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ABSTRACT. For a continuous and positive function w (A), A > 0 and u a positive
measure on (0, 00) we consider the following monotonic integral transform

M (w,p1) (T) := /Omw<A>T<A+T>‘1du<A>,

where the integral is assumed to exist for T a positive operator on a complex
Hilbert space H.
Assume that A > mq; > 0, B > ms > 0, then we show that

M (w, p) (B) = M (w, 1) (A
M(w 1) (mz) =M (w.g2) (1

)
ey if my # mo,

<|[B-A]
M (w, p) (m) if my = mg =m,
where M’ (w, ) (t) is the derivative of M (w, u) as a function of ¢. If the function
f:(0,00) — R is operator monotone in (0, 00), then
f(ma)—f(m1)

g —ma if mi 7’5 ma,

If (B) = f (A <[IB—Al
f(m) if my =my =m.
In particular we have the power inequalities

3 s
Moy —1My
ma—mi

if miq 7’5 ma,
[B"—A"[| < ||B - Al
rm™ Y if my = me =m,
and the logarithmic inequalities

In —In :
e i my # ma,
InB - A| < |[B - A
% if mqy =mo = m.
Some applications for operator convex functions and midpoint and trapezoid
norm inequalities are also provided.
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1. INTRODUCTION

Let B(H) be the Banach algebra of bounded linear operators on a complex
Hilbert space H. The absolute value of an operator A is the positive operator |A|
defined as |A| := (A*4)"%,

It is known that [3] in the infinite-dimensional case the map f(A) := |A] is
not Lipschitz continuous on B (H) with the usual operator norm, i.e. there is no
constant L > 0 such that

Al =Bl < L{|A = Bl

for any A, Be B(H).
However, as shown by Farforovskaya in [7], [8] and Kato in [14], the following
inequality holds

2 1A+ 1 B]]
(L) 141 - 111 < 2114 - 5 (2+10g (LR IR
for any A, B € B(H) with A # B.
If the operator norm is replaced with Hilbert-Schmidt norm ||C|| 4
(tr C*C)"? of an operator C, then the following inequality is true [1]

(1.2) 1AL = 1Bl s < V2114 = Bllys

for any A, Be€ B(H).

The coefficient /2 is best possible for a general A and B. If A and B are restricted
to be selfadjoint, then the best coefficient is 1.

It has been shown in [3] that, if A is an invertible operator, then for all operators
B in a neighborhood of A we have

(1.3) 1Al = IBIIl < ar |A = Bl| +az | A= B|* + O (| A~ B|I*),

where
_ _ 113
ar = AT Al and az = [[A7] + [|ATH7 AL
In [2] the author also obtained the following Lipschitz type inequality

(1.4) If(A) = f (B < f(a)[[A- B

where f is an operator monotone function on (0,00) and A, B > a > 0.

One of the problems in perturbation theory is to find bounds for || f (A) — f (B)||
in terms of ||A — B for different classes of measurable functions f for which the
function of operator can be defined. For some results on this topic, see [4], [9] and
the references therein.

We have the following representation of operator monotone functions [15], see
for instance [5, p. 144-145]:

Theorem 1. A function f : [0,00) — R is operator monotone in [0,00) if and
only if it has the representation
A

(15) F ()= £(0)+bt+ / Ly,
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where b > 0 and a positive measure v on [0,00) such that

<A
1.6 ——du (N) < oo.
(1.6 | o
A real valued continuous function f on an interval [ is said to be operator convex
(operator concave) on I if

(0C) fUA=XNA+AB) < (2)(1 =) f(A)+Af(B)

in the operator order, for all A € [0, 1] and for every selfadjoint operator A and B
on a Hilbert space H whose spectra are contained in I. Notice that a function f is
operator concave if — f is operator convex.

We have the following representation of operator convex functions [5, p. 147]:

Theorem 2. A function f : [0,00) = R is operator convex in [0, 00) with f’ (0) €
R if and only if it has the representation

(1.7 FO=5 O+ O+t [T ),

o tH+A
where ¢ > 0 and a positive measure i on [0,00) such that (1.6) holds.

We have the following integral representation for the power function when ¢ > 0,
r € (0,1], see for instance [5, p. 145]

: oo yr—1
pr-1 _ Sin (rm) / A ’
s 0 A+t

Motivated by these representations, we introduce, for a continuous and positive
function w (), A > 0, the following integral transform

(1.8) D wp) () = | Twl)

A+t
where p is a positive measure on (0, 00) and the integral (1.8) exists for all ¢ > 0.
For p the Lebesgue usual measure, we put

(1.9) IMwﬂﬂ;:Am%é%d&t>O.

Now, assume that 7" > 0, then by the continuous functional calculus for selfad-
joint operators, we can define the positive operator

(1.10) Dw) ()= [ wW O+ dun ().

dp(A), t >0,

where w and p are as above. Also, when p is the usual Lebesgue measure, then
(1.11) D@Q@y:/‘wQMA+ﬂldx
0

for T' > 0.
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If we take u to be the usual Lebesgue measure and the kernel w, (\) = A1,
r € (0, 1], then

sin (rm)

(1.12) = TD (w,) (t), t > 0.

For a continuous and positive function w (X)), A > 0 and a positive measure p
on (0,00), we can define the following mapping, which we call monotonic integral
transform, by

(1.13) M(w, p) (t) :=tD(w, u) (t), t > 0.
For t > 0 we have

(1.14) M(w, p) (t) :=tD(w, ) (t) = /Ooow A EE+N)"du(N)
= /Oow()\) (tE+A=N)(E+ N du(N)

- /Ooow(A) [T=AE+N"du().
If [ w(N)dp(X) < oo, then

(1.15) M(w, ) (1) = / T (N dpt () — D(lw, 1) (£)

where £ (t) =t, ¢t > 0.
Consider the kernel e_, (A) := exp(—a\), A > 0 and a > 0. Then, after some
calculations, we get

Dle_) (1) = /0 h WCM — Ey (at) exp (at), £ >0

and

/Ooow()\)dA:/Oooexp(—a)\)d/\zl,

a
where the exponential integral is defined by

Ei(t) = / °du.
t

U
This gives that

M(e_,) (t) =tD(w, u) (t) = tE; (at) exp (at), t > 0.

By integration we also have
* Xexp (—al) 1

Dle o ) (1) = /0 R = 2 5 () exp (at)

for t > 0.
One observes that

Me_) (t) = /0 T W) dA = Dle_u, ) (1), £ >0

and the equality (1.15) is verified in this case.
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If we take w, (\) = X', r € (0,1], then [;°w, (A\)d\ = oo and the equality
(1.15) does not hold in this case.

For all T" > 0 we have, by the continuous functional calculus for selfadjoint
operators, that

(1.16)  M(w,p) (T) = TD(w, ) (T) = /OOO wA) [L=XT+ X" du(N).

This gives the representation

_ sin (r7)

1" M(w,, p) (T')

where w, (A\) = X", r € (0,1] and g is the usual Lebesgue measure.
Assume that A > m; > 0, B > my > 0, then we show that
M (w, ) (B) = M (w, 1) (A)]

M(w,p) (m2) =M (w,p) (ma

mo—mi

) if my 7£ ma,
<|[B— Al
M (w, @) (m) if my =mg =m,
where M’ (w, ) (t) is the derivative of M (w, 1) as a function of t. If the function
f:[0,00) — R is operator monotone in [0, c0), then

fma)=f(m1) ¢ my % mo
mo—m1 ’
If (B) = f (Al < [[B—A]
f(m) if my =my =m.
In particular we have the power inequalities

my—my .
e —— if my #£ mo,

|B" = A"|| < ||B - A
rm"~ L if my = my = m,

and the logarithmic inequalities

Inmo—Inmy

e if mq 7é may,

InB—lnA| < |B- Al
% if my =my =m.

Some applications for operator convex functions and midpoint and trapezoid norm

inequalities are also provided.

2. MAIN RESULTS
We have the following equality that is of interest in itself:

Lemma 1. For all A, B > 0 we have the representation

(2.1)  M(w, p) (B) = M(w, u) (A)

| (/1()\Jr<1_t>A+tB)_1(B—A)(>\+(1—t)A+tB)—1dt>
X Aw (A) dp () -
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Proof. From (1.16) we have for all A, B > 0 that
(2.2) M(w,p) (B) = M(w, 1) (A)
:A wun1—MB+Ar1@mn—A wO) [ = AA+ N du (V)

:AWMMMUA+A)%4B+A)1¢um.

Let T, S > 0. The function f (t) = —t~! is operator monotone on (0, 00), operator
Gateaux differentiable and the Gateaux derivative is given by

ST +1t5) - f(T)
t

(2.3) Vfr(S) :=lim l

t—0

} =T'ST!

for T, S > 0.

Consider the continuous function f defined on an interval I for which the cor-
responding operator function is Gateaux differentiable on the segment [C, D] :
{(1=t)C+tD, t€]0,1]} for C, D selfadjoint operators with spectra in I. We
consider the auxiliary function defined on [0, 1] by

fep () =f(1—-t)C+1tD), te0,1].

Then we have, by the properties of the Bochner integral, that

@0 J0)-1©O = [ Fler®di= [ Vhipoun(D-Car

If we write this equality for the function f(¢) = —t~! and C, D > 0, then we get
the representation

(2.5) Cl—D1:A%G—QC+MW%D—CMQ—QC+WYWt
Now, if we take in (2.5) C =X+ A, D = A\ + B, then
(2.6) A+A) =+ B)"!
:A%Q—QM+AH¢M+BWJB—A)
X (1=t) A+ A) +t(\+B)) "dt
:/01 A+ (1—t)A+tB) " (B—A) A+ (1—t)A+tB) "dt.

By employing (2.2) and (2.6), we derive (2.1). 1

Corollary 1. Assume that the function f : [0,00) — R is operator monotone
in [0,00) and it has the representation (1.5), then for all A, B > 0 we have the
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equality
27) f(B)=f(A)-b(B-A4)

:/Oo (/1 A+ (1-DA+tB) " (B— A) (/\+(1—t)A+tB)1dt>
0 0

x N (N).
Proof. From (1.5) we have for 7' > 0 that

FA(T) = £ (0) =0T = M(l, ) (T,
for some positive measure u, where £ (\) = A, A > 0. Therefore
M(l, 1) (B) = M(6,p) (A) = f(B) = f(A) —b(B - A)

and by (2.1) we get (2.7).

Corollary 2. Assume that the function f : [0,00) — R is operator convez in [0, 00)
and it has the representation (1.3), then for all A, B > 0 we have the identity

(28) f(B)B'—f(AAT—f(0)(BT'—AT") —c(B-A)

:/Oo (/1 A+ (1—t)A+tB)" (B - A) (/\+(1—t)A+tB)_ldt>
x N2dp ().
Proof. From (1.7) we have for T" > 0 that
(f(T) = ()T~ =b—cT = M(t,p)(T),
for some positive measure p. Therefore
M, 1) (B) = M(€, 1) (A) = (f (B) = f(0)) B~ = (f (A) = f(0)) A~ —c(B — A)
and by (2.1) we get (2.8).

Remark 1. From the representation (2.1) we observe that if B > A > 0, then
M(w, ) (B) > M(w, i) (A) which means that M(w, ) is operator monotone on
(0,00), see also [6].

We have the following Lipschitz type inequality:

Theorem 3. Assume that A > m; >0, B> mgy > 0, then

(2.9) 1M (w, 1) (B) = M (w, 1) (A)]]
M(w,p) (ma) =M (w,u)(m1) if my # ma,
<||B— Al e

M (w, ) (m) if my =my =m,
where M’ (w, ) (t) is the derivative of M (w, 1) as a function of t.
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Proof. From the identity (2.6) we get by taking the norm that
(2.10) [IM (w, p) (B) = M (w, 1) (A)]]

g/ooo /01()\+(l—t)AthB)_l(B—A)()\Jr(1—t)A+tB)_1dtH
x Aw () dype (N)
g/ooo (/OIH(AJr(l—t)AHB)1(B—A)(A+(1—t)A+tB)1}}dt)
x Aw () dpe (N)
< ||B—A||/000Aw()\) (/01H(A+(1—t)A+tB)_1H2dt) dp (N

for all A, B > 0.

Assume that msy > m;. Then

(1—t)A+tB+>\ 2 (1—t)m1+tm2—i—)\,
which implies that

(1—t)A+tB+ A" < (A —t)mi+tmy+ A",

and

(2.11) [((1=t) A+ tB+ 27" < (1= ) my + tmy + )

for all ¢ € [0,1] and A > 0.
Therefore, by integrating (2.11) we derive

/Ooo Aw (N) (/01 (1 —t)A+tB+)\)_1||2dt> dw (\)
< /OOOMU(A) (/01((1 —t)m1+tm2+A)2dt) dw (\)

_ mziml /OOO)\w(/\) (/01((1 )+ tma + A)
X (mg —ma) (1 —t) my + tmg + A) " dt) dw (M)

= L M (w0 (m2) — M (w0 ()] (by (2.)
and by (2.10) we deduce
(2.12) M (w, ) (B) = M (w, ) (A)]
1B — Al _
< 222 it ) () = MG ) ().

The case ma < m; goes in a similar way and we also obtain (2.12).
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Let € > 0. Then B+ ¢ > m+ ¢ > m. From (2.12) we get

M (w, 1) (B + €) = M (w, u) (A)]|
_B+e-4|
T om+te—m

M (w, i) (m + €) = M (w, ) (m)]

and by taking the limit over ¢ — 0+, using the continuity and differentiability of
M (w, 1) we deduce the second part of (2.9). n

Corollary 3. Assume that the function f : [0,00) — R is operator monotone in
[0,00) and it has the representation (1.5). If A > my >0, B > mgy > 0, then,

(2.13) [/ (B) = f(A) —b(B—A)
<—f(1723:51n1) - b> if my # ma,
<|B-A]

(f"(m) =0b) if my =mg=m.
Proof. From (1.5) we have for 7' > 0 that
FAT) = f(0) =0T = M(l, ) (T),
for some positive measure p, where ¢ (\) = A\, A > 0. Therefore

M(l,p) (B) = M(L,p) (A) = f(B) = f(A) —b(B - A),

M (L, p) (me) — M (L, p) (ma) = f(ma) — f (ma) —b(ma —ma)
and
M (L) (m) = f"(m) —b.
By (2.9) we obtain
1f(B) = f(A)—b(B—A)]
(f(m2)_f(ml) _ b) if my # mo,

ma2—m1

<|[IB - A

(f" (m) = b) if my =my =m,
which is equivalent to (2.13).

By the properties of the norm, we have

1F(B) = f (Al = b][B = A
< |[IF(B) = f(A) —b(B-A)

flme)—f(m1) ;
( Trz_ml ! b) if my #£ mao,

<|[IB - A

(f' (m) —0b) if my =my =m,
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which implies the following inequalities in which the nonnegative parameter b is
not involved
fma)=f(m1) s¢ my # mo
Y

m2—mi

(2.14) 17 (B) = F (Al < 1B - A

fr(m) if my =mg =m,

where the function f : (0,00) — R is operator monotone in (0, co).
By employing this inequality for power and logarithmic functions we can state
the following results of interest:

Proposition 1. I[f A > my; >0, B > my > 0, then for r € (0, 1] we have the power
mequalities
Tl if my # my,
(2.15) |B"— A" < ||B - A
rm" b if mp = my = m,
and the logarithmic inequalities
—lnzzilfélml if my # ma,
(2.16) ImB —InA| < ||B—A|
% if miy =mg =m.

Corollary 4. Assume that f : [0,00) — R is operator convez in [0,00) that has
the representation (1.7). If A>my >0, B > my > 0, then

217)  |[f(B)B = f(A)AT = f(0) (B =AT") —c(B-4A)

—-1_ m m_l_ m—l_m—l .
(f( 2)my = f( 1T)n2im1f(0)( 2 1 >—C> mel%m%

<|[|B - A

<f/(m)m—n{§m)+f(0) _ C) if My = my = m.

If f(0) =0, then we have the simpler inequalities

(2.18) IF (B) B! = f(A) A —c(B - A)
f(mz)mgl:::;(:nl)ml_l _ C) if my 75 ma,
<|[IB-A4]

(—f/(m);:;f(m) - c) if mp = mo = m.
Proof. From (1.7) we have for 7' > 0 that
(f(T) = f(0)) T = f1(0) = T = M(l, 1) (T)
for some positive measure p. Therefore
=f(B)B = f(A)AT = [(0) (BT = A7) —c(B-4),



LIPSCHITZ TYPE INEQUALITIES FOR MONOTONIC INTEGRAL TRANSFORM 45

M, ) (ma) — M (€, 1) (my)
= f(ma)myt — f(mi)mi' — f(0) (my' —myt) —c(my—my)

and

M6, (m) = L= L)+ 70
Then by (2.9) we get

[f(B)B™" = f(A) AT = f(0) (BT = A7) — (B - A

Fma)my = f(ma)ymy ' = £(0) (my ' —m ")
mo—mi

—cif mq 7& mao,
<||B— Al
f'(m)m—f(m)+£(0)

m2

—c) if m; = mgy =m,
and the inequality (2.17) is obtained.

By the properties of the norm, we have
[f(B)B™ = f(A) AT = f(0) (B~ = A7) || —cl|B - 4]
<[ f(B)B = f(AA = f(0) (B =AY —c(B-A)

ma)my L —f(m1)my - my ' —m?
(f( 2) 2 f( 17112im1f(0)< 2 1 )_C) lfml#m27

<|[B— Al

m2

<f/<m>m—f(m)+f(o> _ C) iy = my =m

which implies the following inequalities in which the nonnegative parameter c is
not involved

(2.19) |f(B)B™ = f(A)A™ = f(0) (B~ — A7)
f(ma)my ' —fam)my = f©O)(my ' —mi ") my # My
S HB—AH ma2—m1
f’(m)mffgm)Jrf(O) if my = my = m.
By applying this inequality to the operator convex function f(t) = —In(t+ 1),

then we can state the following result:

Proposition 2. If A > m; > 0, B > my > 0, then we have the logarithmic
mequalities

(2.20) |B'In(B+1)— A 'In(A+1)]
ml_lln(m1+1)—m2_11n(m2+1) mel #mz
< |B - A4 o

In(m+1)—m(m+1)""
m2

if mi =mg =m.
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3. MIDPOINT AND TRAPEZOID INEQUALITIES
We have the following midpoint type inequalities:

Proposition 3. For all A, B > m > 0 we have the midpoint inequality

ABMWHUm—wA+ﬁﬂﬁ—”“mm<A+BN

(3.1) .

< TM’ (w0 (m) B = Al

Proof. Since A, B > m, hence A;—B >m>0and (1—t)A+tB > m > 0 for all
t € [0,1] and by (2.9)

(3.2) HM(MM) (A=) A+tB) = M(w, ) (A+B>H

2

SM%mmmﬂ%e®A+W—A+BH

= MG ) e 51 - A

for all ¢ € [0,1].
Taking the integral in (3.2), we get

ﬁzwwuow_nA+unw—ﬂ“wM(A+B)H

sAl
< M (w0 () 8- 4] [

and the inequality (3.1) is proved. 1

2
M) (=0 A+ 08) = M) (252 ) ar

[\

1 1,
t—ﬂﬁ:ZMommmmw—Au

We have the following trapezoid type inequalities:

Proposition 4. For all A, B > m > 0 we have the trapezoid inequality

M (w, p) (A) + M (w,

(3.3) .

B 1
)(B) —/ M(w,u)((l—t)A—FtB)dtH
0
1
< TM' (w,2) (m) 1B~ A
Proof. Since A, B > m, hence (1 —s) A+ s28E, s488 4 (1 — 5) B > m > 0 for all
s € [0,1] and by Theorem 3 we get

(3.4) HM(MM) (A) = M (w, ) (“‘SMHA;B)H

]‘ /
< S M (w,p0) () | B = Al 5
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and

(3.5) HM(w,u) (B) = M (w, 1) (SA;B +(1—s) B)H

1 /
< S M (w,p0) () 1B = Al s.

From (3.4) and (3.5) we derive by addition, division by 2 and triangle inequality
that

HM (w, p) (A) + M (w, p) (B)

2

1

-3 [M(w,u) ((1—8)A+SAJ;B) + M (w, 1) (SAJQFB+(1_S)B)]“

1 /!
< S M’ (w, ) () | B = Al

for all s € [0,1].
By taking the integral and using its properties, we derive

HM(w,M) (4) ;M(w,u) (B)

—% UOIM(M’“) <(1—3)A+SA;B)

+M (w, ) (SA+B+(1—3)B) ds] ‘
1

2
< M (w0 () |8 = AL [ sds = M (o) (m) 1B = A

(3.6)

2

Now, using the change of variable t = 2s we have

A+ B

1 1/2
%/0 M(w,,u)((l—t)A—l—t )dt: i M (w, 1) (1 —s)A+sB)ds

and by the change of variable t =1 — v we have

%/OlM(w,u) (tA;BJr(l—t)A) dt

:%/OIM(M,M) ((1—U)A;B+UB> dv.

Moreover, if we make the change of variable v = 2s — 1 we also have

%/0 M (w, 1) ((1—U)A;B+v3> do= [ M(w,p)((1—s) A+ sB)ds.

1/2
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Therefore
ééﬂwuwm(a—ﬁA+sA+B)aMwwoGA§B+0—$Bﬂds
— OI/QM(w,u)((l—s)A—ksB)dtnL 1/12M(w,u)((1—s)A+sB)ds

1
= [ M) (1= 9) 4+ sByds
0
and by (3.6) we deduce the desired result (3.3). 1

The case of operator monotone functions is as follows:

Corollary 5. Assume that the function f : [0,00) — R is operator monotone in
[0,00) and it has the representation (1.5). If A, B > m > 0, then we have the
madpoint inequality

(3.7) /Olf((l—t)AthB)dt—f(AJQFB>H
< 317 (m) =8 1B~ Al < 1 (m) B~ A|
and the trapezoid inequality
(3.8) Hw—/olf(u—tmﬂmdt“
< 117 (m) ~ 8B = Al < 1 (m) | B~ A]].

Proof. From (1.5) we have for T > 0 that
F(T) = f(0) =0T = M(¢, 1) (T),

for some positive measure u, where £ (\) = A, A > 0.
Therefore

/OlM(ﬁ,u)((l_t)AthB)dt:/Olf((l—t)AthB)dt_f(o)_b(
i (452) -1 (452) -1+ (432

M (€, ) (m) = f' (m) —b.
From (3.1) we derive (3.7).
Since

M ) (A) = f(A) = [(0) = bA, and M(¢, ) (B) = f(B) = [ (0) =B,
then by (3.3) we derive (3.8). &

A+ B
2 Y

and
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Remark 2. If A, B > m > 0, then we have the midpoint inequality and the
trapezoid inequality for power function with exponent r € (0,1]

1 T
(3.9) / (1= 1) A+ (B di — <A;B> girm"_l 1B — A
0
and
r r 1
(3.10) A ‘2”3 —/ ((1—t>A+tB)’“dtH < irm“l 1B — A
0

The following inequalities for logarithm also hold

(3.11) /Olln((l—t)AthB)dt—ln(A+B)H_—HB Al

and

InA+InB

(3.12) .

1
1
— [ In((1—-t)A+tB)dt| < —|B—A4].
[w-nacmal < s -a)

Corollary 6. Assume that f : [0,00) — R is operator convez in [0,00) that has
the representation (1.7). If A>m >0, B>m > 0, then

(3.13) /Of((l—t)A+tB)((1_t)A+tB)1dt_f(A42rB> (AJ;B)‘
—f(0)</0 ((1—t)A+tB)—1dt—(A"gB)_>
< g (Hme L IO s -
< Lm= J Oy - )

and

(3.14) Hf Al;f( /f (1—t)A+tB)((1—t)A+tB) " dt
=/ (0) <A+B—/O ((1—t)A+tB)_1dt>H
Si(f’(m)m—TiZ(m)—l—f(O)_C) 1B Al
< (m)m—4;};(2m) + £ (0) 1B Al

Proof. From (1.7) we have for 7' > 0 that
Ml ) (T) = (f(T) = fO) T = f1 (0) — T,
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for some positive measure . Therefore
/1M(€,u)((1—t)A+tB)dt
0
= /1f((1—t)A+tB) ((1—t)A+tB)_1dt—f(O)/1((1—t)A+tB)_1dt
0

ro-e(222). |

e (57) = (57) (57) o (7))
A+ B

—f’+<0>—c( 5 )

fm)ym — f(m) + f(0)

m2

and
ML, p) (m) =

By utilizing (3.1) we get (3.13).
Since

M, 1) (A) = (f (A) = f(0)) A7 = 1 (0) — cA
and

M(l, ) (B) = (f (B) = f(0)) B~ = [ (0) — ¢B,
hence by (3.3) we get (3.14).

Remark 3. In the case when f(0) = 0 in Corollary 6, we have the simpler in-

equalities

(3.15) /0 F(A=t)A+tB)(1—t)A+tB) 'dt— f (A—;—B) (A—;—B)
< (PRI Y gy < L0 sy

and

- /o1 F((L=t)A+tB)(1-t)A+tB)" dtH

<G (Hmm st )y ay < LTy

m2 4m?2
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If in these inequalities we take the operator convex function f(t) = —In(t+1),
then we get

(3.17) /1 (1= t)A+tB+1)((1—t)A+tB) " dt
A+B A+B\!
(132 (252)
S1n(m—|—1);nZL(anl)_l 1B — Al
and
(3.18) HA In(A+1)+ B 'In(B+1)

2

—/Olln((l—t)AthBJrl)((l—t)A+tB)1dtH

<hﬂm+&)—m0n+1Y1

= m2

1B = All.
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