuss our results. We investigate evenly convex sets and evenly
quasiconvex functions, and continuity of quasiconvex functions. Additionally, we
study optimality conditions for R-evenly quasiconvex functions in Theorem 3.4 pre-
cisely.

4.1. Continuity and evenly quasiconvexity

Let f be a continuous function, then lev(f, <, a) is open and lev(f, <, a) is closed for
each a € R. In Section 2, we show that an usc or Isc quasiconvex function is evenly
quasiconvex. Hence, continuity and evenly quasiconvexity are closely related. In
this section, we define other evenly quasiconvexity of functions. A function f is said
to be strictly evenly (H-evenly, O-evenly, and R-evenly) quasiconvex if lev(f, <, a)
is evenly (H-evenly, O-evenly, and R-evenly, respectively) convex for all « € R. We
can check easily that the following statements hold:

(i) a strictly evenly (H-evenly, O-evenly, and R-evenly) quasiconvex function is
evenly (H-evenly, O-evenly, and R-evenly, respectively) quasiconvex,

(ii) an usc quasiconvex function is strictly evenly quasiconvex.

The converse of the above statement (i) is not generally true. Actually, there is an

evenly quasiconvex function f which is not strictly evenly quasiconvex, see [30]. We
summarize relations between continuity and evenly quasiconvexity.

f usc quasiconvex
= f strictly evenly quasiconvex = f evenly quasiconvex = f quasiconvex .

f lsc quasiconvex

= f evenly quasiconvex = f quasiconvex.
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4.2. Open halfspace and evenly convexity

Evenly convex sets are characterized by open halfspaces. Conversely, we investigate
evenly convexity of open half spaces in this section. It is clear that the following
statements hold:

o ift >0, lev(v,<,t) and lev(v, <,t) are H-evenly convex,

o lev(v,<,0) is O-evenly convex and lev(v, <,0) is H-evenly convex,
o ift <0, lev(v,<,t) and lev(v, <,t) are R-evenly convex.

It is worth noting that lev(v, <,0) is H-evenly convex. Actually,

lev(v, <,0) = ﬂ lev(v, <, ¢e).

e>0

Hence lev(v, <,0) is H-evenly convex.

4.3. R-evenly quasiconvexity

In Section 4.1, we define strictly R-evenly quasiconvex functions. In this section, we
show the following examples.

Example 4.1. The following function f; on R is R-evenly quasiconvex, but not
strictly R-evenly quasiconvex:

fi(@) :{

0, x <0,
—z, = >0.

R a >0,

Actually, lev(fi, <, ) = { {17: cx > —a}, a<0.

Hence, lev(fi, <, ) is R-evenly convex for each o € R. However,
lev(f,<,0) ={z: x>0}

is not R-evenly convex. Hence f; is not strictly R-evenly quasiconvex. 0

Example 4.2. The following function f; on R is strictly R-evenly quasiconvex:

0, r <1,
f?(ﬂf)_{_x+17 x> 1.
Actually,
R a>0
] =9 7
ev(fi, <, a) {{$:$>_a+1}, a < 0.
Since

{r:z>-a+1}={z:(-1,2) <a—1},

lev(f1,<,a) is R-evenly convex for each @ < 0. This shows that fy is strictly
R-evenly quasiconvex. O
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4.4. Optimality condition for H-evenly quasiconvex objective function
In Theorem 3.2, we assume that in£ flz) > ian f(z). If the assumption does not
e rzeR?

hold, then the statement (ii) in Theorem 3.2 is not a necessary optimality condition.

Actually, we need “ inf1 f(z) > f(0)”, see the following example.
IS

Example 4.3. Let f on R be the following function:

ver—1, x>1,

flz)=1<0, —-1<z<1,
Vie+1], =< -1,
and A = [—1,1]. Then, f is H-evenly quasiconvex, A is convex, ingf(x) = irﬁ{ f(z),
€ rER™
and zy = —1 is a global minimizer of f in A.

Since 0 € A, there does not exist v € R™ such that inf1 (v,z) > 1.
xe

On the other hand, let A’ = [1,2] and v = 1, then x, = 1 is a global minimizer of f
in A, f(zo) + f*(v) =0 and ing (v, ) > 1. n
e

4.5. Optimality condition for R-evenly quasiconvex objective function

In Theorem 3.4, we show that xy is a global minimizer if and only if one of the
following statements holds:

(O) there exists v € R" such that f(zo) + f9(v) =0 and in£ (v,z) >0,
xre

v

(R) there exists v € R™ such that f(xq) + ff(v) = 0 and in£1 (v,2) > —1.
e

It is difficult to prove that z( is a global minimizer if and only if (R) holds for
R-evenly quasiconvex objective function. We show the following examples.

Example 4.4. Consider a minimization problem of the following f; on (—oo, 0].

0, x <0,
fi(z) I{

—x, x> 0.

Then zy = 0 is a global minimizer and (O) holds for v = —1. Additionally, (R) does

not hold. Actually, assume that in£ (v,2) > —1, then and v < 0. If v < 0, then
e

~fR(0) = inf{f(z) : (v,2) > —1} = % < 0= f(xo).
If v =0, then

—FR(v) = inf{f(z) : (0,2) = —1} = inf f(z) = —o0 < f(y).

zeR™

This shows that f(xq) + ff(v) # 0. O
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Example 4.5. Consider a minimization problem of the following f on (—oo, 1].

0, <1,
fo() :{

—r+1, = >1.

Then zy = 1 is a global minimizer and (R) holds for v = —1. N

By these examples, it can be expected that (R) may be a necessary optimality
condition if the objective function is strictly R-evenly quasiconvex. However, we
show the following counterexample.

Example 4.6. Let f3 be the following function on R2:
0, z€S={(y1,42) : 1 > 0,192 > 1},
fs(z) =<1, ¢S x1+x9> %,

2, otherwise.

We can check easily that f5 is usc, and strictly R-evenly quasiconvex. Consider
a minimization problem of f3 on A = {(z1,22) : 9 < 0}. Then z7 = (1,0) is a
global minimizer, (O) holds for v = (0, —1) and (R) does not hold. Actually, let
v = (v1,v2) € R? satisfying mf (v,z) > —1, then v; = 0 and vy < 0. If v, < 0, then

—fR ) =inf{f(z) : (v,2) > -1} =0< 1= f(x0).

If v =0, then
—f () = f{f(2) : (0,2) = =1} = inf f(x) =0 <1= f(wo).
This shows that f(xq) + ff(v) # 0. O

On the other hand, if 0 € intA and ingf(x) > ian f(z), then (R) is a necessary
TE TzeR™

and sufficient optimality condition, see the following theorem.

Theorem 4.7. Let f be an usc quasiconvez function from R™ to R, A a convez
subset of R", and xy € A. Assume that 0 € intA and mf f( ) > iann f(z). Then,
the followmg statements are equivalent: e

(1) flao) = min f(2),
(R) there exists v € R"™ such that f(xg) + ff(v) =0 and mf (v,2) > —1.

Proof. Assume that zy is a global minimizer of f in A. By Theorem 2.2, there
exists (v,t) such that

(v,x) >t implies f(xg) < f(x),

and in£1 (v,z) > t. If v =0, then 0 = (v,x9) > t. Hence
S

inf f(z) = f{f(z) : (0,2) > t} = f(z0) = inf f(2).

zeR™
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This is a contradiction. Since 0 € intA and v # 0, ¢ < 0. This shows that (R) holds
for —2.
t

Conversely, since f¢(v, —1) = ff(v), we can show that (R) implies (i). This com-
pletes the proof. O

We do not need R-evenly quasiconvexity of f in Theorem 4.7. Sufficient conditions
for equivalency of (i) and (R) for R-evenly quasiconvex objective functions may be
investigated in future research.

5. Conclusion

In this paper, we study optimality conditions for quasiconvex programming in terms
of four types of quasiconjugate functions. By using the Q-conjugate, we show a nec-
essary and sufficient optimality condition in Theorem 3.1. In Theorems 3.2-3.4 we
introduce optimality conditions for three types of evenly quasiconvex objective func-
tions. In Section 4, we discuss our results and evenly convexity. In particular, we
study optimality conditions for R-evenly quasiconvex functions precisely in Subsec-
tion 4.5. Even if the objective function is R-evenly quasiconvex, we cannot always
characterize a global minimizer by the R-quasiconjugate. In this case, we need not
only the R-quasiconjugate but also the O-quasiconjugate.
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