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ABSTRACT. We undertake an investigation into families of integrals containing
powers of the inverse tangent and log functions. It will be shown that Euler
sums play an important part in the evaluation of these integrals. In a special
case of the parameters, our analysis generalizes an arctan integral studied by
Ramanujan [11]. In another special case, we prove that the corresponding log
tangent integral can be represented as a linear combination of the product of zeta
functions and the Dirichlet beta function. We also deduce formulas for log-sine
and log-cosine integrals.

1. INTRODUCTION

In this paper, we study the representations of integrals of the type

s

1

(1) I(a,q) = / %n;?arctanq (x)dx = /Qq (tan #)* In (tan 6) d6,

s

(2) J(q) = / In () arctan? (z) dx = /0q In (tan 0) do,

1+ 22
0 0

— 1

in terms of the zeta function ¢ (z) := Z —, the Dirichlet eta function n(z) :=
nZ

n=1
i<_1)n+l the Dirichlet beta function j3 ( )-—i (=)™ for R(z) > 0. The
2 irichlet beta function 5 (z) := 2 -1y r ®(z .
Dirichlet lambda function defined by:

- 1

L) )} = (1277 ()

MP)= 2 oy~ 2

n=0
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2 A. SOFO AND A. S. NIMBRAN

is also relevant here. We will also need the digamma and the polygamma functions:

Y(z) = digln(F(z)); ¢(k)(z) _ %{¢(z)} = (—1)F+1g] Z 1

— (Z + Z’)k:-i-l ’

The multiplication formula for the polygamma function can be written as:

14 '
(3) VO p2) = bpo Inp+ oy 3 0 (Z ! % )
=0

for p a positive integer and 9, ;, is the Kronecker delta. The Polylogarithmic function
: 2"
th(Z) = F,
n>1
for t € C when |z| < 1;R(¢) > 1 when |z| = 1, where C is the set of complex
numbers. As usual, the harmonic number and the generalized harmonic number of
order r are denoted by:

1 1 1 1 1 1
Hy=1+-+-+-+= HY=14_—4_—+.. .+ —.
ottt ¢ to gt —
These numbers can be extended to non-integral index and have this connection
with the polygamma functions:
—1)™
HmD — ¢ (m+1) + %w(m) (z4+1), 24 —1,-2,-3,...
m!

We may also recall here the function introduced by Thomas Clausen(1832)

o0

Cla(p) = 3 2002)

whose generalization is associated with the Dirichlet beta function:

B(2q) = Cly, (g) = 921 {012q (g) — Cly, (%ﬁ) } .

In the two papers, [4] and [5], Elaissaoui and Guennoun showed that for any
square-integrable function f on (0,7/2), the integral

L(f):= /f(a:) log (tanz) dx

can be approximated by a finite sum involving the Riemann zeta function at odd
positive integers. The authors noted that besides number theory, integrals involving
log-tangent functions have important applications in various fields of mathemat-
ics. In physics, logarithmic-trigonometric integrals also have some applications in
the evaluation of classical, semi-classical and quantum entropies of position and
momentum.

We shall investigate integrals of the type (1) and (2) to be represented by Euler
sums and hence in terms of special functions such as the Riemann zeta function.
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Through a search of the current literature, we found some examples for the repre-
sentation of the log tangent integral in terms of Euler sums. (see [1], [4], [5],[10]).
Two papers, [16] and [19], also examined some integrals in terms of Euler sums.
Three excellent books [6], [21] and [22] are important sources of material on log-
tangent integrals and Euler sums. Other useful references for the representation of
Euler sums in terms of special functions include [2], [3], [13], [14], [15], [16], [17].
We shall give examples highlighting specific cases of the integrals, some of which
are not amenable to a computer mathematical package.

2. ANALYSIS OF INTEGRALS: PART 1
2.1. General case.

Lemma 2.1. Fort e [0, ﬂ

/ (e L (2sin (2t))7
() /1n(tan0)d8-t1 (tan ) e

0

Proof. Integrating by parts gives
t t

2
/ln (tan @) df = tIn (tant) _/sin é@) de,

0 0

and re-scaling the limits changes the integral on the right hand side into

sin(2t) .
/ aresing
) 291y
The Taylor series expansion
2t arcsin t (2t)%
V- %;]

therefore
sin(2t) sin(2t)

/ arcsuup (2@)2] 2 Z (2sin(2t))7
dp =
27/ 1= S 00 T Z20+0ei+n (G5)

0

replacing the variable we have (4). 1

Note that from the definition of the Clausen function we also have
t

/ In (tan 6) d§ — —%cb (2¢) — %cb (m—2).

0
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Lemma 2.2. Forge N

Qq+1
sin ( 20

(5) o (tan0) s — —— 1/

0

S —
IR

_ 22 n+1 22n (2271 1 1)B2 <Z>2n+q+1
'2n+q+1) "\4

where By, are the Bernoulli numbers. We also have the result, fort € [0, g]

t

(6) /m (tan ) do = — 3 2 2@2i+11)

= 2+ 1)?

0

Proof. For 6 € [—m, n] the Laurent series for the cscé function is

2(—)" (@2l — 1) on-1
cscl = Z )l B, 0
n>0

therefore

™

Qq-‘rl / 92n (_1)n+l (227171 _ 1) B,
o™ = "6 g
/ sin (20) / ; (2n)!

0 0o "=

INE]

(=1)"tt2n (92n-1 _ ) 7\ 2ntatl
2 (2n)! (2n+q+1) Ban <Z)

and (5) follows. For € [0, %] the Fourier series for

(4 2)
In (tan ) ——ZZCOS j+2)7)

27 +1
therefore
¢ ¢ A
)+ 2
/ln (tanz)dxr = —2/ = <; J +1 )x)da:
0 o J=20 7+
= 2+ 1)
|

The master theorem is enunciated below before we examine special cases.
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Theorem 2.3. Let I (a,q) be as defined in (1); a € [—1,00),q € N. Then,

1

@1
I(a,q) = /x1+—n.§j) arctan? (z) dx
0

(_1)n0+1 <Hgi)o+a+q5 - Hgi)0+a+q3> (q 1 ng—1
1 1

1>) i

_4
i 2

(2no + q — 2)
where Hgilmﬂ_f) are harmonic numbers of order 2.
2ngtata=s

Proof. We know from the work of [12] and [20] that for z € [-%, %]

7L0+1 2n0+q_2 (q 1ng—1

03 )5

(7) arctan? (z) = ¢! Z

no>1 2n0 +q—2)
therefore
n0+1+J LRl 2ng+2j+atq—2]
x nx
Mo =0 [ T3 L0 () i
J S 2n0—|—q—2) —~ 2np +q—2—k

In the domain = € (0,1) convergence of the series is assured and interchanging
the order of summation and integration, which is permissible by the dominated
convergence theorem, we have,

no—i—H—J

Ia,q) = Q'ZZ 2n0—i—q—2

no>1 720
1

q—1 ng—1
2no+2j+atq—2 d
(13 s [ omcno

=1

_1)710+j

= ¢ :
7;1; (2n0 +q —2) (2n0 + 27 + a+q—1)°
g—1ng_1
(IS o

q! (_1>no+1 (w/ (2no+Z+Q+l) . w/ (2n0+i+q_1)>
16 Z (2n0 +q —2)

no>1

q—1 Nk—1
(X)) s

k=1n
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(1ot (Hg)o o ngg+a+q_3)
4

4

q'
= 1_62

o1 (2710 + q — 2)
q—1 ng—1 1
X

hence (2.3) is achieved. 1

2.2. Illustrative examples.

Example 2.4. Let a = 1,q = 2 then

™

T

1 Py
(8) I(1,2)= / 1x—li_n > arctan’ (z) do = /92 tan 6 In (tan 0) df
T
0 0

where z = tan 6.
Integration by parts produces:

1 1 1
1 1 1
9) / 1x+nxxz arctan® (z) do = ~3 / arctan® (z) dx — 3 /lnx arctan® (z) dz.
0 0 0
From [19] Corollary 8, we have the result
1 3 2

63¢(3) w 3m°log(2) 3nG

10 tan® dr = —/——— + — =

(10) /0 arctan® (z) dx ol + ol + 3 T

where G = (2) = — 01 lfi(;) dzx is Catalan’s constant and given an approximate

value, Paul Levrie used the PSLQ algorithm to obtain

1

/ In(z) arctan® (z) dz

0

337G 63C(3)  21¢(3)log(2)
4 64 16 64

597 3log*(2) 3m%log®(2)  372log(2)
2560 16 32 32

(11) + 37 {Li;; (% + %)} - gLu (%) .

Using the results (10) and (11) in (9) produces the result for (8), namely

1
rlnz 5974 7w2log?(2)  7¢(3)log(2)
1(1,2) = tan? (z) do = -
(1,2) /1+:c2 arctan (z) dv = Zzo5 32 16

0

log*(2) 3. (1 (1
= VAT TR (il R O b S I
T Tgdlg) T Me{g T )|
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where the imaginary part of Liz (3 + %),

: [Lig (% * %)] =2 <_212):+1 ((4n i 37 " (an i 2 (47%i 1>3) ’

n>1

see [20]. From Theorem 2.3, for a = 1,¢ = 2 we also have the representation

1
1
I(1,2) = /:p+nx arctan? (z) dx
0

using the multiplication identity (3) and putting h,, = Hs, — %Hn = Z?Zl %%1, we
have

(—1)"! (4H}3) —20(2) - 2H(2)> I

1 n
1(1,2) = — 2
n>1
n 2 2
15,0 1 Y (P SHE ) b
= Wil -
59t w?log’(2) N 7¢(3) log(2)
7680 32 16
log'(2) 3. (1 (1
+ g16( )+§Ll4 (5)—7&'% |:L13 (§+§>:|
In a related example, consider the case, a = —1,¢ = 2 then:

™

1 Z
1
I1(-1,2) = /Larctam2 (x) dx:/QZCoteln(tane) do
0 0
1

z (1 + 2?)
1
= % arctan® (z) dv — I (1,2)
0
1
) TR )
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The sum can be evaluated by referring to [20], producing the value

1
| 1 1
I1(-1,2) = /x(L arctan? (z) dr = Liy (—) + — log*(2)
0

1 —|—ZL"2) 2 24
10(8)1oB(2) — C(2)log*(2) — T C(4) ~ 1(1,2)
— %C(EB) log(2) + 7 {Lig (% + %)] - %LM (%) - % log"(2)
@) log’(2) — STC(4)

2.3. Special case a=0. We now concentrate our analysis on the case a = 0 to
show that the resulting integral
1

1
I1(0,q)= / : 222 arctan? (z) dx

0

will reduce to a log(tan ) type integral, and that it may be represented as a linear
combination of the product of zeta functions and Dirichlet beta functions. We also
observe that for the case ¢ = 1, Ramanujan [11] investigated the resulting integral.
We shall also prove that the following integral on the positive half line, z > 0

o0

1
J(0,q) = / N —I;xx? arctan? (x) dx

0
can be represented as a linear combination of zeta and Dirichlet beta functions at
all integral points of q.
Theorem 2.5. For ¢ € NU {0},
1

Inz
— q
(12) 1(0,q) /1 e arctan? (z) dx
0
1 / +1
(13) _ /arctan (a:)dx
14+¢ T
0
(14) = /6"1 In (tan 0) df
0
1 = )™M - ) L2
(15) = (=) 7 A-DY) 5pAle+2)

D) <Z>q2r B(2r +2)

Ar (g —2r)! \ 4

4]
_|_

r=
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where [x] is the integer part of .

Proof. Consider
1

1
I1(0,q)= /% arctan? (z) dx
0

and integrate by parts, so that

1
1 /alrctan‘ﬂrl (x)d

14+¢ T
0

X

](O7Q) ==

which satisfies (13). In (12) make the substitution z = tan# and we obtain (14).
Before deriving (15) we detail two other representations of (12). From (2.3)

1

1
I1(0,q)= / 1 j_zz arctan? (z) dx
0

q'
:1_62

nog>1

(_1)n0+1 (Hgi)()+q5 - Hgi)0+q3) q—1ng—1 1
: — X
( > 2np+q—2—k

(2no +q-2) k=1ny=1
From (13) and using (5)

us

1

1 arctan?™! () 2
I = — dr = ———— [ 67 csc (260) db
(0,9) 1+q/ . x 1+q/ csc (26)

0 0

2 4 22n -1 n+1 221171 -1

- __= / ( ) ( )B2n02n+qd9
l+gq ~ (2n)!

0o "=

where B,,, are the Bernoulli numbers, therefore

92 Z (_1)n+1 22n (22n—1 o 1) BZn <7T>2n+q+l
1+¢q (2n+q+1)(2n)! 4 '

1(0,q) =

n>0

From (14)

1(0,q) = /eq In (tan 6) do
0
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we use (6) and apply repeated integration by parts so that

L x— sin (2 (2n + )9)
/Qq Z 2n—i—1 b

I1(0,q) = — [(quSin(z(Qn—i-l

(2n+1

n>0 n>0
_ (T qlg—1) (mya2
B (4) F)+ 22 (4) f)
i sin (2(2n+1)46)
—q(q—l)q—2/9q3 do
; 2n+1)
In general
k : .
—2iqg(qg—1)---(g—27+1 ,
109 = —(D)'s@ Y oy (5 L3 2i +2)
7=1
P sin@@nt1)0)
HED a1 g 2m) [y S0
/ = @n+1)"
for ¢ > 2k + 1, therefore
(a+1)(a=2)

q'8(q+2),for g even

= (D) 8@+ (M) s gyt

q(g—1)

U2 g\ (g +2), for ¢ odd

collecting terms and taking into account ¢ even or odd for the last term, we have
the general formula, for ¢ € N

1]

—

CU o (1) ™ s er+2)+ (-0 (1 - (1) 2 (g + 2

1(0,q) = T 1 SarT

r=0

The falling factorial a?, fora € R, b € N

= a(a—l)----(a+1—b)=A (a—7j) =

= Zs(b,j)aj

J=0

where s (n, j) are signed Stirling numbers of the first kind. Hence, we obtain

q
q(g—1) q' [2]

10,q)= ()" (1= (1)) grla+2+)] % (Z)HT B(2r+2).
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It is interesting to note that Ramanujan [11] obtained various interesting series
for the case ¢ = 0. In particular in section 2, Ramanujan obtained the result of

lemma 2.1. We note that (13) can be generalized to flmdx for positive
integers ¢, where ¢ > r, and using (7) can be analyticglly expressed in terms of
the Riemann zeta and Dirichlet beta functions. The case of f de has been
analyzed in the paper [7].

2.3.1. Illlustrative examples.

Example 2.6. For ¢ =5 and 6

1

1(0,5) = / n <I)2 arctan® (z) do = /95 In (tan 0) d0

1+z

e}

[e=]
[e=]

1905 1 53 157

= 2P0 - G T ) - T 6).

1
_[In (x) 6
1(0,6) _/1+x2 arctan® /9 In (tané)d

0 0

B I 1574 4572

- _40967T Gt 5P -5l HZB (®)

- Z n+1 92n (22n 1 _ 1) B2n (7T)2”+7
B (2n +7) (2n)! 4

(_1>n0+1 (Hgi)o+1 - Hgn)()+3) 5 MNg—1
=45 !
> (M2 5t

no>1 (271,0 + 4)

We may remark that, in general, the association of the three representations
for the integral gives us the equality in terms of multiple zeta values, Bernoulli
numbers and linear combinations of zeta and Dirichlet beta functions, namely

™

1 1 4

1 1 tan?*!

/ n () arctan? (x)dr = — / arctan”®” () dx = /9q In (tan ) d
1+ 22 1+¢q x

0 0 0

B 92 Z (_1)n+1 92n (22n71 _ 1) B2n (7[—>2n+q+l
B 1+q e (2n+q+1)(2n)! 4

q'
:1_62

np>1

(—1)no+1 <Hgi)0+q5 —Hgi)Oﬂ, 3> g—1 np_1
4
(IIZ> 2nk+q—2—k

(2n0 +q—2) k=1 ng—=1
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q
2 T—‘rl ‘

= (1" (1= (-1)) grA 0 +2) +Z4T i (1) e,

3. ANALYSIS OF INTEGRALS: PART 2

Now we analyze the integral (2)
We define

(16) flag,z) =

In (z)
1+ 2?

arctan? (x)

which is continuous, bounded and differentiable on the interval z € (0, 1], with
lim f(g,x) = lim f(g,x) = 0.
T— T—

Theorem 3.1. Let q € N, the following integral,

iy

J(q) = 7f(q,x)dx :/eqln(tane)de

0

a(a=1) q!
- <—1> 21— (1)) M g +2)
| T\ ¢—2r—1
(17) + Z 22”1 2r_1) (5) Ay
Similarly

071n (tan @) df

\w\:

O/f x)dr =

q—1

1) = (3)'6+a- o= v (0 (5) rea-n,

r=1
where I (0,-) is obtained from (15).
Proof. We begin with

J(q) = [ 07ln(tan®)do,

o
w3

we integrate by parts and utilize (5) in Lemma 2.2, so that

jus

[ 1= sin (2(2n + 1) 0)
+q/9 2 (2n + 1)2 a

n>0

/Qq In (tan 6) d = — [eqz sin(2(2n+1)0) 2

2
= (2n+1)

0 0 0
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- 53" > T S (g)q_?’; T

Lalg=1) (qu 2) (¢ —3) /9q4 3 cos(2(2n+1)6) .

J = (@2n+1)
In general
3 q k—1 q‘ N 21 .
/9 In(tan6) d6 = ;szﬂ q_2]_1> (3) 7 r@+3)
) =

_I_(_l)kQ(q—l) - (q — 2k) /Qq 2% 1ZSIH (2n + )e)de

2k 2k+2
2 S0 2n + 1

where ¢ > 2k + 1, therefore

= g(g)ql)\(?))_ q(¢g—1)(¢—2) <g>q3)\(5)+'”

X (g +2),for ¢ odd

collecting terms and taking into account ¢ even or odd for the last term, we have
for the general case ¢ € N

J@= (D" 10— (0 I+ 2+ Y o i;l_) L 5 (G)T e

Now put
0o 1 0o
J(q)= [ flg.x)dv= [ f(q.x)dx+ [ f(q x)dx,
[roies frun |
then
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where in the third integral we have made the transformation xy = 1, now use the
relation arctan (z) + arctan () = %, for > 0, so that

7f(q,x) dx /f ¢,7) dz _/ln( )(_1——:%;02’6&11( ))qu

/f g, x)dv — _0<—> (,ff) (5) jf(q—r,:v) da

r=

and (18) follows. 1

3.1. Ilustrative examples.

Example 3.2. For ¢ =5

Jus

[l
J(5) = / 1n4(_:v)2 arctan® (z) dr = /05 In (tan 6) do
T
0 0

2
521” TN 4-2r
+Z 22r+2 <2> A(2r +3)
r=0
4

_ (g) G+2](0,5)+Z(—1)T(i> (g) 1(0,5—7)

35, 4657 1905
= 5™ CB) = e C(5) + o C (7)

For ¢ =6

o0

J(6) = / lln—i(_m)2 arctan® (z)dr = /66 In (tan 6) do
x
0

0
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62r+1

2 5—2r
- Z 22r+1 <2> A(2r +3)

r—=

. (g)GG—i(—l)r ( . ) (5) 10.6-n
570~ 50+ T,

4. LOG-SINE AND LOG-COSINE INTEGRALS

We may remark here that an analogous result to (17), for the moments of the
log (sin ) integral, has been evaluated in [7].

Proposition 4.1. For g € N

3 ata+1) 4
/eq In (sin 6) df = — (=1) U - (U1 ¢ Clg+2)

2q+2

m
2 k+1

q! N\ g+1—2k
(19) +§ q+1—2k:'22k<§> n(2k+1).

We believe this result is more transparent than that given by Orr [9].
Since log(tan @) = log(sin #) — log(cos @) for § € [0,7/2], we subtract (17) from
(19) to deduce the following formula:

Corollary 4.2.

; In(2) /7y\a+! 5 {1 - (—1)7} ¢!
/qun(cosﬁ)dﬁz—qj_i<§) +( D) {2:‘1+2( )}QU(Q—FQ)
2]
1 k+1 | T\ g+1—-2k
20 R kz (q+( 1 ! Qk)qv o (3) k).

On the interval x € (0,7/4) the integral (14) can be written as

ISH

s

/6"1 In (tan ) df = /tq In (sint) dt — /tq In (cost) dt.

0 0 0

S

using trigonometric identities for the sint¢ and re-indexing we obtain,
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Corollary 4.3.

™

4 q+1)

/tq In (sint) dt = —% (g)qﬂ B (— ) ;;; 1) 4 .
2]
(_l)kﬂ q! T\ ¢+2—2k
- 1 (g + 2 —2k)! 2a+1 (5) B(2k)
S (=D ¢! 7T\ a+1-2k
! ! (g + 1 —2k)! 2a+2+2k (5) n(2k+1).

1

i

Corollary 4.4.

™

4

/tq In (cost) dt = —(10& <z>q+1 + (- {1 - (1) }23i277(q+2)

q+1)20+1 \2

7]

( 1)k+1 q! q+2—2k
+22q+1(q+2—2k) ( ) B2k)

(5]

(— 1)k+1 q! T\ a+1—2k
(22) + Z (¢ + 1 — 2k)! 2a+2+2k (§> n(2k+1).
We now give a couple of examples relating to the last two corollaries.
Example 4.5.
w/4
3m3¢(3 e ®log(2 457( (5
2048 512 5120 4096
0
32 3
—p3(4) — =3(6).
~B(4) ~ B(6)
Example 4.6.
/4
3m3¢(3 e °log(2 457( (5
/9410g(C080)d0: T‘-C()_{_T( _7T Og()_ ﬂ—C()
2048 512 5120 4096

0

32 3
- s+ 2606).

Concluding Remarks: We have shown that integrals containing log and powers of
the arctangent function can be expressed in terms of Euler sums. Formulas for
log-sine and log-cosine integrals were also derived. We believe that most of our
results are new and interesting. We have given many examples some of which are
not amenable to a mathematical computer package.
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