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personal recollection on Jac :

invited me & my wife to Thanksgiving dinner

at his house, for the 1sttime - Nov. 2000

S : why don't you eat it?

(Oh, he must have prepared it solely
to treat us, despite he’'s vegan::-)

J : because I'm a little
he cut & served a big turkey for us,

_ o worried about Salmonella
but didn’t start eating it himself



Happy Birthday, Jac



1. Introduction



1
Hierarchy problem of SM

N

Higgs boson M=125GeV Top quark m=173GeV
LHC@CERN 2012: € 2013 Tevatron@FNAL 1995: £ 2008

radiative correction of masses

M2=M§+#A2+#mglogi+--- m=m0+#mologi+--- Weisskopf *34

extremely-fine tuning needed to account for M=125GeV << A~1017GeV



1 Introduction

Hierarchy problem of SM

Solution 1: SUSY (H , y,) degenerate m, = degenerate m

m>=m, + 0 +#m§log£+---

A
m=m, + #m,log—+---
t m, m,
O(A2) cancelled

/’—\\
__________ + s+ o - -+ LN

Solution 2:

Higgs is fundamental = composite of 2 fermions in (new) gauge theory

H ~7t (top condensation) or O Q (technicolor)

A Glare)

o i

“Walking Technicolor”
for acceptably light m

Nearly conformal N

N
\\.
S~

U Energy



N 1 Introduction

Technicolor proposal

Solution 2: Higgs is fundamental = composite of 2 fermions in new gauge theory

p o) « QCD x 1023 scale-up

smallgut >() <0

* N=3, ny =12 Nagoya KMI group; Kuti; Hasenfratz Chiral symm. broken like QCD, or
* N=2,n,=2 “Minimal WTC” Catterall-Sannino Conformal (unsuited for WTC) ?
* N=2,n,=8 NCTU group, Helsinki group... ...tested for SU(2) GTs on lattice




1 Introduction

Chiral Random Matrices [Shuryak-Verbaarschot *93]
N+v
l_|_l
1 2L
(Y=o aH e | det(H +im,)--- , H = 0 ‘ M }N
chRM 77 (m) f=-1- M 0
HS transf. captures all R:B=1
N—x ,m —0 global & discrete symmetries M, & 125/3=i
u, =Nm, fixed of a gauge theory & Lp=
’ v det I:Mij_llvﬁ—i(ui)]?v{:
f dU (det U)" exp{Re tr diag(u,)U} = cst. e YD
UNE) 1 A(Mf)

effective chL: VX Re tr diag(M) U

if a gauge theory is in chSB phase,

- Dirac EVs {V4,} measured at the same scaled quark masses {V M}
on different V' collapse onto chRM results

+ extrapolation to A, — 0 retains the best-fit 2 # 0



2. Janossy Density in DPP



N 2 Janossy density in DF

Determinantal point process

1 N
ProbN(nl,...,nN)=mdet[K(nl.,nj)]i’j=1 ne€Z

l

- Plancherel measure {YT}

- directed percolation
K=[K(n,m)] _ :projective K-K=K, rK=N, K'=K | s 0 o =2 RM

n,m




N 2 Janossy density in DPP

Janossy density

k
i,j=1

for Det point process ~ R.(n,.....n,) =det[K(n,.n,)]

J,(ny,...,n,) = Prob of

no ptsin / except for k£ designated pts
[Daley-Vere-Jones 88, p.140]
KI — [ K ( n m)] Probability and Its Applications ™
’ ’ nm&l i

all ptsin 7 designated pts @
|

— l Tk
Jk’l(nl,...,nk)=det(l—K,)-det[<nl.|K,(l—K,) |nj>]l_j=1




N 2 Janossy density in L

Sketch of Proof

0
F—eo—o— — »— I I I *— *—o
l I |
J1.1(0)
1
nel " nn/el
K(0,0) K(0n) K(O)
_ K(0,0)—Z K(0,0) K(0,n) +l Z K(n,0) K(n,n) K(n,n)
K(n,0) K(n,n) 2!
nel n'el | K(n',0) K(n',n) K(n',n')

= (0/K;|0) — {{0|K/|0) trK; — (0|K7|0)}

1
+5; { (01K [0) (trK7)? — (0|K/|0) trK7 — 2 (0/K7]0) trKf + 2 (0|K3[0)} — - - -

0
0
0

—

1 1
0| 1[0} {1 K 4 (K ) —} {1 T }

2]
K2|0) {1 — trK 4 ---}---
K§|O>{1—---}---+---
K/ +K7+Kj+---]0)det(1 — K;) = (0]K;(1 — K;)|0) det(1 — K;)

2




2 Janossy density in

Example: 2 Fermions on

2 3

Prob(t)=1/8 1 |1K(n,n)
° } = Prob(n,m) = —
2! |K(m,n)
Prob(._)=1/4
. 2 1—1i 0
_ |1+ 2 1—1
K‘4< 0 1+i 2
1—1 0 1+1i

J1.1(1) = Prob E

=det(1 - K;) - (1|K;(1 — K;)7!|1)

:‘1_i(1ii 12_i)|'(232i 2_32i)1,1=

K(n,m)
K(m, m)

1+

0
1—1i



N 2 Janossy density in DF

Janossy density

Det. point process: R (ny.....,n,)=det| K(n,.n)]

k
i,j=1

Sy i i(M1,...,n;) = Prob of

exactly p pts e in I except for k designated pts e

K, = [K(n,m)]

n.me&l

1 -
Jprs(yseesy) = ?(_ag )P det(l — §K1)-det[<nl. |K, (1 - §KI) 1|nj>]ij=l

E=l



N 2 Janossy density in D

- Altenative expression by |2 7| =Dl |4~ cD'B

Jii(my, o, my) = det(1 — K)) - det|(n;|K; (1 - K,)‘1|nj)]§j=1
designated pts ® all ptsin 7
k er |
BN S (AT %) P (LT A
[ K [m) ] e 1-K, I

unifies 2 well-known formulas in DPP / RMT

R, (n4,...,n,) =det[K(n; nj)]i-" j=1 . k-point Corr. Function

Eo; = det(1 —-K;) : Gap Probability

- Generalizable to qdet : Pfaffian PP = RMT at p=1, 4



N 2 Janossy density in [

- Alternative expression by ‘21 g = |D||A - CD™1B|
Jii(my, o, my) = det(1 — K)) - det|(n;|K; (1 - K,)‘1|nj)]ij=1
designated pts ® all ptsin 7
k el |
BN I ) S (T ) e
[ K [m) ] e 1-K Ik

Continuous distribution : Fredholm Det, approx. by 7~ {y;, ..., ¥, }

K(m,m") = JAYoK YVa, Yp)v/BYb
Jie (X1, o, x) = lim

Ay,—0
_ =1,k
(=) det _[K(xi;xj)]f,j=1 —[\/AyaK(ya,xi) ];aEI
— e i=1,...k —
g CCTEON/S7 A B NS (G YON /57 N

not explicit in [Borodin-Soshnikov ’03][Forrester-Witte *07][Forrester-Witte-Bornemann ’12]



3. Ordered EV Statistics



[ 3 Ordered EV

Individual EV distributions

quotes from U. Heller’s presentation:

chGOE

T | 1 1 T T I 1 1
0.6 SU(2) p=2.4 8* —

0.2 — —

0.0 1 1 1 1 | 1 1 Il Il I 1 1
0 10 20
Z

[Edwards-Heller-Narayanan 99]

0.6

0.4

0.0

chGUE

lllllllllllllllllll

=

llll|llll|llll|llll
Q 7] 10 16

[Damgaard-Heller-Krasnitz 99]

quenched chRMT vs LGT

chGSE

B-B-IIIIIIIIIIIIIIIIIIIIIIII-

u 1416 conf. _
0.4 H —

[~ o

- 3
0.2 H .

i (b) g=2.0, L=10
n llIlIIllIIlIllIllIlIllII
¢ &5 10 15 B0 25
1°4

[Berbenni-Bitsch-Meyer-
Schaefer-Verbaarschot-Wettig 98]

separation of peaks in Spec(ID) is highly desirable for precise fitting



[ 3 Ordered EV

Individual EV distributions

1st ~8th EV distributions of chGUE , chGSE

flatteping oscillation = larger error for fitting

140
12
10!
os!
04]

02t

|

10-10
10~24
10~38
10-52
10-66

10-80

2 4 6 8 10
‘.I 1073
10—14 -
10~23
10—32 -
10—41 L
L L L \2 L L L 2‘ ‘\‘ f‘l‘ L é L L ‘1\0 10—500 L L L 2\ L ‘\‘\‘.“f" \\\\\\\

\/A—

quasi-Gaussian = precise fitting possible




[ 3 Ordered EV

Chiral condensate from Individual EV distributions

exercise 1 : quenched U(1) Dirac spectrum vs chGUE

B=06 , V=6, N, =30000 |

i

1 10|

0.00 001 0.02 0.03 0.04 1(;.00 | ool o, s oo
) Jl .
i [SMN ’16]
05110 7
L ? ]
o 05105) ® :
2 12 e %} % 3a’=0.51025(10)
TS .4 05100] ]
= c ' ]
£ 0O [ ]
©© 0.5095 | l




[ 3 Ordered EV

Chiral condensate from Individual EV distributions

exercise 2 : quenched SU(2) Dirac spectrum vs chGSE

350 Al B=10 ,V=6", N.,.; =30000-
300?— ] , 100 -
250 ] k
200 k 10}
150] k
100 k -
sof ’ 1
I A—— \~ “““““““““ - 01k
0.000 0.005 0010 00 .

| [SMN *16]
1072}
2 |
((B 4 1.071; 3
& o Sa’ =1.07019(38)
sg =~
r=ls 1.069 -
G O ;
1.068 | ‘ ‘ \
1 2 3 4 1 4
. 2 within O(10) error!




Shifting method

dH e_terl_[fdet(H'l'imf) o lﬁ[(d)ti ;Liﬁ(v+1)/2—1 e-xil_[f(ki_l_m]zr

i=1

o0

Pk()tq,...,)tk)=Tk---f;:d)tk+l---d)LN(JPDNF()H,...,)LN;{m};v))\

A

=22 |
f:...f:dim...d;IN(JPDNF(L,...,)IN;{m};v))
N

=C(im}
U

[Damgaard-SMN °01]

A =0 € Spec(H?)

N
))H A-Al" ... JPDOfEVs
i>j
. JPD of first K EVs
—r== - ratio of Bessel det's

P = [ [Py d Ay By

/
LA %[ (k-1)-fold integral of ratio of Bessel det‘sJ

p
for this trick to work, the exponent

|

v+1
— -1 &
P 2

\

N (B=12) _  xchGOE, v=0.2.4..
ON  (B=4) x chGSE, N, =0,2,4

N

practically unfeasible
fork>5

| |




T 72 0 3 A TP T

Edelman 88, 91 finite N
Forrester 93 2 1 v 0 Fredholm det

4 1 v 0 Jack poly.
Tracy-Widom 94 2 v v 0 Painleve
Forrester-Hughes 94 2 1+2 VvV 0 shifting
Nagao-Forrester 98 - 1 v 0+odd massless skew OP
Wilke-Guhr-Wettig 98 2 1 v v shifting
Berbenni-Bitsch-Meyer-Wettig 98 - 1 0 0 +evn massless finite NV

- 1 0 1 finite N
Nagao-SMN, Damgaard-SMN 00,01 2 v v v shifting

- v v Vpairs +odd massless

1 v odd V
Forrester 00,06 4,1 V \ 0 Painleve
Wirtz-Akemann-Guhr-Kieburg-Wegner 14 1 1 evn O skew OP
SMN 16 2 \4 v v Nystrom

Fuji-Kanamori-SMN 19 -} v v Vpairs Nystrom



Nystrom-type approx to Fredholm Det

Gauss-Legendre Quadrature :  {x,....x,,} €1, {Ax,...,Ax, }>0

i=1

l [fodx =Y f(x)Ax, ,exact for f(x)=x" +lower

M
[Det(l -K 1) = det[éij - K(x;,x,)\|Ax,Ax, ]LH + relative error O(e ™" )} [Bornemann *10]

ex. Largest EV distribution
Nystrom approx (M=30) for K,;,, vs Tracy-Widom’s analytic formula

04 — GUE
— GOE

03l —  GSE

x] = dE[x,00]/dx
Relative Error of dE[x,00]/dx

0.1

g

0.0:“““\“‘\“‘




4. Dirac spectra of 2-color QCD



— 4 Dirac Spectra of 2C (

= A n fermions as Janossy density

: BO+1)
jdHe-trH H(H+lmf) f 1_[ I P ) 1_[|/1+mf| HM

i>j
oo Nt1 B(v+1) N+n N+n
iy B
o f (d/l A; le ﬂl) A — 4" §(Ak — (=mf))
0 5=1 i) k=N+1
, , designated pts @ = —mass?>0
Jkn Os]( my,...,—Mp
0 -ms? —m5 —m2 S

continue to mass?>0

_mrzl o m% o m% 0 f {C \ o
-0- o ® '\ @ L 2m ® o
2
Ey(s;mi, ..., my —> evaluate Fredholm Det by quadrature approx.



= 4 Dirac Spectra of 2C QC

p=4 (chGSE), np=4, k=0,1,2, u=0.1

1-E(s : 0.1)
1.2 T T
this work: M=50
HMC: N=2000  x
1| p=0.1
0.8 |- |
o -
k=t # k=2 4 k=3 &
). 0
0.6 - “ = = N
L3 1.3 13
L3 )3 »
). .3 .3
04 | ; ; : .
X . 'y
0 W ——————————————————————————————————————— -
_02 | | | | | | |
0 2 4 6 8 10 12 14 16

vs  chGSE (N=250~2000) by HMC
deviation
‘ ‘ 'N=2000 ——
0.004 | N=1000 — = -
M=40 N=250 + +
0.002 |- n=0-1 R
0
-0.002 |
-0.004 |
-0.006 ‘
S 0 1 2 3 4 5 6 7

Quadrature Approx of Det : systematic error too small for bare eyes!

B=4 (chGSE), ny=8, k=0, 12=0.1
1-Eg(s ; 0.1)

vs  chGSE (N=1000~2000) by HMC
deviation
0.004 | ' " (m=50) - (HMC[N=2000]) —+— ]
(m=50) - (HMC[N=10{)§_]7) }%:* |

-0.002 -

-0.004

-0.006 -

-0.008 |-




1
chSB check for WTC candidate

=4 (chGSE), np=4, k=0 VS
u=238.18
12 [ 8x83 p=1.2, ma=0.010 RMT —— -
lattice ——><—

260 configs.

a°2=0.1997(24)
2/dof=0.25(17

u=8.18(10)

0.25

0.05

flavor taste
2¢ QCD, np=2 % 4 =2+(2+2+2)

ma=0.010
T 3\
8x83'—|—'
12x 125 F—>—
= 16 x 16° —¥—
E —
==
==
X
am=0.010 %
E 3
X
| | | | | | |
1.1 1.2 1.3 1.4 15 1.6 1.7 1.8

N=2, np=2+(2+2+2), f<1.4... : Chiral Symm Broken



1
chSB check for WTC candidate

S =4 (chGSE), np=4, k=0
u=3.20

12 [ 8x83 f=1.4, ma=0.010 | | RMT —— -
lattice —>x<—

843 configs.

... bad y? for chSym phase

a®3=0.0781(11)
+2/dof=11.00(93)
u=3.20(04)

N=2, np=2+(2+2+2), f<1.4... : Chiral Symm Broken



— 4 Dirac Spectra of 2C QCD

chSB check for WTC candidate

=4 (chGSE), np=8, £k=0,1,2,3, ©u=0,1,2,...,0
Pk(s) Pk(s)
1.

Neg=8

05} Ne=8

0.100 |

0.010}

0.001 |

to be fitted with
flavor taste
N=2, np.=8 X 1 lattice QCD to judge whether chSB or conformal



= 4 Dirac Spectra of 2C QCD

chSB check for WTC candidate

p=4 (chGSE), np=8, £=0,1,23, £=0,1,2,...,0

18 £

Fk(s) 0.5

to be fitted with

flavor taste
N=2, np.=8 X 1 lattice QCD to judge whether chSB or conformal
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§5 Summary

- 2 technical difficulties in evaluating Individual EVDs of massive chRMMs

are overcome by Janossy Density formula + Quadrature method

- Individual Dirac EVDs of 2C QCD with n,= 4n staggered quarks,

if the theory in ySB phase, are predicted from massive chGSE

- Chiral cond X of 2C QCD with n,= 2+(2+2+2) is determined by fitting Spec(ID)
judged to be in the chSB phase (caution: = 4/g2<1.3)

- feasible plan : determine whether the WTC candidates in sympl. class

2C QCD with nz=8 (stag.), ny,=2 (overlap) is chSB, conformal, or else



