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Abstract. We introduce coordinate systems to the Teichmiiller space of
the twice-punctured torus and give matrix representations for the points of Te-
ichmiiller space. The coordinate systems allow representation of the mapping
class group of the twice punctured torus as a group of rational transforma-
tions and provide several applications to the mapping class group and also to
Kleinian groups.

1. Introduction.

The Teichmiiller space 7Ty, of the closed oriented surface M, , of genus g with n
punctures with 2g —2+4n > 0 is homeomorphic to R, D = 6g—6+2n, (see, for example,
[16, 34.3]) and there are several global coordinate-systems for 7" which realize it as a D-
cell in R™ for some m. The Fenchel-Nielsen coordinate-system and coordinate-systems
by using a set of geodesic length functions or equivalently trace functions are the most
popular among them (see, for example, [10], [12], [13] and [14].) In particular in [10]
and [11] a coordinate-system by a set of D + 1 trace functions is introduced to 7Ty, by
which the action of mapping class group MCy ,, of M, can be described as a group of
rational transformations.

Let T = 71,2 denote the Teichmiiller space of the twice puncture torus M, the space
of all marked complete hyperbolic structures on M of finite area. In this paper we regard
T as a space quasiconformal deformations of twice punctured torus groups, or Fuchsian
groups with signature (1; 00, 00). For this particular case, Button gave in [2] a coordinate-
system by which 7~ can be identified with an open subset of R* defined by a single simple
inequality and also gave matrix representations of the twice punctured torus group in
PSL(2,R). The objective of this paper is also to give coordinate-systems to 7. But we
put emphasis on their applications to the mapping class group MC = MC; 3 of the twice
punctured torus. We apply our coordinate systems to give a rational representation of
the mapping class group MC as a group of rational transformations.

Any twice punctured torus group in PSL(2,R) is a subgroup of Fuchsian groups with
signature (0;2,2,2,2,00), [4, Theorem 3A], [15, Thereom 1]. We consider in Section 2
Fuchsian groups of signature (0;2,2,2,2,00) and give their matrix representations in
PSL(2,R). The matrix representations naturally lead to those of twice punctured torus
groups. In Section 3, we give two global coordinate systems of the Teichmiiller space 7.
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One coordinate-system is defined by trace functions on the Teichmiiller space 7 of twice
puncture torus groups as in papers cited above. The other coordinate-system uses trace
functions on the Teichmiiller space of Fuchsian groups with signature (0;2,2,2,2, c0).
With the second coordinate-system the Teichmiiller space 7 is embedded into the locus
of a very simple polynomial equation in R®. In this section we also give matrix repre-
sentations of twice punctured torus groups by matrices whose entries are described as
rational functions in the coordinates introduced here. In Section 4, we consider the map-
ping class group MC of the twice punctured torus. We will show that the action of MC
on the Teichmiiller space T is represented by a group of rational transformations in the
coordinates introduced in the previous section. In Section 5, we treat periodic elements
of the mapping class group MC and describe them as a product of Gervais generators
[3] up to conjugation. A periodic element has fixed points in 7. We also give Fuchsian
groups related to the fixed points. The matrix representations of the twice punctured
torus group obtained in Section 3 extend naturally to those in SL(2,C). We conclude
this paper by examples of twice punctured torus groups in PSL(2,C). Two of them have
extensions to Kleinian groups of finite covolume and the other one is a Kleinian group
of the second kind which is a combination of two conjugations of PSL(2,Z).

ACKNOWLEDGEMENTS. The author thanks the referee for carefully reading the
manuscript and giving a number of comments which help to improve the readability and
quality of the manuscript.

2. Twice punctured torus groups.

This section is devoted to a preparatory argument for a matrix representation of
Fuchsian group I' with signature (1;00,00) or a twice punctured torus group. This
matrix representation is a lift of T to SL(2,R). We also consider a matrix representation
of a group which projects to a Fuchsian group G with signature (0; 2,2, 2,2, 00). Contrary
to the case of I, there are no lifts of G to SL(2,R), since G contains elliptic elements of
order 2.

2.1. Matrix representations of twice punctured torus groups.
Let HH={z =z + iy : y > 0} be the upper half plane equipped with the hyperbolic

metric
dz? + dy?
ds? — %

Each matrix A of SL(2,R) acts on H as a conformal isometry:

az+b a b
A(Z)_cz—l—d whereA—(C d) and z € H.

We denote by I the identity matrix in SL(2,R). Two matrices A and B of SL(2,R) define
an identical isometry if and only if B = £ A. The group of all conformal isometries on
H is PSL(2,R) = SL(2,R)/{£I} ([1, Theorem 7.4.1]). The trace trA of A € SL(2,R)
is invariant under conjugation. If [trA| > 2, then A is called hyperbolic and A has two
fixed points p4 and g4 with |A’(pa)] > 1 and |A’(ga)| < 1, and they are called repulsive
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and attractive fixed point of A, respectively. We assume that the azis ax(A) of A, the
hyperbolic line connecting p4 and g4, is oriented from p4 to ga. We call a matrix E of
SL(2,R) elliptic of order 2, if trE = 0. If E is elliptic of order 2, then E2 = —I. So the
order 2 means the order of F when it is regarded as an element of PSL(2,R).

Let T be a Fuchsian group in PSL(2,R) with signature (1; 00, 00):

I'={a,bcd:aba b ed =1), (2.1)

where ¢ and d are parabolic elements. The factor surface for the action of I' on H is a
twice punctured torus. The group I' always has an extension G of index 2 which has
signature (0;2,2,2,2,00) (see [4, Theorem 3A], [15, Thereom 1]):

L2 2_ 2_ 2 _
G= <617€2,63,€4,d te] =e5 =e5 =e; = ejegezeqd = 1>, (2.2)

where
a=eje3, b=ezes, c= ezlde4 = e3eqe1€4. (2.3)

We normalize G by a conjugation with an element of PSL(2,R) in order to have canonical
generating systems (a, b, ¢,d) of I and (e, ea, e3,e4) of G so that the position of the fixed
points and axes of some of their elements is as illustrated in Figure 2.1, in which we
identify the upper half plane H with the unit disk by conformal maps.

d

Figure 2.1. The two unit disks in the figure are images of H under different

conformal maps.

The following lemmas for elliptic elements of order 2 may be well known. Let ¢(F)
denote the (2, 1)-entry of an elliptic element F in SL(2,R). We remark that in SL(2,R)
there are no elliptic elements E of order 2 with ¢(E) = 0.

LEMMA 2.1.  The sign of ¢(E) is invariant under conjugation.

ProOOF. Let
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be elliptic of order 2. Suppose that 7 = ¢(E) > 0. From —qr =1+ p? >0, ¢ < 0. If
a b
)

c(P~*EP) = a*r + c*(—q) — 2acp > 2(|ac|v/—qr — acp)

= 2(|ac|\/1 + p% — acp) > 0.

If ¢(E) < 0, it suffices to apply the same argument to —F. O

is a matrix of SL(2,R), then

LEMMA 2.2.  Let E be elliptic of order 2 and D be a conjugate of

-1 -1
() -
in SL(2,R). Then trED > 0 if and only if ¢(E) < 0.

PROOF. By our assumption, D can be written with real numbers ¢ and d as

—1—cd —d?
D= ( 2 —1+cd>'

If E is as in (2.4), then —¢(E) - trED = —rtrED = ¢ + (cp + rd)? > 0. O

LEMMA 2.3. Let E1, Es and Es3 be elliptic of order 2 with distinct fixed points. Let
€; be the sign of ¢(Ej) for j =1,2,3. IftrE1Es > 0, trEsEy > 0 and trE1Ey < 0, then
(€1, €2,€3) equals (+1,+1,—-1) or (=1,—1,+1).

Proor. By Lemma 2.1 we may assume that

0 -1 0 —-1/A
Elzel(l 0>7 EQ:EQ(ﬁ _qp), E3:63<)\ 0/ ), (26)

where 7 > 0, A > 1 and ¢ = —(p?*+1)/r < 0. Then ¢; = sign(c(E;)) for i = 1,2, 3. Since
trE B3 = —eres(A+ 1/0), trE3FEs = eaes(—r/A + qN), trE1Ey = €16a(—7 + q),
(see (2.10) below), we have eie3 < 0, e2€3 < 0 and €;e2 > 0 under our assumption. [
THEOREM 2.1 (matrix representations). (1) Let
G = (B, E,F3,Ey,D: B} = Ej = E; = E} = -1, E\E,E3E.D = 1)
be a Fuchsian group with signature (0;2,2,2,2,00) such that the fized point of e; = E;

for 3 =1,2,3,4 is as depicted in Figure 2.1. Then the matrices E1, Es, E3 and E4 can
be chosen so that
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et ) et 2) w5 ) e 1) e

where
pPPHgr=—-1, ss+tu=—-1, p<0, r>0 s<0, u<0, A>1,
ps +ru+ (ps+ qgt)A\* — 21 = 0. (2.8)

(2) LetT' = (A,B,C,D : ABA='B=1CD = I) be a Fuchsian group with signature
(1;00,00) such that the azes of a = A and b = B are as depicted in Figure 2.1 and
trD = —2. Then the matrices can be chosen so that A = E1F3, B = E3FEy, C =
E4_1DE4 = E3FEyFEqEy with matrices in (2.7). They satisfy

trA >0, trB >0, trAB > 0, trC = —2. (2.9)

PROOF. We choose Fy, Es and E3 in (2.6) with (€1, €2,€3) = (+1,+1,—1). Then
r>0,g<0and A\ > 1. The traces of A = F1FE3, B = E3Fy and AB = —FE{FE, are

positive, since
(X 0 _(r/X —p/A (T —p
A= (0 1/)\>, B = (—pA _q/\), AB = <—p ) (2.10)

By Figure 2.1, the real part of fixed point (p+14)/r of Es is negative. Hence p < 0. Since

_(=pXx —r/A
E1E2E3<_q>\ p/)\>,

we have tI‘E4D = tI‘(ElEgEg)il = trE1E2E3 and

If trD = —2, by Figure 2.1 D is a conjugate of the matrix in (2.5). By Lemma 2.2 and
(2.11), uw < 0. Since by Figure 2.1 the real part of fixed point (s +4)/u of Ey is positive,
s < 0. Finally we obtain (2.8) from trD = —2. It follows from E3 = E3 = —I that

ABA™'B™'CD = E\EyF3(E 1By EsE4D)E4D = 1.

We remark that from trE1Ey = —u+t, trEsEy = 2ps+qu+rt and trEsEy = ud™! — Xt
follow

trE1Ey >0, trEsFEy4 >0, trEsE4 <O. (212)
O

LEMMA 2.4. Let A, B and C be as in Theorem 2.1. Then trAC > 0, trBC < 0
and trABC > 0.

PROOF. We use the matrices in the proof of Theorem 2.1. Since

B _ (—(ps+ru)/X  (rs—pt)/A
C = E3EyE By = ( (pu—gs)\  —(ps+ qt)A)’
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we have
trAC = (—q)t + (—u)r — 2ps > 2(+/(qr)(tu) — ps)
=2(v/(p* +1)(s*+ 1) —ps) >0,
trABC = (¢*t + (—u)p” + 2pgs)\ + (p°t + (—u)r® — 2prs)/A
> 2(|pq|v/t(—u) + pas)A + 2(|pr|v/t(—u) — prs) /A
= 2(|pglA + prl /N (Vs? +1 = |s]) >0
and from (2.8) we have trBC' = —2(r/A + (—q)A) — (t — u) < 0. O

The group G can be written as G = (E3) X I'. E3 acts on I' by

FE3A = AilEg, E3B = BilEg, (2 13)
E;C =B 'A"'C~'BAE;, EsD =B 'A'D 'BAF;. '

3. Teichmiiller space of twice punctured torus groups.

3.1. Trace identities.
We will use the following trace identities in SL(2,C) and hence in SL(2,R).

(I1) trA=trA=Y

(I2) trAtrB = trAB +trAB™ !,

(I3) trABC = trAtrBC + trBtrC A + trCtrAB — trAtr BtrC — trACB,

(I4) tr[A, B] = trABA™'B~! = (tr4)? + (trB)? + (trAB)? — trAtrBtrAB — 2,
(I5) trABA™1C = trAtrABC + trBtrC — trABtrAC — trBC,

(I6) trABAC = trABtrAC — trBtrC + trBC.

The identities (I1)—(14) are found in [9, 3.4]. (I5) and (I6) are derived from the rest.

3.2. Teichmiiller space of twice punctured torus groups.

We fix a Fuchsian group I'y and a canonical generating system (Ao, By, Co, Do) of
Iy as in Theorem 2.1(2). Let M denote the space of all tuples (4, B,C,D) of ma-
trices in SL(2,R) such that there exists a quasiconformal automorphism w of H sat-
isfying A = wAow™', B = wByw™!, C = wCyw™! and D = wDyw™!. Two tu-
ples (41, B1,C1, D) and (Ag, By, Co, Dy) in M are said to be equivalent if there ex-
ists a Mobius transformation h preserving H such that A, = hAh™!, By = hB1h™ !,
Cy = hC1h™! and Dy = hDh™!, that is, as tuples of matrices, they are simultaneously
conjugate to each other in SL(2,R).

DEFINITION 3.1. The Teichmiiller space T = 71,2 of the twice punctured torus is
the space of all equivalent classes of tuples in M.

Our objective here is to give a coordinate-system of 7. We will identify a point of
712 with one of its representatives (A4, B,C, D). Since D = C"'BAB~'A~! we often
omit D and denote the point by (A, B,C). As before we assume that trA and trB are
positive, trC = trD = —2. Let
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a=trA, b=trB, z=trAB, u=trAC, w=trABC, (3.1)

and we define auxiliary positive parameters

t=+\/—trABA-'B~1 +2=\/4 + abz — a2 — b2 — 22, (3.2)
s=+2—trCABC-1A-1B-1 = \/2 —tr[B-1C, AB].

If we choose E4, E5, E5 as in Theorem 2.1, then

s? = —trtCABC'A™'B™' + 2 = tr(E4E 1 Ey)? + 2 = (trE4E, Fy)?,
t? = —trABA™'B™! + 2 = tr(E1 E2F3)? + 2 = (trE1 By F3).

By (2.11) and Lemma 2.2 we have t = trE1 EsF3 and s = trE1 EsEy = tI'Eg(E4DE471).

THEOREM 3.1.  Fach of the tuples (a,b,z,u,w) and (a,b,z,w,s) gives a global
coordinate system to the Teichmiiller space T of the twice punctured torus. In other
words, ®,(A,B,C) = (a,b,z,u,w) and ®5(A, B,C) = (a,b,z,w,s) are embeddings of
Ti2 into R®. The parameters satisfy

2+ 124 (2 +w)? — stw = 0. (3.3)

PrROOF. It is known that a finite set of traces parametrizes 7 globally (see for
example [5], [7], [10], [12], [13], [14]). On the other hand, if G is a group generated by
(A, B,C), the trace trg of each g € G is a polynomial in

(a,b,z,u,v,w) = (trA, trB, trAB, trAC, —tr BC, trABC)

with integer coefficients (see [9, Lemma 3.5.1]). Here we employ —tr BC' instead of trBC,
because trBC < 0. By trace identities we have
-2 =trABA~Y(B~'C)
= trAtrAB(B~'C) + trBtrBC™' — trABtrAB~'C — trB(B~'C)
=au+b(—2b+v) — z(bu — w) + 2
= (a —bz)u +bv — 2b% + 2w + 2. (3.4)

By (3.4)

bz — 202 — zw — 4
v:(z a)u—l—b 2w —4 (3.5)

Hence we can omit v and conclude that (a,b,z,u,w) parametrizes T globally. The
equation (3.3) is a consequence of trace identities
s —2=—trC(AB)C~'(BA)™!
= —trCtrD™' — trABtr(BA) ™' + trCABtrCA ' B~ 4 tr[A, B]
=422 4tw-trCA'B™ 4 (—1? +2)
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and

trCA™ B! = tr(F3E, ) (FyE3) (B3 EyE1Ey) = trEsEy
= trE\ FyEstrE FyEy — trE1 Ey s E 1 FyF,y
= st +trE\Eoy BBy Eo(CT E3EyEy)
= st — trEy E5C ™1
= st +trABC™! = st — 22 — w.

From this follows
trACB = w — st, (3.6)
and then by (I3)
w— st =trACB = —av — 2z + ub + 2ab — w. (3.7)
Solve the linear equations (3.4) and (3.7) in v and v to obtain

- a(4 4 wz) + b(st — 2w — 2z2) . a(2z + 2w — st) + b(2t? + stz —wz — 4)

2 +22-4 ’ 2 4+22-4
(3.8)
So we can replace u by s and conclude that (a, b, z,w, s) also parametrizes T . O
We remark that the identity (3.3) in coordinates a, b, z, u, w is
(aw — uz)? + 4(abw + buz + 2b* — 2au — 2wz — 4)
= (buw — b — u? — w?)(abz — a® — b* — 2?). (3.9)

We let Ry = {z € R: 2 > 2} and define (T, V, ) by

T= {(a,b,z,w,s,t) ER6>2:t2:4+abz—a2—b2—22,s2+t2+(z+w)2:stw},
V={(a,b,z,t) e RL, 1 abz —a® — b* — 2% = — 4}

and 7 : T — V is a natural projection. Each slice
Vi ={(a,b,z) ER%, 1abz —a® —b* — 2> = > — 4}

of V is homeomorphic to R? and identified with the Teichmiiller space of the hyper-
bolic torus with one totally geodesic boundary curve of length £(t) satisfying ¢ — 2 =
2cosh(((t)/2) (see [16, Section 33.D].) We have V = |J;o,V; = R3  For each
(a,b,z,t) € V, 7= Y(a,b,2,t) is a branch of the hyperbola (t +2)X? — (t —2)Y?+ A =0,
where

PO 2z Y_erw 2z A_2t2(22+t274)
IR U R B T e
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Therefore T' is homeomorphic to R*. Let @ : 712 — V send (4, B,C) to (a,b,2,t),
a=trA, b=trB, z = trAB and t = vabz — a® — b2 — 22 + 4. For each (a,b,z,t) € V,
we fix a point (A4, B,Cy) in w (a,b,z,t). We recall the Fenchel-Nielsen coordinates
for T12. Then all other points (A4, B,C) in w~!(a,b, z,t) are obtained from (4, B, Cy)
by a Nielsen twist along the curve determined by the axis of ABA='B~!. In other
words, if H, € SL(2,R) has the same axis as ABA™'B~! and its trace is 2 cosh(7/2)
(—0o < T < 0), then there exists a unique 7 such that C = H,CoH-!. The parameter
w = trABC' is a real analytic convex function of 7 and tends to +o00 as 7 — +oo. This
implies that the map sending 7 to the branch of hyperbola is homeomorphic. Now we
establish the well known fact that 77 2 is homeomorphic to T = R4

We conclude this section by a matrix representation of a canonical generating system
(A,B,C, D) of a twice punctured torus group described in terms of (a, b, z,w, s). It is
normalized so that C(z) = z+ 1 and D fixes 0:

1 t_l(aP1 +bPs) t_2[aP3 + b(—tPQ + P4)]
a(tPy + P3) +bPy  aPs—t ' (aP, +bPy) |’

gl t=aPy + b(Py +tP3)]  t72[a(—tPy + Py) + bPs] (3.10)
T P aPy +bPs bPs —t=aPy + b(Py +tPs)] )’
-1 -1 -1 0
o=( 2) -0
where
P, = -2t — sz, Py =25 — st? + tw + 2tz, Py =t + stz —wz — 22,

Py = —st+2w+2z, Ps=—Ps+ 2(tP, — Py), Ps=1t>+2>—4.

To calculate the following matrices, we use (3.3) to reduce entries of matrices so that no
terms are multiples of stw.

AB — ( —s/t (St—z—w)/t2>’

—z—w z+ s/t
PRy sft—st+w+2z (=2st+st3+w—t2w+ 2z — 2t%2) /t?
—st+z+w —sft+st—z—w ’

(
o )
d

z+w —s/t+w

CABC-LA-15-1 — 1—28% — stz +s(w+2)/t 252 +stz?s(z+w)/t52/t2>.

—s(s+tz) 1+ 52+ stz —s(w+ 2)/t
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4. Mapping class group.

4.1. Mapping class group and its generators.

Let MC = MC; 2 denote the mapping class group of the twice punctured torus.
Each element of MC acts on the twice punctured torus group as an outer automorphism.
We employ a generating system (wy,ws, w3z, ws) of MC from [3]. We describe w by the
change of canonical generators (up to simultaneous conjugation) caused by w:

wi(a,b,c,d) = (ab™*,b,c,d),

wa(a,b,¢,d) = (a,ba,c, d),
ws(a,b,c,d) = (b~ ca,b,c, b ede™tb),
wa(a,b,c,d) = (a,b,d,d cd).

From these expressions we can verify that

WIWs = W3W1, WiWs = WaW],Wals = Waws, (4.1)

WiWaWi = WalW1Wz, W3WaWs = Walsw2.

Relations in (4.1) arise from that Dehn twists along disjoint simple loops are commuta-
tive. Those in (4.2) are the braid relations. Both (wsw4)? and (wsws3)? send (a, b, ¢, d) to
(b= (ab=2)b,b,b= cb, b~ 1db). Since we ignore a difference by an inner automorphism,

w? = (w3wy)? = (waws)?. (4.3)

4.2. Permutations of “Weierstrass points”.

Let ' and G be the groups in (2.1) and (2.2). Let 7 : H — M = H/T be the
canonical projection, where M is a twice punctured torus. Let w; € M denote the
projection under 7 of the fixed point of e; for j = 1,2,3,4. The mapping class

Co = W1WaWswawswawi

induces an involution of M fixing the set W = {w;, we, w3, wy} pointwise. Moreover ¢
commutes with all elements of MC (see Section 5.1). Therefore, each w € MC preserves
W and defines an element 0 = 7(w) of the permutation group Sy such that w(w) = wy ;).
Let v(g) denote the projection of the axis of a hyperbolic element g of T'. Since a = e;es,
the geodesic loop v(a) passes w; and ws. Likewise v(b) for b = ezes passes we and ws,
~(ab) for ab = ejes passes w; and ws. Since

ab t=e; - 6§16263, b= (63_16263) - e3,

'y(ab_l) passes w; and wsy, and ~y(b) passes wo and ws. Hence w; fixes each of w; and
wy and interchanges we and wz. So w; induces the permutation (1)(2,3)(4). Likewise

a:63'€3_16163, ba:egleleg~egleflegele3,
b lea = efle4el -e3, b=-ez-eq,

a=ej-e€3, b=-e3-es.
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give rise to
T(wi) = (1)(2,3)(4), T(wa) = (1,3)(2)(4), T(ws) = (1,4)(2)(3), T(ws) = 1. (44)

4.3. Mapping classes as rational transformations.
The trace identities yield rational representations of Gervais generators:

wix(a,b, z,u,w) = (ab— z,b,a,bu — w, u), (4.5)
wiy (@, b, z,u,w) = (2,b,bz — a,w, bw — u), (4.6)
wax(a, b, z,u,w) = (a, z,az — byu, zu + 2b — v), (4.7)
wg*l (a,b,z,u,w) = (a,ab — z,b,u,aw — 2b — zu + v), (4.8)
wss(a, b, z,u,w) = (bu — w, b, u, —2bu + wv — z, —2bw — bz + vw + a), (4.9)
ws, (a,b,z,u,w) = (=22 + st — w, b, —2bz + vz — u, 2,bz — a), (4.10)
was(a, b, z,u,w) = (a,b, z,b(st —w) — zv + u, —2z — w + st), (4.11)

and
wi, (a,b,z,u,w) = (a,b, 2, —da+b(w — st) + (> = 3)u+vz, —st+ (> — 1w —2z), (4.12)
where ¢ and v are given in (3.2) and (3.5). By the first equation in (3.8)

u(abz — a® — b?) — a(4 + wz)
b

So each entry of (4.5)—(4.12) is a rational function of (a, b, z, u, w). We obtain (4.5)—(4.12)
as in the following way: Since w;(A, B,C) = (AB~1, B, (),

st = + 2w + 2z.

wix(a, b, z,u,w) = (trAB_l7 trB,tr(AB~ ) B, tr(AB~1)C, tr(AB_l)BC)

= (ab—z,b,a,bu — w,u).
From this we obtain (4.6). Since wy(A4, B,C) = (A, BA,C),
was(a, b, z, u, w) = (a,z,trA(BA),u,trA(BA)C).
From trC = —2, trBC' = —v and the trace identity (16),

trA(BA) = trAtrAB —trA"'BA = az — b,
trA(BA)C = trABtrAC — trBtrC + trBC' = zu + 2b — v.

Since wy (A, B,C) = (A, BA~1,0),
wyt (a, b, 2, u, w) = (a,trBA™" trA(BA™"), u,trA(BA™")C).
We have trBA™! = trBtrA=! — trAB = ab — z and by (I5)

trA(BA™Y)C = trAtrABC + trBtrC — trABtrAC' — trBC = aw — 2b — zu + v,
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Since w3 (A, B,C) = (B~'CA, B,C),
way(a,b, z,u,w) = (trB~'CA,b,u,trB~'CAC,trB~*CABC).
By using the trace identities, we have
trB~1CA = trBtrCA — trBC A = bu — w,
trB~'CAC = trB~'CtrAC — trBA = (—2b + v)u — z,
trB~'CABC = trBCB 'CA = trBtrBC?A + trCtrCA — trBCtrBCA — trC% A
=b(trCtrBCA — trAB) — 2u + vw — (trCtrAC — trA)
= —2bw — bz + vw + a.
Since wy '(4, B,C) = (C™'BA, B,C),
wg*l(a,b,z,u,w) = (trC 'BA,b,trC"'BAB, z,trC ' BABC).
By using (3.6) and the trace identities, we have

trC~'BA = trCtrAB — trCBA = —2z — (w — st),
trC™'BAB = trC ' BtrAB — trCA = (—2b +v)z — u,
trC 'BABC = trAB? = bz — a.

Since wy(A, B,C) = (A, B, D), where D = C"'BAB~1A~!,
wax(a, b, z,u,w) = (a,b, 2, trAD, trABD).
By using the trace identities, we have

trAD = trBA™'B7'C = trAtrBB~'C —trBAB™'C
= —2a — (trBtrBAC + trAtrC — trBAtrBC — trAC')
= —b(w — st) — zv + u,
trABD =trA"'B71C = trC " 'BA = -2z — (w — st).

Since w; ' (A, B,C) = (A, B,CDC™),
wil(a,b, z,u,w) = (a,b, z,trACDC™1 trABCDC™1).
By using the trace identities, we have

trACDC™! = trCDC ™' A = trCtrCDA + trDtrA — trCDtrCA — trAD
= 2trBA™'B™! — 2trA — tr[A, B]trAC — trBA™'B~'C
= —da+ (t* = 2)u — (trAtrBB~'C —trBAB™'C)
= —2a+ (* — 2)u + (trBtrBAC + trAtrC — trBAtr BC — trAC)
= —da+ (t* = 2)u + b(w — st) + 20 — u,
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trABCDC ™! = trCDC ' AB = trCtrCDAB + trDtrAB — trC DtrCAB — trABD
= 2trA™'B™! — 2trAB — tr[A, B]trABC — trA"'B~'C
= 4z + (t* = 2)w — (trCtrAB — trACB)
= —dz+ (12 — 2w — (=22 — (w — st)).

5. Mapping classes of finite order.

5.1. Mapping classes of finite order.
A mapping class ¢ of finite order acts as a holomorphic automorphism on a Riemann
surface R homeomorphic to a twice punctured torus [6]. We define

(o = wiwawswawawaw, (1 = wiwylwyt, (o = wiwsws, (5.1)

(3 = wWiwawsawy, (4 = Wiwaws, (5 = wawswy.

In this section we complete the following table.

¢ | order

Co 2 (0;2,2,2,2,00) 1 +
G1 2 (LOO) (174)(2’3) +
) 3 (0; 3, 00, ) (1,4,3)(2) | —
(3 4 (0;4,4, 00) (1,4,2,3) | +
Ca 4 (052, 00, 0) (1,4,2,3) | —
(s 6 (0;2,6,00) (1,4,3)(2) | +

The third column of the table shows the orbifold type of R/{(), or the signature of a
Fuchsian group K such that H/K = R/(¢). We will verify this in Section 5.2. The fourth
column shows the images under 7 : MC — Sy. This follows from (4.4). The sign (+) in
the fifth column means that ¢ interchanges the two punctures and (—) means otherwise.
Note that among wq, wy, ws and wy, only wy interchanges the punctures. The element
(o satisfies (2 = 1 and belongs to the center of MC (see Section 5.2).

LEMMA 5.1.
Co=¢, (5.2)
G = wiwy G Pwaw ! Go = wi twaly Pws wa - Go, (5.3)
G = w3 Wi Gwi w3, (5.4)

PROOF. We obtain (5.2) by

3
C5 = WaW3W4WaWzWaWwaoWswy = WalazWal4WswWawalwswy

2 2 -1, -1, —1
= wawa(Wawy) “Waw3wy = Wawaw]wawswy = Wawawilow; Wy = Wy

= Co-

In this calculation, to the underlined parts (4.1)—(4.3) are applied. The last equation is
due to the fact that (o is in the center of MC. The equations of (5.3) follow from
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2 2 -1, -1 —1
(5 = (Wiwawswa)” = (owy Wy~ Wy~ W1WaWsWs

1

-1 -1 -1 -1 -1 —1
=W Wy Wi Wy Wawszwslp = Wow; Wy - Wawawy wWalp

—1 —1
= Wow;  W3wawy (o

—1,-1 —1
= Wawq Cl Wiy o
and

2
() = W1WaWsW W3 = W1WalW3WalW3 = W1WalWaW3ws

= w%wgwlwgwg = WqaWzWaWsWolwWwgws
-1 -1 -1 -1
= Wy, Wy Qowawe = Wy wawy  wawalp
_ -1 -1 -1
= wy wa(wswawy wy walo
-1 -1, -1
= wy w4y wy w2lo-

We obtain (5.4) by

2
<5 = WolWzWiWoWsWwyg — WolWsWolWaWzwa

2 -2 2 —1, 2
w3ws (W3ws)® = Wy “Wiwswawsws Wi

-2 —1, 2
= w] “wsows w7 0

5.2. Finite extensions of twice punctured torus groups.
We denote by T'(g;v1,va, ..., v) the Teichmiiller space of the Fuchsian groups with

signature (g;v1,v2,...,v) (2 <11 < vy < -+ <y < 00). As before we write T =
Ti,2 =T(1;00,00) and also 71,1 = T'(1; 00) the Teichmiiller space of the once punctured
torus. If g = 0 we write T'(v1, vo, ..., ) instead of T(0;v1, va, ..., ). The Teichmiiller

space T'(p,q,r) of a triangle group consists of a single point of the conjugacy class of
a Fuchsian group with presentation (L, M, N : L = M? = N" = LMN = 1). If, for
example, r = oo, N in this notation is parabolic and we omit N” = 1. We have an
identification

T(2,p,00) = T'(p,p,0). (5.5)

We find the fized point sets {x € T : ;(z) = x}. We take (o = wiwsws as an exam-
ple. The mapping class (s sends (A, B,C) to (B"*A~1C~!,CA,C) (up to simultaneous
conjugation) and yields a rational mapping (o« (a, b, 2z, u, w) = (w,u, b, z,b= (buz — au —
zw — 4)). Solving the equations

buz — au — zw — 4
<w7u7 b) ZV ks aub S > = (a’7 b7 Z’ u’ w)

and (3.9), we obtain a unique fixed point (a,b, z,u,w) = (5,4,4,4,5) of (2. and from
(3.8)

t:\/abz—aZ—bQ—z2—|—4:3\/§, s = 3V3.
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Substituting (a, b, z,w, s) = (5,4,4,5,3v/3) to the matrix representation (3.10) we obtain
the fixed point of (5 represented by a canonical generating system (A4, B, C) of a Fuchsian
group I';. (A4, B and C in Section 5.2.3 below are replaced by their conjugates so that
their entries are integers.) Since (B~1A™1C~! CA, C) differs from (A, B, C) by an inner
automorphism, there exists a matrix M € SL(2,R) such that

B 'A7'C ' =M"'AM, CA=M"'BM, C =M~ 'CM.

These equations determine M uniquely up to sign. We obtain an extension I'; of 'y by
adding M to it. In Section 5.2.3 we give also the signature and a canonical generating
system of I'y. Similar arguments apply to other cases in Sections 5.2.1-5.2.6.

5.2.1. CO = WiWaWwgzWwyaWwzWwoaWwi.

Since (y sends (A, B,C,D) to (A"}, B~1,B"1A"'DAB, A"'B~1CBA) induced
from the inner automorphism (FEi,Es, Fs, Ey) — (E3E1E§1,E3E2E§1,E3E3E§1,
E3E4E3_1) of the group with signature (2,2,2,2,00), we see that (3 = 1, (o belongs
to the center of MC and fixes all points of 7 ([4], [15]). The map

t:(E1, Eq,Es, By, D) — (A,B,C) = (E1E3, EsEy, EsEoE1 Ey) (5.6)

in Theorem 2.1 gives a homeomorphism ¢ : T'(2,2, 2,2, 00) = T2
5.2.2. (1 = wlwzlw:;l.
We show the following inclusions

T(2,2,2,00) 5 Ti,
L2 N t3 N (57)

T(2,2,272,OO) % 7—1,2
with the embeddings
(S, T,U, V) 2 (P,Q,R) = (SU,~UT,-V?)
ta 4 (5.8)

(Ey, By, B3, Ey,D) = (S, TUT, U, VTU, -V?),

(P,Q.R) % (A,B,C,D) = (P,Q%,QRQ ', R) (5.9)
and ¢ as in (5.6). As is well known, the Teichmiiller space 77 ; is identified with

M = {(z,y,z) sy 2> 2,0t 4yt 2 = myz}
by the map

(P,Q,R) = (x,y,2) = (trP, trQ, trPQ)
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and also identified with 7(2,2,2,00) by ¢1 ([17], [4], [15]). The point of T(2,2,2,00)
associated to (z,y,z) € M is the conjugacy class of (S,T,U, V') such that

0 -1
()

T - 1 ( 2 y—z(w—\/x2—4)/2)
22 — 4 \y—z(x + Va2 —4)/2 -2 ’ 10
U—< 0 (m—\/x2—4)/2> (5.10)
S\ —(z+ Va2 —-4)/2 0 ’
V=

1 x—Va?—4 (xy — 2z —yva? —4)/2
(zy — 22+ yva? —4)/2 —x— Va2 —4 .
The conjugacy class of (E1, Fa, E3, Ey) = (S, TUT,U,VTU) is a point of T'(2,2,2,2, c0).

Compare this and (2.7). The point of 771 associated to (z,y,z) € M is the conjugacy
class of (P,Q, R) = (SU, —UT, —V?) with

2 —4

p_ ((a:+vgc2—4)/2 0 )
0 (v — VaT=1)/2)"
Q- 1 z—ylr — Va2 —4)/2 x—vVa?—4
S Va?—4 z+Vz?—4 —z+y(r+Va2—4)/2) (5.11)
R =

1 2z — Va2 —4 Yy — 2z —yva —4
VrZz—4 \zy —2z+yvr2 -4 —2x —+z2 -4 '

Since the action of (1(A, B,C,D) = (C~*BAB~!, B,BDB™!,C) restricted to t3(71,1) is
CI(L3(P7 Q7 R)) = Q(P7 Q27 QRQila R)Q71 = QL?)(Pa Q7R)Q717

(1 fixes each point of ¢3(77 1). If we identify 77 ; with M and 7; 5 with ®,(71 2), ts(z,y, 2)
is expressed by

(a,b, z,u,w) = 13(x,y, 2) = (trP, trQ%,trPQ* trPQRQ ™, trPQ*RQ ™)
= (z,y* — 2,yz — x,4yz — 3z, 3x — dwy® — Tyz + 4y°2).

But if we replace t3 by wsst3, then ¢3 has a simpler form
Lg(l’, Y, Z) = (l‘7y2 - 2,92’ — T, T, Yz — .’I})
and, if we identify 7 o with ®4(77,2), from (3.8) the s-coordinate is 2z.

REMARK. The triangle group G(2,4,00) = (L, M,N : L? = M* = LM N = 1) has
a matrix representation such that
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() (e TR
_ —1+1/V2 1/v/2
N (—1N§ —1—1/@)'

Let S=L,T=M3LM and U = —M?. Then S, T and U are all elliptic of order 2 and
STU = —S~1N2S is parabolic with trace —2. The map t4(L, M,N) = (S,T,U) gives
an embedding g4 : T'(2,4,00) = T'(4,4,00) — T(2,2,2,00).

(5.12)

The triangle group G(2,3,00) = (L, M,N : L? = M3 = LMN = 1) has a matrix
representation such that

(0 -1 _[(~(B+V5)/10 (=5+5)/5
L_<1 0)’ M_<(5+\/5)/5 (5+\/5)/10>’
N ~14++5/5 —(5—+/5)/10

\(G+v5)/10 —-1-+5/5 )

Let S=L,T=-MLM ' and U = —M?LM~2. Then S, T and U are all elliptic of
order 2 and STU = N3 is parabolic with trace —2. The map ¢5(L, M, N) = (S,T,U)
gives an embedding ¢5 : T(2,3,00) = T(3,3,00) = T(2,2,2,00).

5.2.3. Cz = wfwgwg.

The triangle group G(3,00,00) = (L, M,N : L> = LM N = 1) has a matrix repre-
sentation such that

-8 19 -1 1 ~10 27
(3 7)) (3 F)

Let A= M?L, B=L2M~" and C = M~3. Then

A:(§ ?) B:@ 141), C:(Ol i’) (5.13)

and I' = (A4, B, C) is a twice punctured torus group with

—1 —14-1 -1 0
D=C""BAB™ A _<9 _1>.

The mapping class (2 sends (A, B,C) to (B~A=*C~1,CA, C). The inner automorphism
under conjugation by M yields B~!A71C~! = M~'AM, CA = M~'BM and C =
M~'CM. Hence (A, B,C) is a fixed point of (2. The map t5(L, M, N) = (A, B,C) gives
an embedding ¢ : T'(3,00,00) = T1 2.

Since I' C SL(2,Z), 1 = (trA,trB,trAB,trAC,trABC) = (5,4,4,4,5) and hence
all points of the MC-orbit of @ are positive integer solutions of the equation (3.9).
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5.2.4. (3 = wiwawswy.

If L, M, N are the matrices in (5.12), then (L~'ML, M, —N?) is a canonical gener-
ating system of a triangle group with signature (0;4,4,00). However, instead of it, we
consider the triangle group G(4,4,00) = (L, M,N : L* = M* = LM N = 1), where

e (e e (e ) v-(30)

The group I' generated by A= ML™', B= M~'L and C = M3LMLM?, where

-1 2 5 —6 -1 -8
= (Gs) =0 0) e 5)
is a twice punctured torus group with

-1 —1 4-1 -1 0
D=C""BAB A = <4 _1>.

The mapping class (3 sends (A4, B,C) to (B!, DA, D). The inner automorphism under
conjugation by M yields B~' = M~'AM, DA = M~'BM and D = M~'CM. Hence
(4, B,C) is a fixed point of {3. The map v7(L, M, N) = (A, B,C) gives an embedding
17 :T(4,4,00) = T1 0.

Since I' C SL(2,Z), ®2 = (trA,trB,trAB,trAC,trABC) = (4,4,10,20,70) and
hence all points of the MC-orbit of xs are positive integer solutions of the equation
(3.9).

5.2.5. <4 = WiWwaWws.
The triangle group G(2,00,00) = (L, M,N : L? = LM N = 1) has a matrix repre-
sentation such that

p=( )= ) = (3 0)

Let A=L7'M~2, B=M3LM~! and C = —M?*. Then

-1 3 7 —11 -1 —4
S ST ) B Py
and I' = (A4, B, C) is a twice punctured torus group with

-1 —14-1 -1 0
D=C""BAB A _<8 _1>.

The mapping class (4 sends (A4, B,C) to (B~!,CA,C). The inner automorphism under
conjugation by M~ yields B~ = MAM~', CA= MBM~' and C = MCM~'. Hence
(4, B,C) is a fixed point of 4. The map tg(L, M, N) = (A, B,C) gives an embedding
tg : T(2,00,00) = T(00,00,00) = T1 2.

Since I' C SL(2,Z), 3 = (trA, trB,trAB, trAC,trABC) = (4,4,6,4,10) and hence
all points of the MC-orbit of @3 are positive integer solutions of the equation (3.9).
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5.2.6. C5 = WaW3zWwyg.
The triangle group G(2,6,00) = (L, M,N : L? = M% = LMN = 1) has a matrix
representation such that

() () ()

Let A= M 'L=*M~*LM? B= ML 'M? and C = (ML)3. Then

-2 1 5 =2 -1 -3
A<—15 7)’ B<3 —1)’ C(o —1>’
and I' = (A4, B, C) is a twice punctured torus group with

D=C"'BAB'A™! = (LM)3 = (_91 _01>

The mapping class (5 sends (A, B,C) to (B"'DA, DA, D). The inner automorphism
under conjugation by M yields B"'DA = M'AM, DA=M"'BM and D = M~'CM.
Hence (A4, B,C) is a fixed point of (5.

Let P = M2 Q= M?>L'M~! and R = (PQ)™' = ML. Then (P,Q,R) is a
canonical generating system of a triangle group with signature (3,00,00). So we can
identify T'(2, 6, 00) with T'(3, 00, 00).

REMARK. As a point of T, (A, B,C, D) is sent by wyw, ' to the point given in
(5.13). More precisely, if

(A,B,C,D) = (A, BA™',D,D7'CD) = wyw, '(A, B,C, D),

and

v= (—(\)/3 13/\/35)’

then (U~YAU,U~'BU,U~'CU,U~'DU) is identical with (A, B,C, D) in (5.13).

6. Examples.

6.1. Isometric spheres.
The matrix representations (3.10) can be extended to SL(2,C). Using (3.10) or
their conjugates in SL(2,C) we show some examples of Kleinian groups. We identify a

matrix
a b
a= (e 2)

of SL(2,C) with the Mdbius transformation
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az+b

A(z) = et d

The matrix A acts also on the 3-dimensional hyperbolic space H?® = {¢ = z +tj : t > 0}
(in the space of quaternions) by the Poincaré extension (see Beardon [1, Chapter 4]). Its
action can be described by

(az +b)(cz + d) + act? + tj
lez + d|? + |¢|?t?

Az + jt) =

[1, (4.1.4)]. If ¢ # 0, we denote by I(A) the isometric sphere of A, the Euclidean sphere
with center —d/c and radius 1/|c|. Isometric spheres have following properties:

(1) A(I(A)) = [(A7Y).

(2) Tt holds that

I(MyAMy) = I(AMz) = My '(I(A)) (6.1)

for Euclidean motions

a1 U1 Qo U2
M= (0 51)7 Ma = (0 52)’

6.2. The Poincaré polyhedron theorem.

The Poincaré polyhedron theorem provides conditions for a polyhedron D in H? to
be a fundamental domain of a Kleinian group. Assume that for each side s of D there is
a side s’ of D and g, € PSL(2,C) satisfying

(i) gs(s) =5".

(ii> gs' = gs_l'

(iii) gs(D)ND =10.
This g, is called a side pairing transformation. Let D denote the closure of D in H?. For
two points z and w of D, define an equivalence relation z ~ w by that z = w or there
is a side pairing transformation g such that g(z) = w. Let p: D — D* = D/ ~ be the
projection to the quotient space. The fourth condition is:

(iv) For each z € D*, p~1(2) is a finite set.

aq

Br

)

B2

=1.

Let eq,ea, ..., e be distinct edges of D. Assume that e; is on the boundary of two sides
s; and s; of D and that a side-pairing transformation g; sends 8;- tosjpifori=1,2,...,k
with sgy1 = s1. Then 0 = {ey,ea,...,er} is called a cycle of edges and h =g o---0 ¢y

the cycle transformation. The next condition is

(v) For each cycle transformation h, there is a positive integer ¢ such that ht = 1.
For an edge e, let a(e) be the dihedral angle at e measured from inside D. For a cycle
of edges 0 = {e1,ea,...,er}, let a(o) = aler) + a(ez) + - - + a(ex). Then we need the
following condition

(vi) For each cycle of edges o, a(o) = an:l ale,) = 2n/t for some positive

integer .

The last condition is

(vii) D* is complete.
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Let © = x1, T2, ...,z be points in C = C U {oco} such that (a) two sides s; and §; of D
are tangent at x;, (b) 5,41 = gs,(s;) and (c) x;41 = gs,(x;), where 21 = x1. Then z
is called an infinite edge and h = g o - - - 0 g1 the infinite cycle transformation at x. If D
is finite sided and every infinite cycle transformation at every infinite edge is parabolic,
then we can omit condition (vii) because it is a consequence of conditions (i)—(vi) ([8,
Proposition IV.1.6]).

THEOREM 6.1 (the Poincaré polyhedron theorem [8, Theorem IV.H.11]). If con-
ditions (1)—(vii) are satisfied, then the group G generated by side pairing transformations
is a discrete group, that is, a Kleinian group and D is a fundamental domain for G.

In the following, we let S(a,r) denote the sphere {¢: | —a| =r}. If E € SL(2,C)
is elliptic, its fixed point set Fiz(E) is a hyperbolic line in H?3.

6.3. Examples.
Example 1. We consider the mapping class ¢ = wgwglwlwgz

(A,B,C,D) - (C"'BAB™',BA(C™'BAB™"),C,C"'BADA™'B~'C).

Let G; be the group generated by

A:(\/gi_@' _—\}3) B (2\/\/?;3;@ _(1/2)(\?+3i))’

-1 =2 -1 0
o=( ) (v D)
These matrices satisfy ABA™*B~1CD = I, where I is the unit matrix. Let

M = (ol _f) w= %(—1 +V/30). (6.2)

Then

M~YAM = C~'BAB~!, M~'BM = BAC-'BAB™!,

6.3
M~CM = C, M~'DM = C'BADA-'B~1C. (6:3)

Let I'y = (M) x G1 be the group defined by (6.3). We list isometric spheres of some
elements of I'; and some planes orthogonal to the complex plane:
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szl wes(Eeld)
I(MB):S<;+;,;>7 I(B_IM_1)=S<;+;,;),

[(CA)=§ %Jrl,% , [(A'c =5 §+2,% ,

I(MBAl)( s <w +>; ;) , [(AB-'M~) i (w + gé) o
I(BA™'M)=S (; ;) : I(M~'AB ') =58 (2 ;) :

(€)= {C = z+jt : Im (z0) = 0}, I(C~Y) = {¢ ==+ jt:Im((z— @) = 0},

I(M) ={¢ =z+jt:Imz =0}, (M~ )Z{C=z+jt.1mz:1mw}.

Note that I(C) is the vertical plane passing through 0 and w, I(M) is the vertical plane
passing through 0 and 2, I(C~1) = C(I(C)) and I(M~') = M(I(M)). For convenience,
we refer to them as the isometric spheres of C, M, C~' and M1, respectively. Let %
denote the region bounded by these isometric spheres. Figure 6.1 depicts the faces of Z.
We denote by s; the face labeled as in Figure 6.1:

s C I(A™Y), sy C I(MB), s3 C I(A), s4 CI(A) =I(CA),
s5 CI(MB™'M™Y), s¢ C I(A"'C™Y),  s;C I(MBA™Y), ss C I(AB~'M~1),
sg C I(BA™IM), s10 C I(M~YAB™Y), s C I(C), s12 C I(C7Y),
s13 C I(M), s14 C I(M), s15 CI(M™Y),  sigCI(M™1).

Side-pairings of #Z are as follows:

{51783;"471}3 {52785;MB}7 {54786;CA}3 {87788;MBA71}7
{s9,510; BAT*M}, {s11,812;C}, {s13,s15; M}, {s14,516; M}

Here {s;, sj, P} means P(s;) = s;. The subgroup generated by the side pairing transfor-
mations equals I'y, since B = M~1(MB).

Figure 6.1. A bird’s-eye view of isometric spheres (left). Faces s11, s12, .-

i

s16 are on vertical planes.

We define Euclidean motions
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o) () e )

Then we have

SAS~l=A"1C-!, SBS~!=M"'CB-'M~!, SCS~'=C, SMS~!=M,
TAT-' = CA, TBT-! = AB-'CA, TCT-'=C-', TMT' =M1,
UAU-'=A"', UBU-'=MC-'MB, UcU-'=C-', UMU' = M.

Thus ST S~ ! =TTyT~! = UI'tU ! =T'; and hence I'; is invariant under the translation
S(z) = z+ 1, the rotation T'(z) = —z + (2 + w) about 1 + w/2 through the angle = and
the rotation U(z) = —z + (1 + w) about (1 4+ w)/2 through the angle 7. This accounts
for symmetries shown in Figure 6.1.

We will find cycles of edges. Let s;; = s;; be the common edge of s; and s;. For
example, o1 = {s21, 83,9, 5105} is a cycle of Z. Since A71(s1) = s3, BA™1M(s9) = s19
and B~'M~!(s5) = s9, the cycle transformation is B~*M ' o BA~'M o A~!, which
equals 1 by (6.3). We identify two cycles o and ¢’ if ¢’ is a cyclic permutation of o or of
o with reversed order. Then all cycles of edges and cycle transformations of % are

o1 = {521, 3,9, 5105} B 'M1oBA 'MoAl =1,

o2 = {529, 510,6, 54,5} B M toA 'C1oBA M =1,
o3 = {856, 54,8, 57,2}, MBoAB 'M~1loA-1C 1 =1,
o4 = {s5,8,57.1,53,2}, MBoA loAB~ ‘M1 =1,

o5 = {S1.11, 512,6, 54,3} AoA-1C1oC =1,

— -1 —1 -1 -1 _
0 — {89,13,515,7,88,16,514,10}, M AB OM OMBA OM =1.

Note that o1 and o3 are equivalent under 7" and so are o9 and oy4.
The condition (vi) in Section 6.2 is satisfied by each cycle since

1) = a(s1,2) + a(ss9) + a(si0) = 27/3 4+ 27 /3 + 27/3 = 2,

«
Oé(0'5) = 01(81,11) + 05(512,6) + 04(5473) = 7'(‘/2 + ’/T/2 + 7T = 271'7
O[(Sg,lg) + a(51577) + CV(SSJG) + 0[(814’10) = 7T/2 + 7T/2 + ’/T/2 + 7'('/2 = 27’(,

=8
Q

and that a(o2) = a(o3) = a(oq) = 27 follows from a(o;) = 27 and the symmetries
S, T and U. Since # has finitely many sides, the other conditions (i) through (vi) in
Section 6.2 are satisfied. The condition (vii) is satisfied by Proposition IV.I.6 in [8].
The Poincaré polyhedron theorem concludes that I'y is a Kleinian group and has # as a
fundamental polyhedron.

Example 2. We consider g = w%w;lwlwgz

(A,B,C,D) — (C"'BAB™',BA*(C™'BAB™")?,C,C"'BA’DA™2B~'C).

Let a be a root of a® —4a* 4+ 16 = 0 such that a = (—1.721433 - --) + (0.352201 - - - )i. We
have a* — 2a® — 4 = ia®. Let Gy be the group generated by
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A ((1/8)a3(a2 -2) —(1/16)a3(a2 — 2) )
—2a —(1/8)a(a — 2)(a+2)(a®> +2) )’
B (—(1/8)z‘a(a4 +6a2—8)  —(1/16)ia(a® — 4a% — 8) )
—ia3 —(1/8)ia(a — 2)(a +2)(a®> +2) )’

-1 -1 -1 0
o=y 3) 2=ty 5)

If
1 w
u=(o 5)
where
1
w= §a2(2 —a?), (6.5)
then

M~YAM = C~'BAB~', M~'BM = BA*(C~'BAB~1)2,
M-'CM = C, M~-'DM = C-'BA2DA—2B~1C.

Figure 6.2. A bird’s-eye view of isometric spheres (left).

Let I's = (M) x G2 be the group defined by (6.6). We define Euclidean motions

S:<(1) 1{2>’ T:<_Oi (1-l-iw)i>’ U:(—Oz’ (1/2:rw)z'>_

Then we have
SAS™'=A"1'C~t, SBS'=M"'CB'M~! SCS!'=cC, SMS—! =M,
TAT ! = CA, TBT ! = A?B~YCA?, TCT '=C~' TMT ‘=M1,
UAU ' = A1, UBU~! = M2C~'B, vcut=ct', UMU'=M"1

and thus ST3S5~ ! = TT,T~! = UTy,U~! =T'5. Hence I'y is invariant under the transla-
tion S(z) = z+1/2, the rotation T'(z) = —z+ (1 +w) about (14 w)/2 through the angle
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7 and the rotation U(z) = —z + (1/2 + w) about (1/2 4+ w)/2 through the angle 7. This
accounts for symmetries shown in Figure 6.2.
Let # denote the region bounded by the isometric spheres

n_g(e L _g(wtt 1
1oy 2 g (9 L 2y _ 11
(A= C )—S(2+1,2|a|>, I(BA )—S(w+4,4>,
I(MA’B~ ‘M) =8 w—|—§ H I(M™'BA?M) =S 1l
4’4)" 4’4)"
2—1\ _ §1 -1y _ 3a2—a4l
s =s(37). rea =s (50 2,
I(ABT'M~Y) =8 44307 —at 2 I(MBA) =S d—a* 2
- 8 7|a|4 9 - 8 7|a|4 )
8—a? 2 w 1 1
~1p-1p7-1y — 4 — Tz =
I(A~"B™'M )—S( 3 ,|a|4), I(B) S(2+4,a|3>,

31
IMB'MNY=5(Y4+2
( ) S(2+4’a|3>

and the planes orthogonal to the complex plane

I(C)={z+tj:Im(20) =0}, I(C™Y)={z+tj:Im((z — 1)) =0},
IM)={z+tj:Im(2) =0}, I(M)={z+1tj:Im(z —w) =0}.

For convenience we call I(C) the isometric sphere of C, and so on. Since
SMBAS ™' =CB M~ tA7'C™!, TMBAT ' =AB ‘M,
UMBAU' = MC 'BA™1,

we have

I(B'M~'A™"Y), T(I(MBA))=I(AB™'*M™1),
I(BA™Y).

S(I(MBA))
U(I(MBA))

The faces s; of #Z labeled as in Figure 6.2 are:

51 CI(A7Y), sy C I(A), s3 C I(A)=I(CA), sqCI(A7TC™Y,

s5 C I(BA™2), sg C I(MA2B~'M~Y), s; c I[(M~'BA~2M), sy C I(A2B~1),

s9 C I(BA™Y), s10C I(AB-'M~Y),  s;; C I(MBA), s19 C I(A"' B\ M),
s13 C I(B), s14 CI(MB™IM™Y), 515 C I(O), s16 C I(C™1),

si7 CI(M),  s158 C I(M), s19 C I(M™1), so0 C I(M~1).

Side-pairings of #Z are:
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{SI;SQ;A_1}7 {33784;014}’ {85756;MBA_2}7 {87788;BA_2M}7
{59,810, MBA™'}, {s11,512; MBA}, {s13,514; MB},  {s15,516;C},
{s17,819; M }, {s18,820; M }.

Here again {s;,s;, P} means P(s;) = s;. Let s;,; = s;; be the common edge of s; and
sj. The cycles of edges and cycle transformations of % are

o1 = {8711, 512,3, S48}, M~ 1A2B 'oCAo MBA =1,

o9 = {s1,11, S12.8, S7.2}, AoM™'A’2B~1'o MBA =1,

o3 = {510.6, 55,1, 52,9} MBA oA 'o A2B M1 =1,
o4 = {84,10, 99,5, 56,3}, CAoMBA 20 AB~'M~' =1,
o5 = {$11,13, 514,3, S4,12 )+ A7'B M 'oCAoMB =1,

o6 = {$2,13, $14,10, 59,1 }, A Yo AB"'M~'oMB =1,

o7 = {89,13, $14,4, 53,10}, AB 'M~1oA-'C~ 1o MB =1,
os = {$1,13, 514,12, $11,2}+ Ao A™'B'M~toMB=1,

o9 = {s1,15, $16,4, 53,2}, Ao A7IC 1o =1,

— -1 A2 p—-1 -1 —2 —
g10 — {87717,81975,56720,81878}, M~tA*B oM oMBA oM =1.

We will verify that each cycle satisfies the condition (vi) in Section 6.2. Let S; = {¢ :
|¢ —c1] = r1} and S = {C : [ — co| = r2} be two spheres with ¢;,c2 € C and D be
the region {C : [ — ¢1| > 71, |C — 2| > r2}. If S1 and S5 meets, then the dihedral angle
between them measured from inside D is w — arg (51, S2), where

O(S1,8) = ri + 13 — d* + /A, r1,12), (6.7)
with d = |¢1 — ¢o] and
A(d,r1,m2) = (d+7r1+712)(d—1r1 +72)(d+ 711 —12)(d — 11 —T2).
For the cycle o1,

(s7,11) =7 —arg®(I(M~'BA™*M),I(MBA)),
a(si23) =m—arg®(I(A™'B~' M), I(CA)),
a(syg) =7 —arg®(I(A™'C™1), I(A’B7)).

«

If Sy =I(M'BA=2M) and Sy = I(MBA), then d = |a® —2|/8 = 1/]a|?, since a* —2 =
8i/a3, 11 = 1/4 and ro = 2/|al*, and hence

) =®(I(M~'BA*M),I(MBA)) = <x8+43_42x2+\/£)7

1
1628
where z = |a| and

A= (z—2)(x+2)(2® —22% + 4o — 4) (2> + 227 + 4o + 4)(2* — 42 + 8)(z* + 4z + 8).
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If Sy = I(A'B7'M~1) and Sy = I(A), then d = |a* — 4a® + 8|/16 = 4/|al®, since
a* —4a® + 8 = 64i/a®, r1 = 2/|a|* and ro = 1/(2]a|), and hence

1

®y=@(I(A'BT'M 1), I(A)) = 1210

(28 - 4%+ 4%2 4 VA) .
If S; = [(A71C71Y) and Sy = I(A?B71), then d = |a* — 2a® — 4]/16 = |a|?/16, since

a* —2a® — 4 =ia®, ry = 1/2|a|] and 7, = 1/4, and hence

5 =@ (I(A'CH, I(A*B™)) =

=62 (—;c8+43+42332+\/g).

Therefore arg(®;PoP3) = arg(—21321%) = 7 and we have
a(oy) = 3m — arg(P1 Do P3) = 27.

By using the symmetries S, T and U we have also a(o2) = a(o3) = a(os) = 27.
For the cycle o35,

a(s11,13) =7 —arg ®(I(MBA),I1(B)),
a(sia3) = —arg®(I(MB~ M1, I(CA)),
a(sqi2) =m—arg®(I(A™'C™), I(A'B~'M™)).

If $; = I(MBA) and Sz = I(B), then d = |a® — 2|?/16 = 4/]a|®, since a® — 2 = 8i/a?,
r1 = 2/la|* and ro = 1/]a|?, and hence
®, = &(I(MBA),I(B)) = % (—42 +dat + 28+ VK) :
where z = |a| and
A= (—4—22% +23)(4 — 207 + 2%)(—4 + 22° + 23) (4 + 222 + 23).

If Sy = I(MB™*M~1') and Sy = I(CA), then d = 1/4, 11 = 1/|a|]® and ry = 1/(2|al),
and hence

®y =@(I(MB'M™"),I(CA)) = ﬁ (42 44zt — 28 + \/Z) .

If Sy = I(A~'C~Y) and Sy = I(A"'B~'M~1), then d = |4a% — a*|/16 = 1/]a|?, since
a? —4=-16/a*, r; = 1/2|a| and ro = 2/|al*, and hence

oy =0(I(A'CTY), [(AT'BTI M) = é (42 + 2% — 42 + \/Z) .

Therefore arg(®;Po®3) = arg(—8x~1%) = 7 and we have
Ct(0'5) =37 — arg(<I>1<I>2<I>3) = 2m.

By using the symmetries we have also a(og) = a(o7) = a(os) = 2. For the cycles og



1248 T. NAKANISHI

and o019,
alog) = a(s1,15) + a(s164) + a(ss ) =7/2+ /2 4+ 7 = 2m,
and
a(o10) = a(s717) + a(s195) + (s 20) + a(s188) =7/2 + 7 /2 + 7/2 4+ /2 = 27,

(Note that s15, $16,- - -, 20 are planes vertical to C.) By the Poincaré polyhedron the-
orem we conclude that the subgroup generated by the side-pairing transformations is
a Kleinian group. Since C, CA, M and MB are side-pairing transformations and
A= C~YCA), B= M~Y(MB), this group coincides with I'y.

Example 3. Let
-1 2 3 2—1
A<2i 3)’ B(2+i —2i>’
(-1 -1 (=142 1
C‘(o —1)’ D_( 4 —1—22’)'

The group I's generated by A, B and C'is a subgroup of PSL(2,Z[i]) and hence a Kleinian
group. Besides C' and D, the matrices A,

i1 (3-2 -4 B (-3-2 2
BATEB _(—22' Lyyg) WA CD=[BAI= Ly

are also parabolic. Although ABA='B~'CD = I holds, I's is not a faithful representa-
tion of the twice punctured torus group, for B2AC and BABC are elliptic of order 2.
Let

=7 )

and replace v € I's by MyM~'. So
(1 0 o 1+i =2
A_<i 1)’ B_<1+i/2 —1)’

-1 -2 —1—2 2
C‘(o —1>’ D_( 2 —1+2i)'

Let ¢ be the imaginary axis, ¢> the vertical line through 1 and /3 the real axis. The
limit set of I's is symmetric in the lines ¢;, ¢3 and ¢5. To see this, let Ri(z) = —Z,
Ro(z) = —z + 2 and R3(z) = z be the reflections in ¢;, ¢5 and {3, respectively. If
M = (2}Y), the Mébius transformations Ji(M) = R; o M o Rj_1 for j = 1,2,3 is
represented by

a b G—2¢ —2a—b+4e+2d
Jl(M)Z(—c d)’ JQ(M)Z( —c 2+ d )
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Figure 6.3. A part of the limit set of I's.

J3(M) = <‘(_j Z_)
We have
Ji(A)=A, J(B)=C'A"'B7'C, J(C)=C"",
Jo(A) = BAB™', J,(B)=A"'B™', J(C)=C1,
and

J3(A) = A", J3(B)=CAC™'B, J3(C)=C.
Hence I';5 is invariant under .J;, Jo and Jz. Let

N = (1/(‘)/5 i’)f)

Then

) 4 (0 1 (-1 1
NB2ACN _<1 o) NenTt=( 0 )

Thus the subgroup K; = (B?A,C) is a conjugate of the modular group I'g = PSL(2,Z)
in PSL(2,C), and so is the subgroup K = (BAB,C) = J;J3(K1). The region of
discontinuity of K is the union of Q1 (K;) = {z : Im (z) > 2} and its reflection in the
line Imz = 2, and that of K3 is the union of Q7 (K3) = {# : Im (z) < —2} and its
reflection in the line Im z = —2. Figure 6.4 shows orthogonal projections of isometric
spheres:

I(B*AC) = S(2i,2), I(BABC) = S(—2i,2),
I(B*AB) = S(1,1), I(C™'B*ABC) = S(—1,1),
ICY)={{=z2z+tj:Rez=—1}, I(C)={C=2+1tj:Rez=1}.
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We call I(C) and I(C~!) the isometric spheres of C and C~! for convenience.

9 .10
. _4.1_ L4 (24 V3)i
__;)"/__ H__“_,. <

Figure 6.4. A bird’s-eye view of isometric spheres (left).

Let #Z denote the region bounded by these planes and s; (i = 1,2,...,10) the face
of % labeled as in Figure 6.4: sy, sy C I(B2AC), s3,54 C I(B>AB), s5,56 C I[(BABC),
s7,88 C I(C7'B2ABC), sy C I(C™1), 519 C I(C). If s, ; = s,;,; denote the common edge
of s; and s;, then

19 C Fiz(B?AC), s34 C Fix(B*AB), s3.10 C Fix(B%A).

Here note that B2AC and B2AB are elliptic of order 2 and B2A is of order 3. It can
be shown by using symmetry that other edges are also in the fixed point sets of elliptic
elements. Side-pairings of # are as follows:

{31,32;32140}, {53,34;32AB}, {s5,86; BABC'},
{s7,s8;C ' B2ABCY, {s9,510;C}.

Here, again {s;,s;, P} means P(s;) = s;. The subgroup of I's generated by the side-
pairing transformations is identical with I's because

B = (B*AB)C(BABC)™', A= B ?B*AC)C™".
The cycles of edges for # are:

o1 ={s12}, 02 = {534}, 03 ={s56}, 04 = {578},
05 = {81,97810,2}, 06 = {35,10739,6}7

o7 = {523,54,5,56,7, 58,1 }-

Dihedral angles at the edges are:
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a(s1,2) = afssq) = asse) = a(srs) =,
04(51,9) = 04(52,10) = 04(85,10) = 04(86,9) = 71'/3,

04(5273) (84,5) = 01(85,7) = 05(81,8) = 7T/2.

Hence, by Poincaré polyhedron theorem, Z is a fundamental polyhedron for I's. The
closure of Z in {( = z+1¢j : t > 0} meets C in the sets D U D_, where

Dy ={z:-1<Rez<1,+(Imz) > 2|z — (+2i)| > 2},

and D, is a fundamental set for K7 and D_ is a fundamental set for Ks. Therefore, if
Q(T'3) denotes the region of discontinuity for I's, then

Q(D3)/T5 = O (Ky) /K1 UQ™ (Ks) /Ko

Each of its two components is an orbifold of type (0;2, 3, 00). Although I's and PSL(2,Z)
are not conjugate in PSL(2,C), we have an isometry Q(I's)/T's = (C —R)/PSL(2,Z).

Figures 6.1-6.4 are produced by Wolfram Mathematica.
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