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ABSTRACT. This paper studies the Cauchy problem for the nonlinear Schrédinger
equation i9;u — O2u = f(u) in one space dimension. The nonlinear interaction
f(u) is a linear combination of (V x, w)u, (V *; @)u, (V %, )@ and (V x, 4)a,
where V(z) is a locally integrable function whose Fourier transform satisfies
V(&) < (€)~™ for some m > 0. The Cauchy problem is well-posed in H* for
s > —(m/2+1/4); furthermore, if f(u) contains only the first and the last types
of nonlinear terms, then the Cauchy problem is well-posed for s > —(m/2+3/4).
The proof is based on bilinear estimates in X* spaces.

1. INTRODUCTION

In this paper, we consider the Cauchy problem for the nonlinear Schrodinger
equation

(1) 10w — 02u = f(u), u(+,0) = uy,

where u : R, x R; — C, and the nonlinear interaction f(u) is defined by
4
(2) f(u) = Z Nifi(w) = MV s w)u + Ao (V sy @)u+ A3 (Vs w)u 4+ Ay (V %, 0)u
j=1

with \; € C, 1 <j <4,V =V(x), and *, means the convolution with respect to
z. We study the well-posedness of (1) below L?(R), namely in the Sobolev space
H*(R) with s < 0.

There is a lot of literature on the solvability and asymptotic behaviour of the
Hartree equation

(3) 10w — Agu = NV %, |ul?)u, u(+,0) = uy

with (z,t) € R™', V(z) = |2[77, 0 < v < nand A € C. The equation (3)
is scaling-invariant in the homogeneous Sobolev space H*(R™) with critical index
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= v/2 — 1, and (3) is known to be locally well-posed in H*(R") under the
assumption s > (s.); = max{0;s.}, see e.g. Ginibre—Velo [6], Hayashi-Ozawa [7]
and Hirata [8]; see also Cazenave [3] and references therein. On the contrary, apart
from Cho-Hwang-Ozawa [4], there are few results on the well-posedness of (3) for
S¢ < s < 0. In [4], under the assumption n > 3, 3/2 < v < 2, they proved that for
up € H2,(R™) small enough, there exists a unique solution u € Cy(R; HE,(R"))
which scatters in Hf;d(R”) as t — doo. Here the subscript b means the space
of bounded functions, and Hf;d(R”) denotes the homogeneous Sobolev space for
radially symmetric functlons They also obtained an analogous result for nonradial
case, but they need some positive regularity for spherical coordinates.

It would be very interesting to study well-posedness of (3) in Sobolev spaces of
negative order. However, it seems quite difficult to estimate cubic terms in negative
order Sobolev spaces. Therefore, as a first step, we will consider the equation (1)

with quadratic nonlinear terms instead.
The well-posedness of (1) in H*(R) with f(u) replaced by

(4) folt) = pu? + polul® + psa?,

namely the case of quadratic power nonlinearity, has been extensively studied. In
this case, the critical exponent in H*(R) is s, = —3/2. Tsutsumi [17] and Kato [9]
proved that the Cauchy problem (1)—(4) is locally well-posed in L*(R); see also
Cazenave [3]. For negative order Sobolev spaces, Kenig-Ponce—Vega [12] proved
the local well-posedness for (i) s > —3/4 with uy = 0, or (ii) s > —1/4, by the
method of Fourier restriction norm initiated by Bourgain [2]. The result in case (i)
was generalized for s > —1 by Bejenaru-Tao [1] and Kishimoto [13,14].

We need the free Schrédinger group Ut ( ) = exp(—itd?), and the associated
retarded potential (U *x f)(¢ fo f(&)dt'. Let ¢ € Cg°(R) be an even
function with 0 < ¢ < 1, Supp@D C [ 2 2] and ¢¥(t) = 1 for t € [-1,1]. For
0 <T <1, we set Yr(t) = ¥(t/T). We convert (1) into the following integral
equation localized in time:

(5) u(t) = »(O)U()uo — ior(£)(U *g f(u))(E)-

At least formally, (5) is equivalent to (1) for ¢t € [T, T7.
In order to state the main theorem in this paper, we define the space X*?,
s,b € R, as the completion of .%(R?) with respect to the norm

o = (7 — EVa(e, 7 ||L2(L2:(// €)% (r — )2, >|2d5df)1/2,

where (-) = (1+]-[*)¥/2, and 4(¢, 7) is the Fourier transform of u = u(z,t) defined
by

[l

ﬁ(é? T) = gx,tu(é-, T) = // U/(aj? t)efi(1§+t‘r)dxdt_
R2

We note that |ul|xss = [[U(=)ullgeps)- b > 1/2, then by the Sobolev inequality,
we have the continuous inclusion X*° C Cy,(R; H*(R)).
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Theorem 1.1. Let m > 0. Let V € L (R) satisfy the estimate

loc

(6) VI < o)™

Let s € R satisfy (1) s > —(m/2 4 3/4) if (A2, A3) = (0,0); (ii) s > —(m/2+ 1/4)
if (A2, A3) # (0,0). Then, for any ug € H*(R), there exist b > 1/2 and 0 < T < 1
such that (5) with f(u) defined by (2) has a unique solution u € X*°.

Remark 1.2. The result by Kenig—Ponce—Vega [12] corresponds to the case V(z) =
d(z), namely m = 0. The estimate (6) means that Vx, is a smoothing operator
of order m, and the theorem shows that the effect of V%, gains regularity of order
m/2 in the well-posedness result.

This paper is organized as follows. In §2, we summarize some basic estimates
which are repeatedly used throughout the paper. In §3, we prove Theorem 1.1 by
the contraction mapping principle. The key ingredients of the proof are bilinear
estimates of f(u) in X*’-space. In §§4-6, we derive bilinear estimates for f;(u),
1<j<d4

2. PRELIMINARIES

Lemma 2.1. Let 0 < ¢ < 1/2 < b, « € R and § > 0. The following estimates
hold:

i e dx o) L/2. i g dx 1-2c/,,\~1/2
0 [ s 6 s S0 e

o0

Proof. Since these estimates are elementary, we omit the proof. U

As stated in §1, let U(t) = exp(—itd?) and (Usg f)(t) = [{ U(t—t') f(¢') dt'. Let
1 € C3°(R) be an even function with 0 < ¢ < 1, supp ¢ C [—2,2] and ¢(t) = 1 for
te[-1,1]. For 0 < T < 1, we set ¢p(t) = ¥(t/T). We have the following linear
estimate:

Lemma 2.2. Let s € R and let b,c > 0 satisfy b+ ¢ < 1. Then, the estimate
107 (U xR [l xs0 ST £]

Xs,—c

holds for f € X*~°.
Proof. See e.g. [5, Lemma 2.1], [11, Lemma 3.3] or [15, Lemma 7.10]. O
Lemma 2.3. Let b > 1/2. The estimate

R
holds for any u € L?(L?) and u; € X*, j =1,2.

Proof. See [12, Lemma 2.3]. For completeness we shall introduce an alternative
proof in terms of Strichartz estimates (see [5, Lemmas 2.3-2.4]). By Holder’s
inequality, the left-hand side of (7) is bounded by

HUHLf(Li) g ”L;*(Lg) HU2HL§(L30)-
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It follows from the Minkowski and Sobolev inequalities together with the unitarity
of U(t) that llunllzaz) < 1U(=Jurllizasy S IU(=arllagorn, = lluslxoass. On
the other hand, from the representation u(t) = [e""U(t)(FU(—)us)(7)dr

and the Strichartz estimate [3, 10, 16], we obtain [ualpsze)y S
JIN(FAU(=)uz)(7)||2dr S |lugl[xoe.  Combining these estimates, we ob-
tain (7). O

3. PROOF OF THEOREM 1.1

In this section, we shall prove Theorem 1.1.

Proof. Let f(u1,us) = Z?:l A fi(u1,uz) be the quadratic form associated with the
nonlinear inter interaction f(u) defined by (2). We can show that f(u,us) satisfies
the estimate

(8) 1f (ur, uz)l

for some b, c with 0 < ¢ < 1/2 < b < 1 and with b+c < 1. In fact, if (A2, A3) = (0,0),
then for s = —p > —(m/2+43/4), we first choose ¢ < 1/2 satisfying the assumptions
of Propositions 4.1 and 6.1; for such a number ¢, we next choose b such that
1/2 < b < 1 — ¢ Then, the inequalities (9) and (19) respectively hold for f;
and fy by Propositions 4.1 and 6.1. If (Ag, A3) # (0,0), we should further assume
s > —(m/2 + 1/4) so that we can choose numbers b,c with 0 < ¢ < 1/2 <b < 1
satisfying the assumptions of Propositions 5.1 and 5.2. Then, the inequalities (15)
and (18) respectively hold for f, and f;. These inequalities all together yield (8).
The proofs of these propositions themselves are given in §§4-6.

For R > 0, we define the set Bg = {u € X*°: ||lu||xs» < R} equipped with the
metric d(uy, ug) = ||u; — ug||xsp. Clearly, (Bg,d) is a complete metric space. For
suitable positive numbers R and T, we use a contraction method to find a fixed
point of the mapping

D(u) = (U )uo — itbr () (U *g f(u, u))(t),

which solves (5). By definition, we immediately show

[OOU uollxsr = ([ (E) ol mprrg) < Clluol

Therefore, by Lemma 2.2 together with (8), we obtain

xome < Ol

HS.

1 ()| e 4+ CT ¢ ul|%.s < Clluol|gs + CT " ¢R?

xov < Cllul

for u € Bg. Similarly, we obtain ||®(uy) — ®(us)||xsr < CRT07¢||uy — usl| xos.
Choosing R and T such that C||ug|gs < R/2 and CRT'~*=¢ < 1/2, we see that ®
is a contraction mapping from Bpg into itself. Thus, it follows from the contraction
mapping principle that ® has a unique fixed point in Bpg, thereby obtaining the
theorem. 0
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4. BILINEAR ESTIMATES FOR fi(u)

In this section we consider the nonlinear term f;(u) = (V*,u)u, or more generally
the quadratic form fi(uy, us) = (Vzug)ug. Let s = —p <0,and0<c<1/2<b<

1. Under suitable assumptions, we shall derive the followmg estimate of fi(uq,uz)
in Xt

(9) | f1(ur, ug)l

To prove (9), we use a duality argument. The Fourier transform of f; is

f©Q) = /V(fl)lh(Cl)ﬁz(C — (1) d¢ = / V(&)<€122<1§i><21>§f1)@2<<2)

Here, we write ¢ = (577_)7 o =7~ §27 and Cj = (fjﬂ'j), 0j = Tj — sz Jg =12
for short, with taking the relation ¢ = (; + (» into account. We also set 0;((;) =

(&))" (o;)P0(¢;). Multiplying (€)~(a)~(¢) by f1(¢) and integrating with respect

to ¢, we obtain
/ (&)~ 4o) O fi(Q) d = / / K (51,332(51))@1( f;) 28] gcag, =

where v is an arbitrary element of L2(R?) and K (&,&) = V(&)(&)P(&)P(€)~°

Then, the estimate (9) is equivalent to

(10) ST S lollzz llonll g2 w2l 2

Xs,—c¢ 5 ||u1| Xs,b |u2| Xsb.

dcy.

Proposition 4.1. Let m > 0. Let V € L (R) satisfy (6). Let 0 < ¢ < 1/2 <b
and 0 < p <min{m/2 + c+ 1/4;m + 2c}. Then the estimate (9) holds.

Proof. We shall prove (10). If min{|&;|, |£2|} < 1, then we have (£1)?(&2)?(€) " < 1,
so that the contribution Sj of this region to S is estimated as

15| <// [(6) ”1 Cl “2 Cz dgd(lw//|ww1w2| dadt,

where w = .Z (o) ~¢|0(¢)], and w; = ﬁ’_l(aj)_b\@(cj)],j = 1,2. From Lemma 2.3,
we obtain [So| S [lwl[zz, [Jwillxos|lwzl[xor S [Jvllz2villr2[lo2]z2. Hence, we may

assume |£;[, [€2] > 1. By the energy conservation

o1+0y—0=(n—&)+(n—E§)—(1—&) =248,

we have 2|£,&| < 3max{|o|, |o1], |o2|}. We further split the integration region into
subregions according to which of |o|,|o1| and |og| is the largest.

Case 1. Let |o1], |oa| < |o|. We estimate the contribution S; of this region to S.
For this purpose we set

_ |K (&1, ) _ > |K (&1, )
L(¢) = /|01|7|02|S|U ) (o) ()P ¢ = /|01|S|Ud 1/A1 (0)2(01) 2 (05) d&;
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with Ay = A1((,01) = {& € R : |oo| < |o|}. Then, it follows from the Schwarz
inequality that

spe [ I s [ 1@t g

(11) S {Slclpfl (Ol llvr 12 vz 72,

so that we should prove sup, /1(¢) < co. For fixed ¢ and o1, we change the variable
from & to o9 = 0 — 01 + 2§,&>. Then we have the relations dos = 2(&§ — &)d¢&y,
and (& — &) = €2 — 466 = €2 — 2(0y + 09 — o). Therefore,

|K(&1,&)
L(¢) S /01|S|U| doy /02|S|0| (0)%(01)?(02)?]€2 — 2(01 + 02 — 0)|1/2

To estimate |K(&1,&)|?, we further split the integration region into the following
three subregions:

(i) 1 < [ < l&l ~ [&], so that |[K(&,&)P < (672(&)" ™™ ~
()72 (L&) ™,

(i) 1 < [&] S [E] ~ [&l, so that [K(&1,&)[* < (€)*°™) S (&16a) )

(i) 1 <& < €] ~ \51\ so that |K (6, )2 S ()2 (€)% < {€162) )+
From the estimate |£&| < |o], we see

12 K g2 < 4 @7l S lal ~ el
( ) | (51 52)' ~ {<O_>(p—m)+7 |€1|,’£2| S ’5‘

On the other hand, from Lemma 2.1 (i), we see

dUg.

dO’Q
/|<71§|a| i /|02§a| (0)%(01)?(02)?]E2 — 2(01 + 02 — 0)|1/2
< / doy < 1 .
o<l (0)2(01)20(E2 = 2(01 — 0))1/2 ™~ (0)2(E% 4 20)1/2

Therefore, we obtain
(2p—m) 1 —2¢ (p—m)4 —2¢
1(¢) S max { 12 Ao S
@+ 20 €+ 2oy

provided that 0 < p < min{m/2+ ¢+ 1/4;m + 2¢}.
Case 2. Let |o|,|oa] < |o1]. To estimate the contribution Sy of this region to S,

t
o fg(cl)z/ da/ Bl
ol<lon] S ay (0)29(01)%{(02)®

with Ay = Ay(¢1,0) = {§ € R : [og] < |oy]}. If we obtain sup, I5(¢1) < oo, then
we can estimate the contribution Sy of this region to S as in (11), with ¢ and
(1 interchanged. For fixed (; and o, we change the variable from £ to o5. Since
doy = 2£1d€, taking |£1] > 1 into account, we have

|K(&,&)]*  doy
L(G) S /og|gl|d0 /|Cr2|§01| (0)2(0) 2 {05) 2 (£))"




WELL-POSEDNESS OF QUADRATIC HARTREE TYPE EQUATIONS 33

As in Case 1, we have the estimate

(K (€, 8)° o J{on)@m=2+(g) 72, [¢] S &l ~ &,
) ol ISINISIPSYISE

On the other hand, by computation we see

dO'Q —2(b
(14> / dO’/ 5 <(7 >1 2(b+e)
o<l Jioslzion] (0)2(01) P (o)

Therefore, we see I5(¢1) S (o1)@~m=1/2)+H1=20+¢)  Thus, we obtain sup,, 1>(¢1) <
oo provided that p <m/2 —1/4+b+c.

Case 3. Let |o|, |o1] < |oa|. We can easily show that | K (£, &2)|?/(&) is bounded
by the right-hand side of (13). Therefore, changing the variables (; and (3, we can
treat this case in the same way as Case 2. U

(13)

5. BILINEAR ESTIMATES FOR fo(u) AND f5(u)

In this section we first consider the nonlinear term fy(u) = (V *, @)u, or more
generally the quadratic form fo(uy, us) = (V %, 4 )uy. We shall derive the following
estimate

(15) | fo(ur, ua)|| xs—e S [l

for suitable s = —p < 0 and 0 < ¢ < 1/2 < b < 1. To prove (15), we again use a
duality argument. The Fourier transform of fs is

O = [ Vicemt@n + ) o
so that we should estimate the cubic form

K*( 51752 ()01 (C1)da(G)
5= [ et el

Here, v is an arbitrary element of LQ(R2), the symbols ¢,0,(;,05, j = 1,2 are
similar to those in §4, but they should satisfy ¢ = —(1 + (2 instead of ¢ = (1 + (2,
and the kernel K (&1,&) in S is replaced with K* (&1, &) = V(—&1)(&1)P(&)P (&) P
Then, the estimate (15) is equivalent to

(16) 1571 S Nlvllzflvrllzelloa 2.

Proposition 5.1. Let m > 0. Let V € L (R) satisfy (6). Let 0 < c < 1/2 <b
and 0 < p < (m+c¢)/2. Then the estimate (15) holds.

Xs:b ’U/2 ‘ Xs:b

Proof. We shall prove (16). As in the proof of Proposition 4.1, we may assume
1€1],1&2| > 1. We split the integration region of S* into subregions and estimate
the contribution of each subregion separately. We first consider the case || < 1.

We set
- IHG) = // IK*(&,&)P ac.
el<i<len el (0)729(01)*(02)*

If we obtain sup,, I5(¢1) < oo, then we can estimate the contribution of this region
to S* as in (11). Since |§’ < 1, we have |§1| ~ |§2|7 so that |K*(§1,§2)|2 < <§1>4P*2m'
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For fixed (;, we change the variables from ¢ = (£,7) to (0,02). Then we have
dodoy = 2|&1|dEdT. By the energy conservation

(17) o401 —0y=(1=&) +(n— &) — (n-§) =2&
together with || < 1, we have |0 — o3| < |o1| + 2|&;|. Therefore,

. <£1>4p 2m—1
I( d do.
@) / 02/|U izt (0100 P ()2

Since (o) is positive, even and decreasing for positive o, the integral above
becomes greater if we replace the interval of integration for o with |o| < |o1|+2|&].

Hence we obtain
>4p 2m—1
[* Cl /dO'g/ do
lol<[o1]+2le] 2’3< 1)2(02) %

D o) o+ 2y

If p < (m+ ¢)/2, then the right-hand side is bounded, so that sup, /5(¢1) < oo.
Thus, in what follows we may assume [[, [£1], €| > 1. By (17), we have 2|¢&| <
3max{|o1],|o2], |o|}. We split the integration region into subregions according to
which of |o],|oy| and |03 is the largest.

Case 1. Let |o1], |os| < |o|. We estimate the contribution S} of this region to

S*. We set

oo K6, _ (6, &)
BO= [ e 0078 = [, Tt

with By = Bi((,01) = {1 € R |oo| < |of}. Tt suffices to show sup, I7(¢) < oo.
To this end, for fixed ¢ and oy, we change the variable from & to oy. Since
doy = —2£d&;, taking |€] > 1 into account, we have

. . |K*(&1, &) doy
o= /wg a 1/.02@0 000 B (on)® (&)

As in the proof of Proposition 4.1, Case 1, we split the integration region into
subregions to estimate |K*(£1,&)|?, but in this case we use |§;| < [€&5] S o,
7 =1,2. Then we obtain

K (6 &) [0 e S Jal ~ 1l < vapom.
© e allal Sl |

Hence, by computation we obtain I7(¢) < (o)**=#™+72¢ so that sup, [;(¢) < oo

if p < (m+c)/2.
Case 2. Let |o],|oa| < |o1]. To estimate the contribution S; of this region to S*,

we set
o |K*(&1,62)°
o) = /|osm| o /32 (0)%(01)*(02)* «

—2c
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with By = Bs(C1,0) = {§ € R : |oa| < |oy]}. It suffices to show sup, 15(¢1) < oo.
The estimate for I5(¢;) is similar to that for I7(¢) in Case 1. Indeed, changing the
variable from £ to o5, we obtain

|K*(61,8)]*  doy
I5(¢ 5/ da/ :
() lo|<|o1] ol <[on| (T)2(01)2(02)?" (&1)
We can easily obtain the estimate |K*(£1,&)|?/(&) < (o)@#=2m=D+  Applying

this estimate to the integral above, we obtain I3(¢;) < (o)@#r=2m=l++1=2(+e)
Hence we can obtain sup,, >(¢1) < oo provided that p < (m +b+c)/2.

Case 3. Let ||, |o1] < |o2|. We estimate the contribution S; of this region to

S*. We set ,
* — |K*(§1a€2)|
I (G) = /|U<|02|d0 /33 (0)2(51 )20 (5 20 d§

with By = B3((2,0) = {§ € R : 01| < |oa[}. It suffices to show supg, I3((2) < oo.
For fixed (3 and o, we change the variable from & to o;. We have the relations
dop = 2(& — €)dE, and (& — €)% = €2 — 4€€, = €3 — 2(0 + 01 — 09). Therefore, it

follow that
K* 2
da/ |[K*(61,62)| don.
lo1|<|o2]

s, T P 2P TE — 200 + 01— o)
As in the previous cases, we have the estimate |K*(£1,&)|? < (og)#=2m)+ . There-
fore, it follows from Lemma 2.1 (i), (ii) that
F(G2) $ {o2)m2ms =200 (2 4 9,) 102
Hence, we can obtain sup, I3(¢) < oo provided that p < (m +b+¢)/2 —1/4. [

We next consider the quadratic form f5(u1,us) = (V %, uj)us associated with
f3(u). We have the following:

Proposition 5.2. Under the same assumption as Proposition 5.1, the following
estimate holds:

(18) | fa(ur, u2)||xs—e S sl

Proof. We consider the cubic form

e _ [ K7(€1,6)0(0)01(¢1)02(C)
= dodea

b(ga)b
Here, the symbols ¢, (;, 0,05, 7 = 1,2 are defined as in S*, but they should satisfy
¢ = (1 — (o instead of ( = —(; + (3, and the kernel K*(&1,&) in S* is replaced with
K*(&,&) = V(&)(&1)P(&)P(€)~P. For the proof, it suffices to show the estimate

Xsb ’u2 | Xsb

’g*‘ S vl ez lloa] 2 vz 2-
We have the relation

o—01+0y=(1—8&)— (11— &) + (12 — &) = 2¢&.
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Since the upper-bounds of |K*(&1,&,)[* used in the proof of Proposition 5.1 are
symmetric with respect to & and &, we can analogously prove Proposition 5.2
with the subscripts 1 and 2 interchanged. O

6. BILINEAR ESTIMATES FOR f4(u)

In this section we consider the nonlinear term fy(u) = (V*,u)u, or more generally
the quadratic form fy(uy, us) = (V %, 61 )us. We shall derive the following estimate

(19) [ faua, us)]

for suitable s = —p < 0 and 0 < ¢ < 1/2 < b < 1. To prove (19), we again use a
duality argument. The Fourier transform of fj is

f1(Q) = /V(—fl)ﬁl(Cl)%(—@ — (1) d¢y,
so that we should estimate the cubic form
g = // K (€1, €2)0(0)01(C1)12(Ca)
(0)¢(01)"{02)"
Here, v is an arbitrary element of L?*(R?), the symbols (,(;, 0,0, j = 1,2 are

defined as before, but they should satisfy ( + (i + (2 = 0, and the kernel K**(&;, &)
is equal to K*(&,&) in S*. Then, the estimate (19) is equivalent to

(20) 1S™ S vl ez llval 22 [[va ]| 22

Proposition 6.1. Let m > 0. Let V € Li (R) satisfy (6). Let 0 < c < 1/2 <b
and 0 < p <min{m/2 + ¢+ 1/4;m + 2c}. Then the estimate (19) holds.

xome S fluallxeslfuzllxss

dcdc,.

Proof. We shall prove (20). As in the proof of Propositions 4.1 and 5.1, we may
assume |&;[, |€2] > 1. By the energy conservation

otorto=(n-&)+(n-&)+ -8 =-(E+g+8)
we have &% + & + & < 3max{|o|, |o1],|02|}. We split the integration region into
subregions according to which of |o|, |o1| and || is the largest.

Case 1. Let |o1], 02| < |o]. We estimate the contribution S}* of this region to
S**. We set

’K**<51>€2)’2 |K**(£17€2)|2
() = / ¢, = do d§

' orbjosl<lo] (@200 ®(02) >0 o cor Joy (0)2(0n) 2 {oa)®
with Cy = C1((,01) = {& € R @ |oo| < [o|}. Tt suffices to show sup, I7*(¢) < oo.
For fixed ¢ and o;, we change the variable from &; to g5. We have the relations
doy = 2(& — &)d&y, and (& — &)? = 2(§ +&5) — & = =36* — 2(01 + 02 + 0).
Therefore,

K*(&, &)?
I*(¢) < / do / | ’
TR iz it OB TRE 42001 05 o)
Clearly K**(&;,&,) satisfies the same estimate (12) for K(&1,&>), we can estimate

I*(¢) in the same way as [1(¢) in the proof of Proposition 4.1. Thus we have
proved sup, I7*(¢) < oo provided that p < min{m/2+c+1/4;m + 2c}.

dO'Q.
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Case 2. Let |0, |0 < |o1]. We estimate the contribution S3* of this region to

S**. We set

*% 2 *k 2
() 5/ ‘fi (512752) _dC = da/ |f§c (512,52”
ol lasl<lon] (7)*{01)*(02) ol<lor]  Jeu (0)*(01)*(02)
with Cy = Cy(¢r,0) = {£ € R : |og| < |o1]}. We further divide Cy into the two
sub-regions Cy; = {£ € Cy : 3|¢] < |&|} and Cy = Cy \ C9. In both cases,
for fixed (; and o, we change the variable from £ to 05. We have the relations
dog = 2(& — £)dE. Since |& — €| > [&1]/3 in Oy, we estimate the contribution
I37(G1) of Ci to I3*(Gy) as

5@ s [

lo|<lo1]

% 4

dJ/ ley, <€I)|K**(£17§2)|2 doy
loa|<|o1]| (0)2¢(01)®(o2)®  (&1)
Clearly we have the estimate (13) with K replaced by K**. Hence, it follows from
(14) that I35 (C1) S (o) @emmt/2herim2ite),

On the other hand, since (& — &)? = 2(2 4+ &3) — & = =38 — 2(01 + 02 + 0),
the contribution I35 ((1) of Ca to 13*((1) satisfies

% 1022(51)|K**(§1’§2>|2
<
122 (Cl) ~ /|U|§|J1 do /|02|§|01 <O_>2c<0-1>2b<0-2>2b|3§% + 2<01 + 09+ 0)11/2

Clearly we have the estimate (12) with K and o replaced with K** and o; re-
spectively. Since |§],]&| S [€] on Co, it follows from Lemma 2.1 (i), (ii) that
I33(¢) < (o)Pmm+ 172+ Thus we have proved sup, I3*((1) < oo provided that

0<p<min{m/2-1/4+b+c;m—1+2(0b+c)}.

dO'Q.

Case 3. Let |o|, |o1| < |og|. By symmetry, changing the variables ¢; and (3, we
can treat this case in the same way as Case 2. U
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