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ABSTRACT. We study the Cauchy problem for the nonlinear Schrodinger equation with power nonlin-
earity in the fractional order Sobolev space H*(R"). We consider the case where the nonlinear term is
H*-critical and the differentiability thereof is less than s. We prove the existence of time global solu-
tions of the Cauchy problem for small initial data. To this end, we prove Strichartz type estimates for

linear inhomogeneous Schrodinger equations in mixed Besov spaces.

1. INTRODUCTION
This paper is devoted to the study of nonlinear Schrédinger equation with power nonlinearity:
ou+iAu= f(u), (1.1)
u(0, -) = uy, 1.2)

where u : R!*" - C, and f(u) = «|u|?~"u or f(u) = k|u|? with p> 1,k € C.

The solvability of the Cauchy problem (1.1)-(1.2) in the Sobolev space H® := H*(R") has been
studied in a large amount of literature. In this paper, we consider the case 0 < s < n/2 and p =
p(s) :=1+4+4/(n—2s). The equation (1.1) is invariant by the scaling u,(z, x) = /12/(1"1)u(/121, Ax)
for any A > 0, and [[u;(0, )| gs := ||(—A)s/2u,1(0, 2 is also invariant if p = p(s). Namely, from
the scaling point of view, p(s) is the critical exponent in H*(R").

Cazenave and Weissler [3] have shown the time local well-posedness, and the existence of the
time global solutions for small data of the Cauchy problem (1.1)-(1.2) for0 < s < n/2 and [s]+ 1 <
p < p(s), where [s] denotes the largest integer less than or equal to s (see also [12, Theorem 6.1] by
Kato). The condition [s] + 1 < p is the required regularity for f(u), which can be improved to s < p
based on the nonlinear estimates by Ginibre, Ozawa and Velo in [6], and the first author and Ozawa
in [14] (see Lemma 2.2 in the present paper).
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The well-posedness has been also considered under the conditions 0 < s < n/2 and py(s) < p <
p(s), where pg(s) is defined by

1 for s <2,
po(s) =9 s—1 for 2<s<4,
s—2 for 4 <s.

The existence of time local solutions of (1.1)-(1.2) under these conditions has been shown by Tsut-
sumi [21] for s = 0, Ginibre and Velo [7, Theorem 3.1] for s = 1 (see also [8]), Tsutsumi [20] for
s = 2 for f(u) = AlulP~'u with iA € R mainly by the use of the L”? — L estimate and the regular-
ization technique. Kato [10, 11] used the Strichartz estimate and gave alternative proofs for the cases
s =0,1,2 both for f(u) = Alul?~lu and f(u) = A|u|? with A € C. Pecher [16] used the fractional
Besov space for the time variable and proved the result when s is a real number with 1 < s < n/2
and py(s) < p < p(s). He has also shown the existence of time global solutions for small data.

While the condition py(s) < p for s < 2 and s > 4 is natural since 1 < p and the s-derivative
of u by the spatial variables requires the (s — 2)-derivative of f(u) by (1.1), the condition py(s) < p
for 2 < s < 4 is discontinuous at s = 4, and it should be replaced by s/2 < p since one time
derivative corresponds to two spatial derivatives. In this direction, the special case s = 2 and 1 <
p < p(2) was proved in [3, Theorem 1.4] (see also [2]). Although the other case has been left open for
long time, we need fractional order time derivatives of u to implement this procedure. To this end,
Pecher [16, Propositions 2.5, 2.6] introduced a modification of the Strichartz estimates by which we
can replace the spatial derivative of order s with the fractional order time derivative of order s/2 in
terms of Besov spaces (see also [5,22,23]). The second author and Uchizono improved the condition
Po(s) < p < p(s)tos/2 < p < p(s)for2 < s <4in[23] (see also [24]) based on the method in [16].
However, the methods in [16] and [23] are not applicable to time global solutions for the critical case
p = p(s) by the technical conditions on the Strichartz estimates there. Especially, the interpolation
argument to construct the Strichartz estimates prevent us from treating the critical point p = p(s) in
its application to the Cauchy problem. In [15], the present authors have considered the critical case
0 < s <n/2and s/2 < p = p(s) by the modification of the Strichartz estimates in [16] and [23]
to the scaling invariant estimates. However, in the most difficult case where s/2 < p(s) < 2 with
3 < s <min{4;n/2}, or equivalently where 11 < n < 13 and

—4)/2, — 11,12,
3<s< Y/ " (13)

A7 -+17/4, n=13,
we further imposed a technical assumption
@) n=1LorGi)n=12and7-V15<s<5-3 (1.4)

to obtain time global solutions for small data. The reason why we imposed (1.4) in [15] is explained at
the end of §4. In this paper, we have succeeded in removing this technical assumption. Furthermore,
compared with the proofs in [15] for the existence of the time global solutions to (1.1)-(1.2), our
proof has become much simpler by the use of Theorem 1.2 below, especially the mixed space-time

inequality in the Besov space given by (1.9).
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To state our result, we set the condition for the nonlinear term f(u). For 1 < p < oo, we say that
f satisfies N(p) if f € C!(C, C) in the sense of the derivatives by z and Z, £(0) = f/(0) = 0, and

C max |w|P2|z; —z,| if p>2,
2

1f'(z) = f(zp)] < { w=z1,z

(1.5)
Clz; — zp|P7! if l<p<?2

for any z;, z, € C. We note that f(z) = x|z|?~!z and f(z) = «x|z|? with k € C satisfy N(p)
(see [9, Remark 2.3']). We obtain the following time global solutions:

Theorem 1.1. Let 1 < s < min{4;n/2} and s/2 < p = p(s) = 1 +4/(n — 2s). Let f satisfy the
condition N(p). Then, for any uy € H*(R") with ||ug|| gs sufficiently small, there exists a unique
solution u € C(R, H*(R")) to (1.1)-(1.2).

To prove Theorem 1.1, we derive Strichartz type estimates in mixed Besov spaces. For § € R,
1 < g,a < o0 and a Banach space V', LY(R, V') and Bg’a([R, V') denote the V' -valued Lebesgue and
Besov spaces on R respectively. In what follows, we often write L9(V') = L4(R, V') and Bg’a(V) =
Bfl”a(lR, V') for short. We refer to (2.1) in Section 2 for the definition of the Besov space Bg’a(V). The
Chemin-Lerner type space #2(L(L")) := fz(Z+, L1(R, L"(R™))), which was introduced in [4], is
defined by the totality of all functions on R!*" with

b 1/2
el ezcaacery = {10 e @l + X Mo 5 ulld g b < o0,
k=1
Here, y and ¢, are Littlewood-Paley functions on R” defined in §2. The space f2(BZa(L’)) =
fz(Z+, Bg (R, L"(R™))) is defined analogously.

Definition. Let n > 1. A pair of numbers (g, r) is said to be admissible if 2 < ¢,r < oo and
2/q =6(r) :=n/2 —n/rwith (n,q,r) # (2,2, ).

We obtain the following Strichartz type estimates:

Theorem 1.2. Letn > 1,0< 60 < 1,and 0 < ¢ < 2. Let (q,r) and (y, p) be admissible pairs with
p#oo. Let 1 < §y,qy, 7y, 7 < oo satisfy2/qy—6(Fy) =2(1-0),2/§, —6(F)) =2—0cand §; < q.
Then, the solution u to

ou+iAu=f, u,-)=ug (1.6)

satisfies the following inequalities:
”ullgsz(y) S Nugll 2o + “f”Bf/ Z(Lp/) + “f”ﬂ(yio(]fo))’ (1.7)
||u||LQ(Bi2) S lugll e + ||f||B;r//§(L,,/) + A 2 1y (1.8)

We have u € C(R, H°(R")) if the right-hand side of (1.8) is finite. Moreover, if 0 > ¢ /2, then u
satisfies the following inequality:
il =iz, Wl oo + 17 e,y + 1 cuioaron + WS Dy 19

If 4y < g, then we do not need the last term in the right-hand side of (1.9).

The inequality (1.9), which is essentially used to get rid of the technical assumption (1.4), is a
new ingredient in this paper; on the other hand (1.7) and (1.8) have already been proved in [15]. As

we have mentioned above, these types of estimates were first derived in Pecher [16]. The advantage



of Theorem 1.2 is that the homogeneous counterparts of (1.7)-(1.9) are scale-invariant, so that these
estimates are applicable to critical nonlinear problem, while the estimates in [16] are not. In [16], es-
timates like (1.7) and (1.8) are proved, but (g, r) is restricted to (y, p) or (o0, 2), and more importantly,
I2(L% (L)) in (1.7) is replaced with N L% (L"), where the pair (4., F,.) is defined by

(/4. 1/F) =1 =0Fe)1/r', 1/p) + @ £e)1/q,1/r) (1.10)

for € > 0; similarly /2(L% (L™)) in (1.8) is also replaced with N, LI=(L"), where (q,., 7, ) is in this
case defined by (1.10) with 6 replaced with ¢ /2. The space L%+(R, L"+(R")) has different scale from
Bg’z(lR, L"(R™)) because of the presence of € in (1.10).

The methods to prove Theorems 1.1, 1.2 will be applicable to the analogous equation to (1.1)

which has different order of derivatives for time and spatial variables.

2. PRELIMINARIES

We first review the definition of Besov spaces. For the detail, we refer the reader to [1, 17, 19].
Let ¢ be a function on R whose Fourier transform ¢ is a non-negative, even smooth function which
satisfies supp® C {r € R; 1/2 < |r] < 2} and Z;’; W @(@/2)) = 1forz # 0. For j € Z, we
set @; = F~1¢(-/27) and v = Z{c:_w @, If j =0, we simply write y = y;,. Let & € R and

1 < g,a < oo. For a Banach space V', we define the V' -valued Besov space BZQ(V) = Bga(lR, V)
by the set of all u € S'(R, V) satisfying ||u go ) < o0, where
q,a

> 4 o) Ve
{ Z (29/||(pj *, u||Lq(V)) } if a< oo,
||“||Bga(V) = lly * ull gy + =1 2.1
7 sup 29j||(pj 0 Ull paqyy if @ = oc0.
jz1

We also need Littlewood-Paley decomposition on R”. For x € R”, we define y; (x) and ¢, (x) by

/ X8 (1€]) de
Rn

respectively. If n = 1, then these functions coincide with previous ones. Fors € Rand1 < r,a < oo,
the Besov space B}, := B’ (R")is defined by the set of all u € §'(R") satisfying

1
2rm)"

wi(x) = /Reixéli/k(lél)dé and @4 (x) =

Q)

e 1/a
k a
lelgg, = lhy =, e+ { X (2%l ull )} <o,
k=1

with trivial modification as above if & = co. In this paper, we use the notation @, ), = @(-A) =
?{S—l@k(laz). This is an abuse of symbol, but no confusion is likely to arise. This notation matches
the equivalence
a1 £1244 S sk/2 o\ M@
lall g, ~ 17 PO+ { X oy vyl
k=1
with trivial modification if « = oo. For the proof, see [15, Lemma 2.3].
We prepare the following estimates. The first result is the interpolation inequality in the Besov

space for the time variable.
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Lemma 2.1 (see e.g., [15, Lemma 2.2]). Lets € R, 0 <0 < 1,1 < ¢gp,q; £ 00,1 < a £ 0.

Put1/q := (1 —0)/qy + 6/q,. Let V, Vy, V| be Banach spaces which satisfy Vo n' V| C V and
[lully S ||u||%,59||u||§l for any u € Vo N V. Then the inequality

1-6 6
u 0s 5 u u s
flull B ) I ”Bf,’o,w(Vo) lluell 5 VD)
0 s
holds for any u € qu’oo(lR, o) n Bq,,a(lR’ V).
The second result is the estimate for the nonlinear term in the Besov space for the spatial variables.

Lemma 2.2. Let | < p < 00, 0 < s < min{2;p}, 1 < ro,ry,p,a < oo. Let f satisfy N(p). Let
1/ro=(@—1)/p+1/r. Then we have

-1
17 @l , S lully, ull g, 22)
foranyu € LP(R™) N B‘r"1 R Moreover, if s < min{1; p — 1}, then the estimate

1/ = F Ol

—1 —1 .
= ol Nl g, + 01, lla = ol g if p<2,
ot ' 2.3)
(Nallzongy , +Nolliongy ) = olliongs i p>2
p(mn »X n
holds for u,v € LP(R") N Brl’a(lR ).

Proof. For the proof of (2.2), see [6, Lemma 3.4] or [15, Lemma 2.1]. We prove (2.3); we only
consider the case p < 2, but we can treat the case p > 2 similarly. Foru : R" — C, ¢ € R" and
0<60<1,wesetéu=u(-+7)—uanduy, =u+ 66.u. We use the representation

Nl ~ ([ 1o, jel-erar )
B« i LM

for 0 < s < 1, We have 6, f(u) = f(u(- + 7)) = fu) = [ f"(ug)5,ud0, 50 that

1 1
o.(f(w) = f(v) = /0 (f"(ug) = f(vg))5,udd + /0 [ (vg)b.(u—v)do.

By (1.5) and the Holder inequality, we see

1
H&U@—ﬂmhmslﬂw—%ﬂﬁmwde

1
—1
+/ lwglly, 116, (u = v)ll 11 d6.
0
Since ||ugllr» S |lull o, we can easily show (2.3). O

The third result is the estimate for the nonlinear term in the Besov space for the time variable.
Although the result for some special s, y, p, qq, rg, ¢ and r has been shown in [15, Claim 4.3, Claim
4.6], we give more general estimate to prove our theorem.

Lemma 2.3. Let 0 < s <4, s # 2, max{1;s/2} < p. Let f satisfy N(p). Let 1 < p,ry,r,qy < o0,
andlet]l <y < oo, 1 < g <oo. Lety,p,rgy,r, gy, q satisfy

-1 -1
1_p=ly 11 _p=ld
4 do a p o r




Let 1 < a < oo. Then the inequality
L@l 1, S Wl g

s/2

holds for any u € L (R, L"(R")) N B,/; (R, L"(R")).

Proof. First, we consider the case 0 < s < 2. By s/2 < 1, we are able to use the equivalent norm
(see [17] and [23, (2.3)])

o0 a l/a
7@ g g1y = 17 @ gy + { /O (772U @ = S+ D)) "T—T} :

Here, the difference is taken with respect to ¢. The first term in the right-hand side is bounded by

lell® L%(Lr()) llull Lo by the HOlder inequality. The second term is bounded by [|ul|® L"O(L’O) ||u||B%2(U)

by the inequality
|/ @) = f@C + o] S (O] + luC + DD uC) = u(- + 7).

So that, we obtain the required inequality.
Next, we consider the case 2 < s < 4. Put 6 := s/2 — 1. By 6 < 2, we are able to use the
equivalent norm

”f(“)”gff;(u’) = ”f(”)“Ly’(Lﬂ’)

0 o 1/a
n { /0 (5 @) = 27l 470 + 7+ 20l ) "T—T} 2.4)

(see [17 p- 22, Remark 1, p. 27, Theorem 3]). The first term in the right-hand side is bounded by
lull”, L0 L,0)||u|| ra(Lry by the Holder inequality. To estimate the second term, we put v(-) := u(- + 7)
and w(-) :=u(- + 27). We use the inequality

|f @) = 2f () + fw)| S (ul + o] + [w])P~ u = 20 + w]

(Ju—v| + |v—w)P " |u—10] if p<2,
(lul + o] + [wh?P2(Ju = v + [v —w])? if p>2

to have
17@) =27 @)+ Sl gy S Wl =20+ w0l
—oll? .
{ 1= 0 it p<2.
||u||Lq0(L,0)||u ulqu*(U*) if p>2,

where we have put 2/q, = 1/qy+ 1/qand 2/r* := 1/ry + 1/r. So that, the second term in the
right-hand side in (2.4) is bounded by

Jluall” if p<2,

B(i+l)/p(Lf’/’ )

il ol gty + .
b lagzan £y ), o ||2(9+])/2(U) it p>2,
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where we have used (f+1)/p < land (0 +1)/2 < 1 by s/2 < pand s < 4. By Lemma 2.1, we have

1-1/p 1/p
lull oo+1)/0 S llull 5 (||
Bt e @r'y ~ w(L0) T BIE(Lry’

12 1/2
r llull

||u||B(9+1>/2(Lr*) S llu || syl gon g

We note that the embedding LY (R, V) < BSO’OO(IR, V) holds for any 1 < g < oo and any Banach
space V' since [|@; #, ullay < ll@ll 1y llull Loy for any j > 1 holds by the Young inequality in
the definition of the Besov space (2.1). Therefore, we obtain the required result by the embedding
Lio(R, L'0) & Bgom(R, L"), O

3. PROOF OF THEOREM 1.2

We have only to prove (1.9) since (1.7) and (1.8) has been proved in [15]. We set U (r) = exp(—itA).
We can estimate homogeneous and inhomogeneous parts independently.

Estimate of homogeneous part. We derive the estimate of U(f)u,. By the formula ¢; *; el =
e”|‘5|2qu(|§|2), we have @, # U(uy = U@)@;/, *, up. From this equality together with the
Strichartz estimate [3, 8,10, 13, 18,25], we obtain

(o] o0

2(29—6)j+6k||(pj %, (pk/2 %, U(t)uolliq(Lr)

j=1 k=

[ee]
20-0)j+ok 2
Z 2@0=NK |0 s By upll;»

N
M IIMS =

20k
< Y 2l 5, ]2, S luol, .

~
Il
—_

Here, we have used the fact that ¢j(|§|2)¢k(|§|2) # 0 implies |j — k| < 1.Since the low frequency

parts are easier to treat, we obtain
1@kl otz g, S ol =

Estimate of inhomogeneous part. In what follows, f(r, £) denotes the Fourier transform of f in the
space-time, whereas f(z, &) denotes the Fourier transform with respect to the spatial variables. We
put £,(0) = T4, ¢y(0) and 22(®) = 2,11,

We estimate the solution to (1.6) with ug = 0. By the Fourier transform, the solution can be
expressed as

t o it _ it|E?
S — it—t)E> Aret r_ e e 7
at, &) /0 e J(@,dt /_oo —2ni(r—|éf|2)f(r’§)d7'

We define v and v, by

7 — _ ® itt f(T’ 5) _ l /oo . o i(t—t,)|f|2 ) ’
0(t,&) = p.v. /_oo e —2m’(r ~ 1D dr = 2/ sign(t —t')e f@,&dt

and 0y(&) = 0(0, &) respectively, so that i = O— et 0y. Here, we have used the formula p.v.- / {(z—
1E12)}1ei" dr = misign(f)eéI”. Hence we have

u®) = v(t) —U@vy = G f (1) — U (N,



8
where G f(t) = % /_0; sign(t — U — ') f(t")dt'. We have

u| o- S lu + ||lu +J,
Il ”BZZU/Z(Bf,z)N Il ”B2,2(U) I ”LII(B;’])

. 1/2
where J = {E;’;l pop 2(29-o)/+ak||q,j * Pra Fx ””iq(Lr)} . Since the first two terms can be
estimated by (1.7) and (1.8) respectively, it suffices to estimate J. Since vy = v(0), like homogeneous
part we have

o0
stz

j=lk

M

(o]
20—-0)j 2 2 2
(20 ")”"kll(pj * Prj2 *x U”Lq(L,) + 22 Gk”(l’k/z o U”Loo(Lz)'
k=1

1

Taking the relation @,(|€|%) = &,(1€|?) #(]€|?) into account, we decompose
Py 5 U= Xk % Prya 5 UV (@ppp %5 U= Jp % @ppp %y U)

=GOk * Qi *x )+ K #x 22 *x S

where

1 ierixe P1UEPA = 71(2)
K — itt+ixé — 2nl/2K 7! 21/2 )
0= oo //R e o, e 0(2'1,2/7)

Hence, we see

© oo _ 1/2
J< <Z Z 2(29—0‘)/+o‘k”(pj # GUr % Qrya *x f)||2Lq(U)>
j=1k=1

& 172
20—0)j 2

z 220 a)]+ak||Kk %5 ©f ¥t Xi)2 *x f”Lq(L'))

k=1

+

J

I Nk

—_

Ms

1/2
- (k MGt P #x Do)

8 T

1/2
(D 2K, 1 5 T )
k=1
=. J1+J2+J3+J4.

Using the Strichartz inequality, we see
(6] [s]
2 (20—0)j+ck 2
YD s 0 2 F1 0 )
Jj=1k=1
(o8]

S 2% ey % F12, S

L}"(L”,) Be,(Lt”)'
Jj=1 v

Similarly we can obtain J3 S || /]l go ) Let (gp, ) be a pair satisfying 1 < gy < 00,1 <rg <2
]/,

and 2/qg, — 6(ry) = 2(1 — 6). For this pair, we define the pair (¢,,r,) by 1/q, = 1 —1/g, and

1/r,=1+1/2—1/r,. By the change of variables, we have

”Kk”Lq*,l(Lr*) = 2(1/%_5(”})/2_1)]{“KOHL‘]*(L’*) — C2_9k.
Then, by the Holder and the Young inequalities, we see
| K *tx Xkj2 *x f||Loo(L2) S ||Kk||Lq*.1(U*)||){k/2 *x f||L‘10’°°(U0)
—0k
= C27 %2 #x Fll s proys



which implies Jy < || 1l z2(pa0(Lr0))- Let (g1, r1) be a pair satisfying 1 < ¢; < ¢, 1 <r; <rand
2/q; — 6(ry) = 2 — o. Similarly as above, but using generalized Young inequality instead of the
Holder inequality, we can obtain the following estimates:

”Kk >X<t,x (pj *y ){k/Z *y f”Lq(L’) S ”(pj * f”LV,(L/’I)’

1Ky *:x @ % Xijo *x fllpaery $27 Gk/2||(ﬂj # Xk *x Sllpareo oy

Hence, we see

© J 1/2
z 2 (20-0)j+ock
( 2 (3 o “(pj tf”LV (L/‘)>

j=1k=1
o0

[Se]

: 1/2
z § 20— 2
+ < 2( U)J“qu *y k)2 *x f”L‘“*‘”(L'l))

Jj=1 k=j+1
=. ‘I2,l +J2,2.

Since Zi_l 20k <297 we have J, | S lf1lge (rs)- On the other hand, we see
= . ‘)

oo k-1

= Z Z 22l sy z1p2 # SN a0y

z 2 2
<
”)(k/Z X f” 9 J/z(Lrl) ~ “f”t’z(Bg U/Z(L'l))

Collecting these estimates, we obtain

J s ”f”BH (L) + 1/l z2pa000 (Lroy) + ”f”fz(Bg 2y’
Now, if (¢;, ;) # (d;,7;), then we choose (g;, ;) as follows: (i) if 7; < p’, then we choose r; = p’, so
thatby [15, Lemma 2.4 (D)1, || f || 290070, and ||f||f2(Bg_g/z(L,l ) are bounded by ”f”Bg (L,,/); (ii)
if7F; > p,then we choose r; satisfying p’ < rj <Fj,s0 thatby[lS Lemma 2.5], ||f||f2(quoo(Lr0)) and
”f”fz(Bgl_";/z(L’l)) are bounded by ”f”Bf/’z(Lp’)-l_ ”f”f2(L90(L’0)) and “f“sz(Lp )+ ||f||f2(35;ﬁ:<)/2(Lrl))
respectively. Thus we obtain

J3 ”f||B9 (Ll’/) + ”f”ﬂ(LLIO(L’O)) + ”f”fz(Bg G/Z(L’I))

which proves (1.9).
Finally, we show that we can drop the term || f|| 2B (1) if gy < g. To this end, we estimate
qp,

J, , differently. In this case, let (¢, r;) be a pair (q;, ;) be a pair satisfying 1 < ¢, < ¢, 1 <r; <r
and 2/q; — 6(r;) = 2(1 — 0). Then, by the generalized Young inequality, we have

—0k
| K *tx Pj *t Xkj2 *x f||Lq(Lr) S2 ||Q’j *t Xkj2 *x f||L41~°°(L’1)-
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Hence, using [15, Lemma 2.5] if necessary, we have

oo k-1

2 20—0)j—(20—0)k 2
DI e POV N PN,
k=1 j=1

o0
2 2
S 2 kg #o Mgy S W pasoirny
k=1

<7113 2
~ “f”Bf/ 2(L‘7,) + ||f||f2(qu(Lr0)).
By this estimate, together with [[u| q(pe ) < [lull La(B2)> WE obtain the desired result. O
r2 r2

4. PROOF OF THEOREM 1.1

Except for the case 3 < s < 4, the proof of Theorem 1.1 has been shown in [15]. We only consider
the case 3 < s < 4. We define r by 1/r := 1/2 — 1/n throughout this section.

We use the following corollary of Theorem 1.2.

Corollary 4.1. Let n > 3,3 < s < 4. The solution to the Cauchy problem (1.6) satisfies the

inequality:

max { el oy Wl o ||u||B;s2_.>/z(Bl2)}
S Notg g1 + Nty oz + W vz, + W gism ) + I Wy (A1)
2,2 2,2

Here, we putu, := 0,u(0, -). Moreover, if the right-hand side of (4.1) is finite with f € C(R, H2(R")),
thenu € C(R, H*(R")).

Proof. The continuity of the solution follows directly from Theorem 1.2 and the equation (1.1). By
the time-derivative of (1.1), the function 0,u satisfies

(0, + iA)Ou=0,f.

We divide the proof of the required inequality (4.1) into three parts (1), (2) and (3) as follows.
(1) We have

||at”||Lw(Hx—2) S Nugll pgs—2 + ||atf||B§v2—2>/2(Lr/) + ||atf||f2(L2/(4—S)(L2))

by (1.8), where we have puto = s —2,g =00,y =2,p =r,q, =2/(4—s), 7| =2, and we note that
1 <o <2and2/g, —6(F)) =2 — o hold. Since we have

s— < s N .
“al‘.f”B;2 2)/2(Lr/) ~ IlfllBé{ZZ(L’/) (4 2)
N0: f Nl p2cp2ra-912y) S ||0,f||f2(3552—3>/2@2)) S ”f”B;S;U/Z(Lz) (4.3)
by the embedding Bész_ 3/ 2(L2) & LY/@=9(L?), we obtain
10l -2, S Wl + 1 W g gy + 1S W g (4.4)

We have
lull s 2y S Netgll 2 + 1 f 1l 2 4.5)
by the endpoint Strichartz estimate [13]. We also have

”Ll”Loo(Hx) = ||Au||Loo(Hs—2) < ”atu”L‘x’(H“_z) + ||f||LOO(HS—2) (46)



by the equation d,u + iAu = f. Thus, we obtain

el oo crrsy S Mull poogr2y + MUl pooggrsy

S Mgl + s + 1 W oy
22
+ “f”B(;z_l)/z(LZ) + ”f”L‘x’(HS_Z) (47)

by (4.4), (4.5) and (4.6), where we have used the embedding H* 2(R") & H 2(R").
(2) Similarly to the argument in (1), we have

||at””3§"2‘2)/2(m S My ll s + IIGIfIIB;sZ—m/z(Ur) + 0. fll 2 27a-9(12y)

by (1.7), where we have put 0 = (s —2)/2,q =2,y =2,p=r, gy =2/(4 — 5), ) = 2, and we note
that 1/2 < 0 < 1and 2/g, — 6(7y) = 2(1 — 6) hold. By (4.2) and (4.3), we obtain

R Y PR Ve Vi e 4.8)

We have
lall 2gzry S el 2 + 1 1 2 4.9)

by the endpoint Strichartz estimate. We also have
Netll gsr2 gy = NOsull yis=272 - (4.10)
Bz,z (L") ! Bz,z @n
Thus, we obtain
Nl sz g oy S Netll p2epry + Nl g2 g
B (L") L2(L7) B (L")
5 ||MOI|L2 + ”Ll] ”H““2 + ||f||B;é2(Lr’) + ||f||B§2_1)/2(L2) (411)

by (4.8), (4.9) and (4.10).
(3) Similarly to the arguments in (1) and (2), we have

el % Wolli + 171 g2y + 1 Mz

by (1.8), where we have puto = 1,q = 2,y = 2, p = r, g, = 2, r; = 2, and we note that
2/4, — 6(F;) = 2 — o holds. Since we have FELA(L2)) = Lz(Bgz) = L%(L?), we obtain

il 2g1 S el + 15 iy + 15 2oy 4.12)
r 2,2
When s = 3, we have
“u”B%Z(Brlz) < Ilatu”Lz(Blz)
S lullg + ||atf||le/22(Lr/) + 10,/ 2212
Sl + 15y + 1y a2y .13)
where we have used (4.12) with u replaced by d,u. When 3 < s < 4, we have
Null yo-nr2 g1 | S N0l yis-32
B2,2 (BJ,Z) ! B2,2 (BrI,Z)
S el + 10,1 W s

+ 10, f Nl p2cr2r-912y) + ||0tf||f2(B;s2—3>/2(L2)) (4.14)
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by (1.9), where we have put @ = (s —2)/2, 6 = 1, g =2,y =2,p=r,qy =2/(4 —5),Fy =2,
g =2,7, =2,andwenote that 1/2 < 0 < 1,2/q, — 6(Fg) =2(1 —0)and 2/q, —6(F})) =2 —0¢
hold. Since we have

||6,f||f2(32f2—3>/2(L2)) < llo; f“B“ 22 S ||f||B(A D212y
we obtain
el sis-1y72 Sllugllgs—2 + WA sz oy + NI ps-n/2 (4.15)
st,z (Brli,z) HH? B;,z w B2f2 L2
by (4.2) and (4.3). Thus, we obtain
ul| s-1,2 < lu 1+ ull se-n2
ol -2, S Moz + ooz
S Wl + lgligs + 1 Wz, + U Ny (416

by (4.12) and (4.15).
By (4.7), (4.11) and (4.16), we obtain the required inequality O

Lemma 4.1. Letn > 5,2 < s < min{4;n/2}. Let f satisfy N(p) with 1 < p < p(s). Then the

following estimates hold.

M Nf @Il o2y S ||u”ioo(Hs) ifp>max{l;s—2};
2 ”f(”)”B;f;“/z(Ll) llul Lm(ﬂs)llullBgz—n/z(B,lqz) if p>max{1+2/n;(s—1)/2};
(3) ”f(u)”B;,/zz(Lr ”u”Loo(H_s “u”B;/ZZ(Lr) l‘fp > maX{l + 4/”9 s/2}3

Proof. (1) By the assumption 1 < p < p(s), there exists ry which satisfies 0 < 1/ry < 2/n(p — 1),
1/2=s/n < 1/ry < 1/2and 1/ry < 1/2(p — 1). We define ryy by 1/ryy = 1/2 = (p — 1)/ry. By
Lemma 2.2 and the embeddings H*(R") & L'*(R"), H*(R") H*~2"#(R"), we have

ILf @l gs— < IIMIIPrﬁ lull -2y S Mually (4.17)
which yields the required estimate.

(2) By the assumption 1 + 2/n < p < p(s), there exists r, which satisfies 1/n(p — 1) < 1/r, <
2/n(p—1),1/2 —5s/n < 1/r, < 1/2and 0 < 1/r, < 1/2(p — 1). We define r,, by 1/r,, =
1/2—(p—1)/r,. By Lemma 2.3 and the embeddings HS(R") & L™ (R"), Brlz(R”) S LM(R"),
we have

”f(u)“B(S I)/Z(LZ) p3 ||u||L°°(Lr*)”u“BSZ_I)/Z(Lr**)

IIMIILm(HS) lluell 5,2l

(3) We put r, := n(p — 1)/2. By the assumption 1 +4/n < p < p(s), r, satisfies 1/2 — s/n <
1/r, <1/2and 1/¥ = (p—1)/r, + 1/r. By Lemma 2.3 and the embedding H*(R") & L™ (R"),
we have

1@l gz % llu”m(w)llu"B;{;w)

S Nullfs $/2

L°°(H3) ”u”Bz,Z (L")

as required. d
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Lemma 4.2. Letn > 5,2 < s < min{4;n/2}. Let f satisfy N(p) with 1 < p < p(s). Then

uy 1= —iAugy + f(uy) satisfies the inequality

gl =2 S Mugll s + Nug -
Proof. We obtain the required inequality by (4.17). g
Proof of Theorem 1.1. Let R > 0 be a constant. We define a function space X, X (R) and the metric

d by

X 1= L®R, H*®R") n BYJ R, L'(R") n B, (R, B! ,(R™),

5
2,
X(R) :={u€ X; |lullx <R}

and
d(u,v) 1= |lu = vll por2)nr2(Lr)-
We regard the solution of the Cauchy problem (1.1) and (1.2) as the fixed point of the integral equation
given by
ut) = Pw)() :=U@)uy + /t Ut —1)fu))dt
0

fort € R, where u(t) := u(t, -). Let n, s, p satisfy the assumption in the theorem. We show that @ is
a contraction mapping on the metric space (X (R), d) for some R > 0.
By Corollary 4.1, Lemma 4.1 and Lemma 4.2, we have
1P x < Nlugll g + Ny ll gs—2 + IIfIIB;,/Zz(L,/) + IIfIIB;fz—n/z(Lz) + I N oo 52

< Nl g5 + g 12, + Ilul?, 4.18)

for any u, v € X. By the endpoint Strichartz estimate, we have
d(®(u), P(v)) S ”f(u) - f(U)”LZ(Lr’) 4.19)
for any u,v € X. By | f(u) — f(0)| S (lu|P~! + |v|P~1)|u — v| and the Holder inequality, we have
-1
”f(u) - f(U)”L2(Lr’) S LI{P:%Z(U ”w“iwu’*)”u - U”LZ(L’)

p—1
S max N0l oIl = Ol L22r) (4.20)
< max [lw]|% d(u, v),
w=u,v

where we have put r, := n(p — 1)/2 and we have used the embedding HS(R") < L"~(R"). So that,

we obtain
IP@)llx < Colllugllzrs + lupll%,,) + CR?, d(@(u), D(v)) < CRP™'d(u, v)

for any u, v € X(R), where Cy and C are some positive constants which are independent of u, v and
R. Therefore, ® is a contraction mapping if R satisfies
_ 1
2Co(llupll grs + llug i) < R, CRP™' < 5
Since these conditions are satisfied if the norm of the initial data is sufficiently small, we have a
unique solution u of (1.1) and (1.2) in X(R) for some R > 0.
We will show that the solution u obtained above belongs to C(R, H*(R")). This follows from
Corollary 4.1 once we prove f(u) € C(R, H S=2(R")), since the right-hand side of (4.1) is finite by
u € X(R) as we have shown in (4.18). We only consider the case p < 2, but even if p > 2, the proof
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works with a slight modification. Let 0 < o < 1. We define p, pyand p; by 1/p=1/2—(s-2)/n =
1/pg—o/n=1/p, —s/2n; we have p; <2 < py < psince 3 < s < 4. By the Sobolev embedding

;{ ’22(|R”) o HS2(R") o BZOQ(R") < LP(R"). We note that
the homogeneous parts of these spaces have the same scale. Similarly as Lemma 4.1, by the use of

theorem, we have the inclusions B

Lemma 2.2, we have the inequalities

IOl SUfOIllge  SUfOI g S ol (4.21)
p0-2 012
£ @) = fF@)llr S max{[[oll gs; lwllgs P~ o — WIIHZ, (4.22)
1@ = F@)lge S o= w7 ol s + el o = wll s 4.23)
p0-2 » p0:2

for v, w € H*®. We remark that
ue C'(R,H2RM) & C'(R, BY ,(R") & C'(R, L/(R")).
Let h € R. Using the equation (1.1) and the inequality (4.22), we have
1At + h) = u@)ll o < N0, + 1) = u@)l| o + CRH [t + h) = u@)ll 2.
Since CRP~! < 1/2, we have
llutt + 1) = u@®ll g2 S N9t + h) = u)l o + llult + h) = uD]l Lo,
hence we obtain u € C(R, Hg(IR”)). Similarly, using the inequality (4.23) instead of (4.22), we see

llutt + ) = u®)l o+ S 1|0, (ult + h) = u(t))”B"O , T Rllu(t+h) - u(t)ll’i;,'z1
20~ P0- ;

+ e+ 1) =)l

so thatu € C(R, B;’:;([R”)). By interpolation, we see

s/2

S—2/mhn\ — c n
H (R = (B ,R"), B

(R")g2

with 8 = 2(s — 6 — 2)/(s — 20), see e.g. [1, Theorem 6.4.5]. Hence, by (4.21) and (4.23), we obtain
f@w) € C(R, H~2(R")).

Let us prove the uniqueness of the solution in C(R, H*(R")). Letu € X(R) n C(R, H*(R")) be
the solution obtained by the above argument, and let v be another solution in C(R, H*(R")) for the
same datum u,. Let ¢ be defined by 7, :=sup{f > 0; u(r) = v(r) for 0 < 7 < t}. If #; < o0, then
we consider an interval I := [ty,t, + €) with € > 0. Since v(f) € L"~(R") for any t € R by the
embedding H*(R") & L"~(R") and p = p(s), we have

[lu— U”LZ(],Lr) SIf@w— f(U)”LZ(I,L”)
-1
S max “w”ico(I’Hx)”u —Vllz2r,2r
by the similar argument on (4.19) and (4.20). By u,v € C(R, H°(R")) and u € X(R) with R
sufficiently small, we obtain ||u — v||2(; ;) = O for a sufficiently small £ > 0. Thus, u = von I,
which contradicts the definition of 7,. We have shown ¢, = co, namely, u = v on [0, c0). Analogously,

we are able to show u = v on (—o0, 0]. So that, we obtain u = v on R. O
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Remark. In the previous paper [15], we found the solution to u = ®(u) as follows. We use the space

Y = L®R, H*(R") n W. (R, H2(R")

s/2

N Bq’2

R, L'(RM) n LR, B} (R") N W,[(R, BS *(R")

instead of X. By the contraction mapping principle, for sufficiently small u,, we find a unique fixed
point of @ in Y(R) = {u € Y;; ||u|ly < R} equipped with the metric d. Here, (g, r) is an admissible
pair to be chosen suitably, and R > 0 is sufficiently small number. We first note that in (1.8) we can
replace the third indices 2 of Besov spaces with q. We choose admissible pairs (g, r) and (y, p) so
that 1/y’ = p/q > s/2 — 1. As in the proof above, we estimate 9,®(u) by (1.7) with 0 = (s —2)/2,
Fo = ¢/, and by (1.8) with ¢ = s — 2, §; = ¢. Then, ||a,f(u)||B;s,—22>/2(Lpr) and |19, f Wl 220170y

p—1
L4(B},,

10, f @l o par 171 y) ~ ”atf(”)”Lq(BSI " By the Leibniz rule with 1/v, = 1/r — (s — 2)/n, we have

are bounded by ||u| )””“BS/?(U) if p/q > s/2 — 1. The most delicate point is the estimate of
q.2

N0, f@llgo SN @Il poro-vllull o + 11" @l go ll0,ull v
F1.4 V24 vo/(p—1).q
< , : P=U10,ul] sz
S Qllgs + Nellgy, P Mol

The right-hand side is bounded by ||u| 11’; Yl ||0;ull gs—2 provided that 2/(p — 1) < q < v,. It is possible
rq
to choose ¢ satisfying this condition together with p/g > s/2 — 1 only when (1.4) is satisfied.

Acknowledgment. The authors are thankful to the anonymous referee for several comments to
revise the paper.

REFERENCES

[1] J. Bergh, J. Lofstrom, “Interpolation spaces. An introduction," Grundlehren der Mathematischen Wissenschaften, No.
223, Springer-Verlag, Berlin-New York, 1976.
[2] T. Cazenave, D. Fang, Z. Han, Local well-posedness for the H?-critical nonlinear Schrisdinger equation, Trans. Amer.
Math. Soc., 368 (2016), 7911-7934.
[3] T. Cazenave, F. B. Weissler, The Cauchy problem for the critical nonlinear Schrédinger equation in H*, Nonlinear
Anal., 14 (1990), 807-836.
[4] J.-Y. Chemin, N. Lerner, Flot de champs de vecteurs non lipschitziens et équations de Navier-Stokes, J. Differential
Equations, 121 (1995), 314-328.
[S] D. Fang, Z. Han, On the well-posedness for NLS in H*, J. Funct. Anal., 264 (2013), 1438-1455.
[6] J. Ginibre, T. Ozawa, G. Velo, On the existence of the wave operators for a class of nonlinear Schrodinger equations,
Ann. Inst. H. Poincaré Phys. Théor., 60 (1994), 211-239.
[7] J. Ginibre, G. Velo, On a class of nonlinear Schriodinger equations. 1. The Cauchy problem, general case, J. Funct.
Anal., 32 (1979), 1-32.
[8] J. Ginibre, G. Velo, The global Cauchy problem for the nonlinear Schrédinger equation revisited, Ann. Inst. H. Poincaré
Anal. Non Linéaire, 2 (1985), 309-327.
[9] J. Ginibre, G. Velo, Scattering theory in the energy space for a class of nonlinear wave equations, Comm. Math. Phys.,
123 (1989), no. 4, 535-573.
[10] T. Kato, On nonlinear Schrédinger equations, Ann. Inst. H. Poincaré Phys. Théor., 46 (1987), 113-129.
[11] T.Kato, “Nonlinear Schrodinger equations,” in: Schrodinger operators, 218-263, Lecture Notes in Phys., 345, Springer,
Berlin, 1989.
[12] T. Kato, On nonlinear Schrodinger equations. II. H*-solutions and unconditional well-posedness, J. Anal. Math., 67
(1995), 281-306.
[13] M. Keel, T. Tao, Endpoint Strichartz estimates, Amer. J. Math., 120 (1998), 955-980.



16

[14] M. Nakamura, T. Ozawa, Low energy scattering for nonlinear Schrodinger equations in fractional order Sobolev spaces,
Rev. Math. Phys., 9 (1997), 397-410.

[15] M. Nakamura, T. Wada, Modified Strichartz estimates with an application to the critical nonlinear Schrodinger equa-
tion, Nonlinear Anal., 130 (2016), 138—156.

[16] H. Pecher, Solutions of semilinear Schrédinger equations in H*, Ann. Inst. H. Poincaré Phys. Théor., 67 (1997), 259—
296.

[17] H. Y. Schmeisser, “Vector-valued Sobolev and Besov spaces,” Seminar analysis of the Karl-Weierstra-Institute of
Mathematics 1985/86 (Berlin, 1985/86), 4-44, Teubner-Texte Math., 96, Teubner, Leipzig, 1987.

[18] R. S. Strichartz, Restrictions of Fourier transforms to quadratic surfaces and decay of solutions of wave equations,
Duke Math. J., 44 (1977), 705-714.

[19] H. Triebel, “Interpolation theory, function spaces, differential operators,” North-Holland, Amsterdam-New York-
Oxford, 1978.

[20] Y. Tsutsumi, Global strong solutions for nonlinear Schridinger equations, Nonlinear Anal., 11 (1987), 1143-1154.

[21] Y. Tsutsumi, L2-solutions for nonlinear Schrodinger equations and nonlinear groups, Funkcial. Ekvac., 30 (1987),
115-125.

[22] H. Uchizono, T. Wada, Continuous dependence for nonlinear Schrodinger equation in H*, J. Math. Sci. Univ. Tokyo,
19 (2012), 57-68.

[23] H. Uchizono, T. Wada, On well-posedness for nonlinear Schrédinger equations with power nonlinearity in fractional
order Sobolev spaces, J. Math. Anal. Appl., 395 (2012), 56-62.

[24] T. Wada, A remark on local well-posedness for nonlinear Schrodinger equations with power nonlinearity—an alterna-
tive approach, Comm. Pure Appl. Anal., 18 (2019), 1359-1374.

[25] K. Yajima, Existence of solutions for Schrodinger evolution equations, Comm. Math. Phys, 110 (1987), 415-426.



	Accept_MR3953030_表紙
	Accept_MR3953030

