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ABSTRACT. In this expository paper we survey two characterizations of homoge-
neous Hopf hypersurfaces M2"~! in nonflat complex space forms M, (c). These
characterizations are established by observing some geodesics on M and by in-
vestigating the holomorphic distribution 79M on M, respectively.

1. INTRODUCTION

Standard examples play an important role in geometry. We denote by M, (c)
a complex n (2 2)-dimensional complete and simply connected nonflat complex
space form of constant holomorphic sectional curvature ¢(# 0), namely a complex
projective space CP"(c)(c > 0) or a complex hyperbolic space CH"(c¢)(c < 0). In

the theory of real hypersurfaces in M, (c) it is interesting to investigate geometric
properties of homogeneous examples. Here, a real hypersurface M?"~! in M, (c) is
said to be homogeneous if M is an orbit of some subgroup of the isometry group
I(M,(c)) of the ambient space. Takagi ([19]), Berndt and Tamaru ([8]) classified
homogeneous real hypersurfaces in CP"(¢) and CH™(c), respectively. Due to their
works we can see that in the case of ¢ > 0 every homogeneous real hypersurface is a
Hopf hypersurface but in the case of ¢ < 0 there exist many non-Hopf hypersurfaces
as well as many Hopf hypersurfaces (for the definition of Hopf hypersurfaces see
Section 2).

In this context we pay particular attention to homogeneous Hopf hypersurfaces
in a nonflat complex space form M,(c). Motivated by a fact that the ambient
space M, (c) has no totally umbilic real hypersurfaces M, we count the number of
geodesics on M that are mapped to circles in M, (c). We next recall a fact that

in Mn(c) there does not exist a Hopf hypersurface M such that the holomorphic
distribution T°M on M is integrable (for the definition of T°M see Section 2). We
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characterize all homogeneous Hopf hypersurfaces in a nonflat complex space form
from these viewpoints (see Theorems 1 and 2).

2. BASIC TERMINOLOGIES AND FACTS

~ Let M n=1 he a real hypersurface immersed into a nonflat complex space form
M, (c) through an isometric immersion with a unit normal local vector field N.

The Riemannian connections V of ]T/[/n(c) and V of M are related by the following
formulas of Gauss and Weingarten:

(2.1) VxY = VxV + g(AX, V)N,

(2.2) %XN =—-AX

for arbitrary vector fields X and Y on M, where g is the Riemannian metric of
M induced from the standard metric of the ambient space Mn(c) and A is the
shape operator of M in Mn(c) An eigenvector of the shape operator A is called a
principal curvature vector of M in ]\A/[/n(c) and an eigenvalue of A is called a principal

curvature of M in M, (c). We set V), = {v € TM | Av = M} which is called the
principal distribution associated to the principal curvature .

It is well-known that M has an almost contact metric structure induced from the
Kahler structure (J, g) of the ambient space M,(c). That is, we have a quadruple

(¢,€,m, g) defined by

96X, Y) = g(IX,Y), €= —JN and 9(X)=g(€,X) = g(JX,N).
Then they satisfy

P*X = X +n(X)§, n(€) =1 and g(¢X,0Y) =g(X,Y) —n(X)n(Y)

for all vectors X,Y € TM. It is known that these equations imply that ¢ = 0
and n(¢X) = 0. In the following, we call ¢, £ and n the structure tensor, the
characteristic vector and the contact form on M, respectively.

It follows from (2.1), (2.2), VJ = 0 and JX = ¢X + n(X )N that
(2.3) (Vx@)Y =n(Y)AX — g(AX,Y)E,

(2.4) Vxé = pAX.
Denoting the curvature tensor of M by R, we have the equation of Gauss given by
(25)  g((R(X,Y)Z,W) = (c¢/4){g(Y, Z)g(X, W)

—9(X, Z)g(Y, W) + g(¢Y, Z)g(¢ X, W) — g(¢X, Z)g(¢Y, W)

+ g(AY, Z)g(AX, W) — g(AX, Z)g(AY,W).

The following is called the equation of Codazzi.
(2.6) (VxA)Y = (VyA)X = (c¢/4)(n(X)oY —n(Y)oX —29(¢X,Y)E),
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Let K be the sectional curvature of M. That is, K is defined by K(X,Y) =
g(R(X,Y)Y, X), where X and Y are orthonormal vectors on M. Then it follows
from (2.5) that
27) K(X,Y) = (/4)(1+ 396X, V)

We usually call M a Hopf hypersurface if the characteristic vector £ of M is

a principal curvature vector at each point of M. The following lemma clarifies
fundamental properties of principal curvatures of a Hopf hypersurface M in M, (c).

Lemma 1 ([12, 15]). Let M be a Hopf hypsurface of a nonflat complex space form
M, (c),n = 2. Then the following hold.

(1) If a nonzero vector v € TM orthogonal to & satisfies Av = v, then (2X —
0)Apv = (0X + (¢/2))pv, where § is the principal curvature associated with
&. In particular, when ¢ > 0, we have Agv = ((6X + (c/2))/(2X — 0)) pv.
(2) The principal curvature § associated with & is locally constant.

The discussion in the proof of Lemma 1 gives the following:

Lemma 2 ([18]). There exist no real hypersurfaces with A+ A¢p = 0 in a nonflat
complex space form M,(c),n = 2.

By virtue of Lemma 2 we obtain the following fundamental property of all Hopf
hypersurfaces in a nonflat complex space form.

Proposition 1 ([10]). For every Hopf hypersurface M in a nonflat complex space
form M,(c),n = 2, the holomorphic distribution T°M = {X € TM|n(X) = 0} on
M s not integrable.

We see easily that a real hypersurface M is a Hopf hypersurface if and only if
every integral curve of ¢ is a geodesic on M (see (2.4)). The following gives another
characterization of all Hopf hypersurfaces in a nonflat complex space form.

Proposition 2 ([3]). For a real hypersurface M in a nonflat complex space form
M, (c),n 2 2 the following two conditions are mutually equivalent.

(1) M is a Hopf hypersurface in M, (c).

(2) At each point x € M, if we take a totally geodesic complex curve Ml( ) in
M, (c) through x whose tangent space T. Ml( ) is the complex one dimen-
stonal linear subspace ofT M (c) spanned by &, then the normal section

N, =Mn Ml( ) given by Ml( ) is the integral curve through the point x of
the characteristic vector field & of M.

3. CLASSIFICATION OF HOMOGENEOUS REAL HYPERSURFACES IN CP"(c)

Takagi ([19]) classified homogeneous real hypersurfaces in CP"(c), namely they
are orbits under analytic subgroups of the projective unitary group PU(n+1). We
explain his results briefly.
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Theorem A ([19, 20]). All homogeneous real hypersurfaces of CP™(c),n = 2 are
Hopf hypersurfaces with constant principal curvatures in this ambient space. They
are said to be of types (A1), (Az), (B),(C), (D) and (E). The numbers of distinct
constant principal curvatures of these Hopf hypersurfaces are 2,3,3,5,5,5, respec-
tively. Every homogeneous real hypersurface in CP"(c) is constructed by using an
effective Hermitian orthogonal symmetric Lie algebra of ran two.

Sketch of proof. Without loss of generality we set ¢ = 4. We denote by (u, ) an
effective orthogonal symmetric Lie algebra of compact type of rank two, where u
is a compact semisimple Lie algebra and € is an involutive automorphism of u (see
[11]). Let u = t+ p be the decomposition of u into the eigenspaces of 6 for the
eigenvalues +1 and —1, respectively. Then t and p satisfy [t,t] C t,[t,p] C p and
[p,p] C t. For the Killing form B of u we define a positive definite inner product
(,Yyonpby (X,Y)=—-B(X,Y) for X,Y € p. Let K be the analytic subgroup
of the group of inner automorphisms of u with Lie algebra ad(t). Then K(p) = p
and K is an orthogonal tranformation group on p with respect to ( , ). We define
a representation p of K on p by p(k) = k|p for k € K. The differentiation p, of
p is an automorphism of t into the Lie algebra of the orthogonal group of p and
satisfies (p,X)Y = [X,Y] for all X € tand all Y € p.

We denote by S the unit hypersphere in p centered at the origin and A a regular
element of p in S. Then the orbit N = p(K)A of A under p(K) is a hypersurface
in the ambient sphere S. It is known that there exists an element Z; in the center
of t such that ([11])

(p*ZO>2 = _17 <(p*ZO)X7 (p*ZO)Y> = <X7 Y> for X7Y cp.

Thus we may regard p as a complex vector space C"*! with complex structure J =
p«Zy and Hermitian inner product (, ) , where dimp = 2(n+1). We denote by 7 the
Hopf fibration of C"** —{0} onto CP"(4) and V a vector field on p which is defined
by Vx = JX for X € p. Since the one-parameter subgroup p(exp RZj) of p(K)
induces V' and leaves N invariant, the image M = m(N) becomes a homogeneous
real hypersurface of CP"(4). Indeed, the group G = p(K)/p(Cp) is a compact
analytic subgroup of PU(n + 1) = U(n + 1)/p(Cy) which acts on M transtively
as isometries of M, where Cj is the subgroup of K generated by Z,. We call here
this manifold M a standard real hypersurface of CP"(4). Conversely, we can say
that every homogeneous real hypersurface in CP™(4) is locally congruent to one of
standard real hypersurfaces (see Lemmas 2.2 and 2.3 in [19]). Therefore by virtue of
a complete classification theorem of effective Hermitian orthogonal symmetric Lie
algebras we can obtain a classification theorem of homogeneous real hypersurfaces
in CP"(4) (see [19]). Needless to say, all principal curvatures of homogeneous
real hypersurfaces are constant. In consideration of Theorem 2 in [20] and the
work of Araki ([5]) we can compute principal curvatures of all homogeneous real
hypersurfaces in CP"(4). O

Remark 1. The discussion in the proof of Theorem A shows that a real hypersurface
M is homogeneous in CP"(c) if and only if 7~1(M) is homogeneous in a (2n + 1)-
dimensional sphere S***1(¢/4) of constant sectional curvature ¢/4 through the Hopf
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fibration 7 : S?"*'(c/4) — CP"(c), that is 7~ *(M) is an orbit of a subgroup of
SO(2n + 2) which is the full isometry group of S?"™!(c/4).

Theorem A is written in an algebraic style. Using the works of Cecil and Ryan
([9]) and Kimura ([13]), we can rewrite geometrically Theorem A. The following
list is the so-called Takagi’s list.

In CP™(c) (n = 2), a homogeneous real hypersurface is locally congruent to one
of the following Hopf hypersurfaces all of whose principal curvatures are constant:

(A1) A geodesic sphere of radius r, where 0 < r < 7/ /c ;
(A) A tube of radius r around a totally geodesic CP*(c) (1 £ ¢ < n —2), where
0<r<m/y/c;
(B) A tube of radius r around a complex hyperquadric CQ"™!, where 0 < r <
T/ (2v/¢);
(C) A tube of radius 7 around the Segre embedding of CP'(c) x CP™1/2(¢),
where 0 < r < 7/(2y/c ) and n (2 5) is odd;
(D) A tube of radius r around the Pliiker embedding of a complex Grassmannian
CGsqs, where 0 < r < 7/(2y/c) and n = 9;
(E) A tube of radius r around a Hermitian symmetric space
SO(10)/U(5), where 0 < r < 7/(24/c ) and n = 15.

These real hypersurfaces are said to be of types (A1), (A2), (B), (C), (D) and (E).
Unifying real hypersurfaces of types (A;) and (Aj), we call them hypersurfaces of
type (A). The numbers of distinct principal curvatures of these real hypersurfaces
are 2,3,3,5,5,5, respectively. The principal curvatures of these real hypersurfaces
in CP"(c) are given as follows:

(A1) (Az) (B) (C, D, E)
M| Seot(yr) | S eot(r) | SFeot(r—F) | cot(Hr - §)
Ao — —@tan(*/?gr) ‘/TE COt(\/TET + ) ‘/TE COt(\/TET + )
A3 — — — %Ecot(gr)
A4 — — — —‘/TE tan(‘/Tgr)
d |Vecot(y/er) | \/ccot(y/cr) Ve cot(y/er) Ve cot(y/er)

One should notice that in CP"(c) a tube of radius r (0 < r < 7/4/c) around a
totally geodesic CP*(c) (0 < ¢ < n—1) is congruent to a tube of radius ((/y/c)—r)
around a totally geodesic CP"~“"1(c). So, in particular by setting £ = 0 we know
that a geodesic sphere G(r) of radius r (0 < r < w/4/c) in CP"(c) is congruent to
a tube of radius ((7/y/c) — r) around a totally geodesic hypersurface CP"~!(c).
Then we can see that all homogeneous real hypersurfaces of CP"(c) are realized as
tubes of constant radius around compact Hermitian symmetric spaces of rank 1 or
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2. The multiplicities of these principal curvatures are given as follows (cf. [20]):

(A1) (Az) B) | ©) D) [(E)
m(A) [2n—2 [2n—20—2 |n—1 2 4 6
m(Az) — 20 n—1 2 4 6
m(As3) — — — n—3 | 4 8
m(Ay) — — — n—=3 | 4 8
m(5) 1 1 1 1 1|1

4. CLASSIFICATION OF HOMOGENEOUS REAL HYPERSURFACES IN CH"(c)

We next study homogeneous real hypersurfaces in an n-dimensional complex
hyperbolic space CH™(c¢) of constant holomorphic sectional curvature ¢ < 0. For
this purpose, we recall the works of Montiel ([17]), Berndt ([6]) and Berndt, Tamaru
([8]), which are significant in the theory of real hypersurfaces in CH™(c).

Montiel ([17]) classified real hypersurfaces in CH"(c) (n = 3) with at most two
distinct principal curvatures at its each point.

Theorem B ([17]). Let M be a connected real hypersurface in CH™(c) (n 2 3)
with at most two distinct principal curvatures at its each point. Then M 1is locally
congruent to one of the following:

(Ag) A horosphere in CH™(c);
(A1o) A geodesic sphere of radius r (0 < r < o0);
(A11) A tube of radius v around a totally geodesic CH™ *(c), where 0 < r < oc;

(B) A tube of radius v = (1/~/|c|)log.(2 + V/3) around a totally real totally
geodesic RH"(c/4).

On the other hand, Berndt ([6]) classified Hopf hypersurfaces with constant
principal curvatures in CH"(c).

Theorem C ([6]). Let M be a connected Hopf hypersurface all of whose principal
curvatures are constant in CH"(c) (n 2 2). Then M is locally congruent to one of
the following:
(Ag) A horosphere in CH™(c);
(A1o) A geodesic sphere of radius r (0 <1 < 00);
(A11) A tube of radius r around a totally geodesic CH"*(c), where 0 < r < o0;
(Ay) A tube of radius r around a totally geodesic CH(c) (1 £ ¢ < n —2), where
0 <r <o
(B) A tube of radius r around a totally real totally geodesic RH"(c/4), where
0<r<oo.

We remark that the list in Theorem C contains that of Theorem B completely.
In this paper, we call the list in Theorem C Montiel-Berndt’s list. In [18], this
list is called Montiel’s list. The real hypersurfaces in Theorems B and C are said
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to be of types (Ag), (A1), (A1), (Az) and (B). Here, type (A;) means either type
(A1) or type (A;;). Unifying real hypersurfaces of types (Ag), (A1) and (As),
we call them hypersurfaces of type (A). A real hypersurface of type (B) with ra-
dius 7 = (1/+/]c])log.(2 + /3 ) has two distinct constant principal curvatures
A =0 = /3lc[/2 and Ay = \/|c[ /(23 ). Except for this real hypersurface, the
numbers of distinct principal curvatures of Hopf hypersurfaces with constant prin-
cipal curvatures are 2,2, 2, 3, 3, respectively. The principal curvatures of these real
hypersurfaces in CH"(c) are given as follows (see [6]):

(Ao) (Avo) (A1) (A2) (B)
A 2|C| \/H oth(m ) 2‘6‘ tanh(%r) %coth(\/gﬂr) 2‘0‘ coth( 2|C| r)
Ay | — — — mtanh(\/ﬂ ) \/Htanh(\/‘T )
o lc| | \/Je| coth(y/]e[7) |\/]e] coth(y/]e[7) | /]e| coth(y/]e]7) | v/]e] tanh(y/]c|7)

The multiplicities of these principal curvatures are given as follows (see [6]):

(Ao) |(Aro) |(Ara) (Ag) (B)
m(A) [2n—2|2n—2 [2n—2 |2n— 20— 2 |n— 1
m(Xe) | — — — 20 n—1
m@) | 1 1 1 | |

Berndt and Tamaru ([8]) classified all homogeneous real hypersurfaces in CH™(c).
The following theorem shows that there exist many homogeneous real hypersurfaces
which are not Hopf hypersurfaces in CH"(c).

Theorem D ([8]). Let M be a homogeneous real hypersurface in CH™(c),n = 2.
Then M 1is locally congruent to one of the following:
(Ay) A horosphere in CH™(c);
(A1o) A geodesic sphere of radius r, where 0 < r < oo;
(Ay1) A tube of radius r around a totally geodesic (CH” Y(c), where 0 < r < oo;
(Ay) A tube of radius r around a totally geodesic CH (c) (1 £ ¢ < n —2), where
0<r <o
(B) A tube of mdz’us r around a totally real totally geodesic RH™(c/4), where
0<r <o
(S) The minimal ruled real hypersurface S determined by a horocycle in a totally
geodesic RH?(c/4) in CH™(c), or an equidistant hypersurface from S at
distance r, where 0 < r < oo;
(W) A tube of radius v around the minimal ruled submanifold W?"=% with k €
{2,...,n—1}, where 0 <r < o0;
(Wy) A tube of radius r around the minimal ruled submanifold Wj”‘k for some

© € (0,7/y/|e| ) and k € {2,...,n — 1}, where k is even and where 0 <

r < 00;
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In this paper, we call the list in Theorem D Berndt-Tamaru’s list. Note that all
examples of (S), (Wy), (Wz) in Berndt-Tamaru’s list are non-Hopf hypersurfaces.
The following three propositions give information on the principal curvatures of
homogeneous non-Hopf hypersurfaces in CH"(c).

Proposition A ([7]). (1) When M s congruent to the homogeneous minimal
ruled real hypersurface S in CH"(c), M has three distinct constant principal
curvatures \y = \/|c| /2 with multiplicity 1, Ay = —+/]c| /2 with multiplicity
1 and A3 = 0 with multiplicity 2n — 3.

(2) When M is congruent to an equidistant hypersurface from S at distance
r(0 < r < oo0) in CH™(c), M has the following three distinct constant
principal curvatures Ay with multiplicity 1, \o with multiplicity 1 and A3
with multiplicity 2n — 3 :

(
AL = 5 ”4|C| tanh ~ |20| d + = |20| \/1 — = tanh? —”|20|T,

3
1

pe = SV oy VATV \/1 3 ann VLT
4 2 2 4 2
A3 = —'2’0’ tanh —~]20|7"

\

Proposition B ([7]). (1) When M is congruent to a homogeneous real hyper-
surface of type (W1) with radius v # (1/+/]c| )log.(2 + V3 ), M has the
following four distinct constant principal curvatures Ay with multiplicity 1,
Ao with multiplicity 1, A3 with multiplicity 2n—k—2 and Ay with multiplicity
k—1:

(

A = 3V4|C| tanh Y |20| T V‘;' \/1—§tanh2—v ’;l ~

)\2:3“ 1 tanh - \c]r+ /el \/1—§tanh2—"c’r,
4 2 2 4 2

)\3: %tamh |26| T,

AN == '2|C| coth ~ |§| T.

\

(2) When M is congruent to a homogeneous real hypersurface of type (W) with
radius v = (1/+/]c| )1og,(2+ /3 ), M has three distinct constant principal
curvatures Ay = 0 with multiplicity 1, Ao = Ny = m /2 with multiplicity
k and A3 = /|c] /(2v/3 ") with multiplicity 2n — k — 2.

Proposition C ([7]). (1) When M is congruent to a homogeneous real hyper-
surface of type (Ws) with k # 2, M has the following five distinct constant
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principal curvatures Ay with multiplicity 1, Ao with multiplicity 1, A3 with
multiplicity 1, Ay with multiplicity 2n — k —2 and \5 with multiplicity k—2 :

— _— 1 - . ~
\ = _ﬂ (coth r (ui + —> — csehisechi — 4 tanh i)
6 2 e uz 2 2 2
fori=1,23,

A= \/Ftanh \/’2?“” A = —”2|C| coth @

Here, 7 = +/|c| r, k is even with 2 = k < n — 1 and the number u , is the

i-th cubic root of (By, +1/B:, —4)/2, where Bz, = 27 sin?(ip) tanh?(7/2)-
sech!(7/2) =2 and 0 < ¢ < /2.

(2) When M is congruent to a homogeneous real hypersurface of type (Ws) with
k =2, M has the same four distinct constant principal curvatures A1, Ay, A3
and Ay as those in the above case.

5. CHARACTERIZATIONS OF ALL HOMOGENEOUS HOPF HYPERSURFACES IN
NONFLAT COMPLEX SPACE FORMS

We first characterize all homogeneous Hopf hypersurfaces in a nonflat complex
space form by using the notion of circles in Riemannian geometry.

A smooth real curve v = ~(s) (s € I) in a Riemannian manifold M with a
Riemmanian metric g is called a circle of curvature k if the ordinary differential
equations Vsy = kY, and V;Y, = —k¥ hold for each s € I, where V5 is the
covariant differentiation along v with respect to the Riemannian connection V of
M and k is a nonnegative constant. A circle of null curvature is nothing but a
geodesic. The definition of circles can be rewritten as follows: A smooth real curve
v = 7(s) (s € I) in a Riemannian manifold M is called a circle if it satisfies the
ordinary differential equation

(5.1) ViVig +9(Vsy, Vid)y = 0.
The following is fundamental.

Proposition 3. For a connected hypersurface M™ isometrically immersed into a
Riemannian manifold M "1 the following three conditions are mutually equivalent:
(1) Every geodesic v on M™ is mapped to a circle in Mnﬂ;
(2) Every geodesic vy on M™ is mapped to a circle of the same curvature which
15 independent of the choice of v in M”H;
(3) M™ is totally umbilic in M"Y and M™ has constant mean curvature, namely
Trace A is constant on M™, where A is the shape operator of M™ in ML

Proof. We suppose Condition (1). Then, from (5.1) every geodesic v of M", con-
sidered as a curve in the ambient space M"*!, satisfies the following ordinary
differential equation:

(5.2) Vs Vs + g(Vs, Vid)y = 0.
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On the other hand, in consideration of (2.1) and (2.2) for the hypersurface M™ in
M™ we can rewrite (5.2) as follows:

(5.3) —9(A%, 1) AT + 9(A%,9)* + 9(V5A)7, YN = 0.
Hence, taking the tangential component and the normal component of (5.3) for the
hypersurace M™ in M™*! we obtain

(5.4) 9(A%, 1) AT = g(A3,9)* and g((V54)3,%) =0

for each geodesic v on M™. Equation (5.4) means that

(5.5) g(AX, X)AX = g(AX, X)X and ¢g((VxA)X,X)=0

for all X € TM with || X|| = 1. Note that the former equation in (5.5) means
(5.6) g(AX, X)g(AX,Y)=0

for each pair of orthonormal vectors X and Y on M, which is equivalent to saying
that

(5.7) g(A,X, X)? is constant at each point p € M

for every unit vector X € T,M.

Indeed, let f : S '(1)(C R") — R be the differential function on a subset
S"H(1) = {u € T,M||ju|| = 1} defined by f(u) = g(Apu,u)?, where A, is the
shape operator of M in M™"! at the point p € M. If v is a vector tangent to
S™1(1) at u (hence u L v), we find v(f) = 4g9(A,u, u)g(A,u,v) = 0 by (5.6). Thus
f is a constant function on S"~!(1).

Then we can set A*(p) = g(AX, X)? for each unit vector X € T,M with A(p) = 0
at every point p € M. When M" is not totally geodesic in M™™!, there exists a
point z € M with A(z) > 0. Then the continuity of the function A shows that
there exists some open neighborhood U, of the point x such that A > 0 on U,. We
here choose a local field of orthonormal frames ey, ..., e, on U, in such a way that
Ae; = Ne; (1 £ 4 < n). Hence, from (5.7) we see that A2 = ... = A2 = \2. In
this case, we suppose that there exist an orthonormal pair of vectors e; and e; such
that Ae; = \e; and Ae; = —Ae;. Then we find that

g(Alei +¢)/V2, (e +¢;)/V2) =0,
which is a contradiction. So, we know that Ae; = Ae; (1 < i < n), which shows
that every point y € U, is an umbilic point. Thus we can see that M" is totally
umbilic in M. Furthermore, the latter equation in (5.5) yields that the function
A is constant on M. Therefore we get Conditions (2) and (3) in our proposition.

By virtue of the above argument in the proof of our proposition we can see that
each of Conditions (2) and (3) implies Condition (1). O

As an immediate consequence of Proposition 3 we get

Lemma 3. Let M™ be a hypersurface isometrically immersed into a Riemannian
manifold M" . If a geodesic v = v(s) (s € I) on M is mapped to a circle of



TWO CHARACTERIZATIONS OF HOMOGENEOUS HOPF HYPERSURFACES 25

positive curvature k, then the shape operator A of M"™ in Mt satisfies either
AY(s) = kA(s) for all s € I or AY(s) = —k7(s) for all s € I.

In view of a fact that M, (c) has no totally umbilic real hypersurfaces and Propo-
sition 3 we see that there exist no real hypersurfaces all of whose geodesics are
mapped to circles in a nonflat complex space form. By weakening this condition
we obtain the following characterization of all homogeneous Hopf hypersurfaces in
M,(c).

Theorem 1 ([1, 10]). Let M**~! be a connected real hypersurface in a nonflat

=

complex space form M, (c),n = 2. Then M is locally congruent to a homogeneous
Hopf hypersurface if and only if there exist orthonormal vectors vy, ..., Vo, o 0Or-
thogonal to the characteristic vector & at each point p of M such that all geodesics
vi =7(s) (1 £ 4 < 2n—2) on M with v;(0) = p and ¥;(0) = v; are mapped to
circles of positive curvature in M,(c).

Proof. We first prove the “only if” part.

Case of ¢ > 0. Let M be of type (A;). Then M has two distinct constant principal
curvatures § = \/c cot(y/c r) with multiplicity 1 and A = (/¢ /2) cot(y/c r/2) with
multiplicity 2n — 2. We take and fix an arbitrary point p € M and a unit vector
v € T,M orthogonal to &,. Let v = 7(s) be a geodesic on M through v(0) = p
with initial vector 4(0) = v. It follows from an equality pA = A¢, (2.4), the
skew-symmetry of ¢ and the symmetry of A that

V39(1,8) = 9(7, V4€) = 9(7, 9AY)
so that g(7(s),&,(s)) is constant along the curve v = v(s). This, together with the

initial condition g(¥(0),&,)) = 0, shows that ¥(s) is orthogonal to the character-
istic vector &, for each s. Hence

(5.8) A(s) = (V¢ /2) cot(v/e r/2)5(s) for each s.
It follows from (2.1), (2.2) and (5.8) that the curve 7 is mapped to a circle of positive
curvature (y/c/2) cot(y/c r/2) in CP™(c). Thus, choosing the vectors vy, ..., v,
at p as orthonormal vectors orthogonal to &,, we get the desired result.

Let M be of type (Az). Then M has three distinct constant principal curvatures
d = /c cot(y/c r) with multiplicity 1, Ay = (v/¢/2) cot(y/c r/2) with multiplicity
2n — 20 — 2 and Ay = —(y/c/2) tan(y/c r/2) with multiplicity 2¢. We take and
fix an arbitrary point p € M and a unit vector v € T,M orthogonal to &, with
v eV, ={X € T,MAX = \X}, where i = 1 or 2. Let v = 7(s) be a
geodesic on M through ~(0) = p with initial vector 4(0) = v. In consideration of
a differential equation (VxA)Y = —(c¢/4)(9(¢X,Y)E +n(Y)pX) for X, Y € TM
and the properties of ¢, A we see

Vil A%(s) = Nv(s))1? = Vs (g(A%, AY)) — 20, V5 (g(A7, %))
= 29((V4A)¥, A%) — 2Xi9((V5A)%,4)
= —(c/2)n(¥)g(¢Y, Ay) = 0,
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which, combined with A¥(0) — X\;4(0) = Av — \jv = 0, yields
(5.9) AY(s) = A\A(s) for each s,

where 4(0) € V),, ¢ = 1 or 2. Thus, from (2.1), (2.2) and (5.9) we know that
the curve 7 is mapped to a circle of positive curvature |);| in CP"(c¢). Hence,
choosing the vectors vy,...,v9, o at p in such a way that vy,...,v9, 9, o and
Von—20—1, - - -, Uan_o are orthonormal bases of V), and V),, respectively, we get the
desired result.

Let M be of type (B). Then M has three distinct constant principal curvatures
d = /¢ cot(y/c r) with multiplicity 1, \; = (y/¢/2) cot(y/c /2 — w/4) with mul-
tiplicity n — 1 and Ay = (y/¢/2) cot(y/c /2 + w/4) with multiplicity n — 1. Note
that ¢V), = V), (see Lemma 1). We shall verify that the principal distribution Vj,
(resp. V),) on M is integrable, and moreover that any leaf Ly, of Vy, (resp. L,, of
V),) is a totally geodesic submanifold of M. It suffices to check that VxY € V),
for all X,Y € V,,. First we have

AVxY =Vx(AY) — (VxA)Y
=MVyxY — (VxA)Y.

For any Z € TM, since V x A is symmetric, from Codazzi equation (2.6) we see

9(VxA)Y,Z) = g((VxA)Z,Y)
=g9((VzA)X
+ (/) ((X)Z —n(Z)pX — 29(¢X,Y)E),Y)
=9((VZzA)X)Y)
9(V2(AX) — AV, X,Y)
= g((Z)\)X + (I — AV ,X,Y) = 0.

Hence VxY € V), for any X,Y € V),, so that every leaf V), of the principal distri-
bution V), is totally geodesic in M. Therefore the manifold L), is totally umbilic
in CP™(c) (see (2.1)). Ly, is locally congruent to a totally umbilic hypersurface
of constant sectional curvature d with y/d — (¢/4) = |A1] in RP"(¢/4) of constant
sectional curvature ¢/4, which is totally real totally geodesic in CP™(c¢). This im-
plies that every geodesic of Ly, (which is totally geodesic in our real hypersurface
M) is mapped to a circle of positive curvature |A;| in the ambient space CP™(c).
Hence we can check the case of type (B).

Next, let M be one of types (C), (D) and (E). Then M has five distinct constant
principal curvatures § = /¢ cot(y/er), Ny = (V¢ /2)cot(y/er/2 —/4), Na =
(Ve [2) cot(ye /24 m/4), Ag = (e /2) cot(y/ar/2), A = (/e /2) tan(ye 1/2).
Note that ¢Vy, = Vy,, oVi, = Vi, oVi, = Vi, and ¢V, = V), (see Lemma 1).
By virtue of the discussion in the case of type (B) it suffices to study the principal
distributions A3 and \;. We remark that both of V), and V), are not integrable.
Our aim here is to show that V), ®{{}r (resp. Vi, ®{&}r) is integrable and any leaf
of the distribution V), @ {{}r (resp. Vi, ® {{}r) is a totally geodesic submanifold
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of M. Let T =V,, @ {¢}r. Then we can verify the following:
Vx{e%, VeXeT and VyY € Tforany XY € V),.
In fact, from (2.4) Vx& = pAX = 390X € . Next, from (2.4) we get
(VeA)X — (VxA)E = Ve(AX) — AV X — Vx(AE) + AV xE
= (N3] — A)VX — §pAX + ApAX
= (A3 — A)VeX + A3(A5 — 0)oX.
On the other hand, it follows from (2.6) that
(VeA)X — (VxA)E = (¢/4)oX € V).
Thus for any Z € V,, (11 = A1, A2, Ay, 0), we have
so that Ve X € V), C . Finally, for any X,Y € V), and for any Z € V, (. =
A1, A2, Ag) we see
9(VxA)Y,Z) = g(Vx(AY) — AVxY, Z)
=g((M\3I — A)VxY, Z)
= (A3 — wy(VxY, Z).
On the other hand, it follows from the symmetry of VA and (2.6) that
9(VxA)Y, Z) = g(VxA)Z,Y) = g((VZA)X,Y)
=g(Vz(AX) - AV X,Y)
=g((A] — A)VzX,Y) =0.

Hence, VxY € T. Thus we can see that any leaf L of the distribution ¥ is a totally
geodesic submanifold of M. We consider the distribution T := V), & {{}r @ {N}r
along M in the ambient space CP"(c), where N (= J¢) is a local unit normal
vector on M. Here, the vectors X (€ V),),& and N are extended by the parallel
displacement along the geodesic v = y(s) in CP"(c) with 7(0) = p and §(0) = N,
at each point p € M. Then by a similar computation we have VY € < for all
X, Y e ‘I which implies that the distribution Tis integrable and each of its leaves
is a totally geodesic submanifold CP™%!(c) of CP"(c), where 2m = dim V, (for
the dimension of V),, see the table of the principal curvatures in Takagi’s list).
Therefore we can see that any leaf L of the distribution ¥ is locally congruent to a
geodesic sphere G(r) of radius 7 (0 < r < 7/4/c ) in CP™%!(¢). So, the discussion in
the case of type (A;) shows that every geodesic on a totally geodesic submanifold
L of M whose initial vector is orthogonal to £ is mapped to a circle of positive
curvature |Az| in CP™(c). The same discussion as above yields that any leaf K of
the distribution V), @ {{}r is a totally geodesic submanifold M. The manifold K
is locally congruent a geodesic sphere G(m/+/c —r) of radius 7//c —r of a totally
geodesic submanifold CP**1(c) of CP"(c), where 2k = dim Vj,. Every geodesic on
a totally geodesic submanifold K of M whose initial vector is orthogonal to & is
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mapped to a circle of positive curvature |A\y| in CP"(¢). Therefore we can check
the cases of types (C), (D) and (E).

The discussion in the case of ¢ < 0 follows directly from that in the case of ¢ > 0
(see the argument in the case where M is of either type (A;), type (Ag) or type
(B)).

We next prove the “if” part. It suffices to consider the case of ¢ < 0. The
discussion in the case of ¢ > 0 is a bit simpler than that in the case of ¢ < 0.
Assume that at each point p € M there exist 2n—2 orthonormal vectors vy, . .., vy, o
orthogonal to &, such that the geodesics v; = vi(s) (1 =i < 2n —2) on M with
7:(0) = p and 4;(0) = v; are mapped to circles of positive curvature (, say) k; in
CH™(c). Then it follows from Lemma 3 that

(5.10) Av; = kv, or Av; = =k fori=1,...,2n — 2,

which implies that M is a Hopf hypersurface in CH"(c) because g(A&, v;) =
g(&, Av;) =0 fori e {1,...,2n — 2}.
Now, consider the open dense subset U of M defined by

(5.11) U = {p € M|the multiplicity of each principal curvature
of M in CH"(c) is constant on some neighborhood V, of p}.

Recall that principal curvatures are differentiable on &/ and, moreover the principal
curvature vectors can be chosen to be smooth on a sufficiently small neighborhood
of each point p € U. In the following, we shall study on such a fixed neighborhood
V,. At the fixed point p, the linear subspace TIS)M ={X € T,M|X L &} of the
tangent space T, M is decomposed as:

ong _ 0 _ 0 _
TyM ={veTT/M|Av = —k;,v} ® {v € T)M|Av = k;,v}
@ - ®{veT)MAv = —k;,v} ®{v e T)M|Av = k; v},

where 0 < k;; < --- < k;, and g denotes the number of positive distinct k;,j =
1,...,2n — 2. Note that every k;; is differentiable on V.

Now we prove the constancy of k;,, ..., k;,. It suffices to prove the check the case
of Avij = ki;v;;. By hypothesis we have v; k;, = 0.

In the following, we consider the case of k;,(p) # . So we may suppose that
ki, # 0 at each point of a sufficiently small neighborhood of the point p. Since VA

is symmetric, we find
(5.12) 9((Vo,, A)vg,vi,) = g(ve, (Vo A)vi), 1S L#14; < 2n—2.

In order to compute Equation (5.12) easily, we extend vy, v;; € T, M to vector fields
Vi, Vi, on some sufficiently small neighborhood W,(C V,) as follows.

We define V; to be a vector field on W, satisfying (V;), = v and V, L & In
order to define V;,, we first set a smooth vector field Wi, on W, by using the
parallel displacement of the vector v;; along each geodesic on M through the point
p. We remark that although ; is not principal on W, in general, but we have
AW;, = k;;W;, along the geodesic v = v(s) on M with (0) = p and ¥(0) = v;;. We

define a vector field U;; on W, by U;, = (Haikij (A—al ))Wij, where o« runs over
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the set of all distinct principal curvatures of M except for the principal curvature
ki;. We note that the vector field U;; is perpendicular to § because ki, # 9.
Furthermore, we have

AU;

iy = AT, (A = al) )W,
= (Ha;ékij (A— a[))A(V;j component of W; )
ki Ui, #0

on W,. We note that U;; # 0 on the neighborhood W, because (U;;), # 0. We
next define the vector field V;, by normalizing U;; in some sense. That is, when
Ha#’%‘j (kZ] - Oé)(p) >0 (resp. Hoa?fki]- (k:ZJ - Oé)(p) < 0)7 we define ‘/i]- = UZJ/HUZ]“
(resp. Vi, = =U;,/||Uy|). Our construction gurarantees that AV;, = k; , (Vi,)p =
v;; and the integral curve of V;, through the point p is a geodesic of M. In particular,
we have (V%j Vi,)p = 0. Since Codazzi equation (2.6) implies

G(VxAY, Z) = (Vv A)X, Z) for VX, Y,Z L€
at the point p we find
(The left hand side of (5.12))

((VWA)UZ'J ) Uig)
(Ve A)Vi, Vi)
( wkl)‘/lj + (klj[ - A)VV[‘/M? Vi, )

J

Il
SRS

(
ok,

]

Similarly, at the point p we get
(The right hand side of (5.12))

9Ve, (Vv A)Vi))p

9(Vie Vi, (k) Vi) — AV, Vi),

g(ve, (vs, k:lj)vij) = 0.

These imply that Xk;, = 0 for any X (& T,,M) which is perpendicular to §.
We next prove &k;; = 0. We divide our discussion into two cases.

Case of (I,). Suppose that 2k;, — ¢ # 0 at some point p € Y. In this case, from
Lemma 1 we see that

AoV, = —2L 1 7
A R T

on some neighborhood W,(C V,) of the point p. This, together with (2.4), yields
(VeA)Vi, = (Vi A)§ = Ve(AV,)) — AV Y, — Vy, (6€) + AVy, &
= Ve(ki,Vi)) — AVVy, — 60 AV, + AgAV;,
= (gkl])‘/zj + (kzjl A)Vémj

)%

L
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On the other hand, from (2.6) we have
(VeA)Vi;, = (Vi A)§ = (¢/4)9V,.

By combining these two equations we find §k;; = 0. Consequently, k;. is constant
on W,.

Case of (I;). Suppose that 2k;; — ¢ = 0 at some point p € Y. Then, by the
continuity of the principal curvature k;; and the local constancy of k;; in Case of
(I,) there exists some sufficiently small neighborhood W, of the point p such that
2k;; — 6 =0 on W,. Hence, k;; = /2 is constant on W, (see Lemma 1).

Therefore, in the case of k;; # 0 we can see that the function k;; is constant
locally. When k;,(p) = 0, by the above discussion, the continuity of k;, and the
constancy of 0 we also see that the function k;; is constant locally.

Thus, we know that every principal curvature of M is constant locally on the
open dense subset U of M. This, combined with the assumption that M is con-
nected and the fact that all principal curvature functions are continuous on M,
implies that every principal curvature is constant on M. Hence we can see that
our real hypersurface M is a Hopf hypersurface all of whose principal curvatures
are constant in CH"(c), so that we obtain the desired conclusion. U

Remark 2. (1) In Theorem 1, we do not need to assume that {vq,...,vs,2} is
a local field of orthonormal frames on M. However, for each homogeneous Hopf
hypersurface M we can take a local smooth field of orthonormal frames in M
satisfying the hypothesis of Theorem 1.

(2) Every circle in CP™(c¢) (resp. CH"(c)) given in Theorem 1 is a simple curve
lying on some totally real totally geodesic RP?(c/4) (resp. RH?(c/4)). However,
the feature of circles in CH"(c) is more complicated than that of circles in CP"(c).
In the case of CP™(c) every circle given by Theorem 1 is closed. On the other
hand, in the case of CH"(c) a circle given by Theorem 1 is closed if and only if its

curvature is greater than /|c| /2 (for details, see [4, 2]).
As an immediate consequence of the proof of Theorem 1 we have the following:

Lemma 4. For every homogeneous Hopf hypersurface M in a nonflat complex
space form M,(c),n 2 2, take a unit principal curvature \ which is orthogonal to
&, at an arbitrary point p € M. Then the geodesic v = ~(s) with v(0) = p and
4(0) = v on M is mapped to a circle of positive curvature || in the ambient space
M,(c).

Next, we shall give another characterization of all homogeneous Hopf hyper-
surfaces in a nonflat complex space form. We here recall that for every Hopf
hypersurface M in a nonflat complex space form Mn(c), the holomorphic distri-
bution T°M = {X € TM|n(X) = 0} on M is not integrable (see Proposition 1).
Note that there exists a real hypersurface M of type (B) with two distinct constant
principal curvatures \; = § = /3[¢[/2 and Ay = /|c[/(2v/3) in CH"(c). So
we need the following notion. For a real hypersurface M in ]T/[/n(c), n = 2, we call
VY ={X € T°M|AX = \X} the restricted principal distribution associated to the

principal curvature A of M in M, (c).
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The following is another characterization of all homogeneous Hopt hypersurfaces

in M,(c).

Theorem 2 ([10, 14, 16]). Let M*"~! be a connected real hypersurface in a nonflat
complex space form Mn(c),n > 2. Then M is locally congruent to a homogeneous
Hopf hypersurface if and only if M satisfies the following two conditions.

(1) The holomorphic distribution T°M = {X € TM|X L &} of M is decom-
posed as the direct sum of restricted principal distributions V/\Oi ={X €
T'M|AX = \X}.

(2) Every restricted principal distribution V) in Condition (1) satisfies one of
the following two conditions:

24) The distribution V) & {&}r is integrable;
2p) V/g 15 integrable and every leaf of V/\OZ, 15 a totally geodesic submanifold
of the real hypersurface M.

Proof. 1t suffices to study the “if” part (see the proof in Theorem 1). It suffices to
prove the “if” part when ¢ < 0, since the discussion in the case of ¢ < 0 is much
more complicated than that in the case of ¢ > 0.

First of all note that a real hypersurface M satisfying Condition (1) is a Hopf
hypersurface in CH"(c). In fact, for each X = Y, X*v; € T°M, where v; is a
unit vector in the restricted principal distribution V>3- of Condition (1), we find

9(A, X) = g(§, AX) = 37, (& X Nwy) = 0.

We here study the case where V@ {{} is integrable for some principal curvature
A of M in CH"(c). Then, for any X in V\) we have Vx{— VX € V)& {}r. Since
¢ is a unit principal curvature vector, we also have g(V¢X, &) = —g(X, V) =0
and g(Vx&, &) = 0 for each X in V. These show that Vx&— VX is perpendicular
to ¢ for all X € V. Therefore

(5.13) A(Vx€—VeX) = MVx€—VeX) for VX € V).

Now, we consider the case that 2\ — ¢ # 0 on some neighborhood of an arbitrary
fixed point p. It follows from (2.4), Lemma 1 and (5.13) that

A+ (c/2)
2A-0 A) P
In consideration of (2.4), Lemma 1 and (5.14) we obtain
(VxA)E — (VeA)X = Vx(0§) — AVxE — Ve (AX) + AV X
— A6 — NoX — (ENX.
On the other hand, from (2.6) we see
(VxA)E = (VeA) X = —(c/4)0X.

These two equations imply that the principal curvature A is a solution to the
quadratic equation:

(5.15) M — 0\ —(c/4) =0,

so that X is constant locally.

(5.14) (A= AVeX = >\<
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Next, consider the case that 2\ — a = 0 at some point p. In this case, from
the discussion in the case 2\ — 9§ # 0 and the continuity of 2A — ¢ we find that
2X — 6 = 0 holds on some neighborhood of p. This, together with Lemma 1, implies
that either A\ = \/|c[/2, 6 = /]c| or A = —/[c[ /2, § = —/|c[holds on some
neighborhood of the point p. Note that those A and ¢ satisfy (5.15). Hence, for a
principal curvature A of M in CH"(c), we see that if V) @ {£} is integrable, then
A is a solution to (5.15), so that A is constant.

So, it is sufficient to study Condition 2;) in our Theorem. Our discussion is
divided into two Cases of (I): dimT°M = 2 and (II): dim 7°M = 4.

Case (I): dimT°M = 2.

Recall that T°M is not integrable (see Proposition 1). Then, in this case T°M =
VY @ V), where Ay # A and dim V. = dim V) = 1. Case (I) is divided into the
following three cases:

(I,) All integral curves of V) and V) are geodesics in M;

(I) Vi, @ {&}r is integrable and all integral curves of V), are geodesics in M;

(I.) Both of V. @& {&}r and V) @ {£}r are integrable.

(I,) By hypothesis we see that all integral curves of V/\O1 and V/\O2 are geodesics in
M. We take a local field of orthonormal frames {v, ¢v,&} on M in such a way that
v E VAol and ¢v € V/\OQ. By hypothesis we have V,v = V,(¢v) = 0. This, together
with (2.4), shows

(5.16) Vo€ = Mov, V& = = v, V,(pv) = =&, Vv = €.
Codazzi equation (2.6) implies
(VoA)oo — (TanA)o = —(c/2)E.
On the other hand, Equation (5.16) yields
(VyA)pv — (Vg A)v = V, (Apv) — AV, (pv) — Vg (Av) + AV ypv
= (VA2)pv + (Aol — A)V,(pv) — (pvA1)v
— (M1 —A)Vyv
= —(pvA1)v + (VA2)pv + {( A1 + A2) — 2M A2 }E.

It follows from these two equations that

(5.18) dvA; = 0.
(5.19) vAg = 0.

We here show that EA; = EAy = 0. It follows from (2.6) that
(V. A)E — (Ve = —(c/4)év.
On the other hand, we also have
(VoA)§ = (VeA)v = V,(AL) — A(V,§) — Ve(Av) + AVev
= (5)\1¢U - )\1)\2¢U — (f)\l)v — ()\1[ — A)V&U.
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By these two equations we get £A; = 0. Similarly, we see EAy = 0. Next, since 9 is
constant locally, from (5.17) and (5.18) we know

(5.20) (0 —2X\1)(pvAg) = 0.
Similarly, from (5.17) and (5.19) we see

So, we divide Case (I,) into the following three cases.

Case (I,)1. Suppose that 6 = 2\, locally and § # 2); at some point p € M. In
this case, Equation (5.17) shows (A2)? = |¢|/4. Without loss of generality we may
assume g = \/H/Q, so that 0 = \/H For simplicity, putting A\; = A, we find

Vv = v¢v(¢v) = V{f =0, vv(¢v) = =S,

Vv = (V]el /2)€, Vo€ = Apv, Vo€ = —(/]c] /2)0.

It follows from the continuity of A that A # \/|c| /2 on some neighborhood of the
point p. Putting Vev = pgv, we see from Codazzi equation (2.6) that

(VL A)E = (VeAw = —(c/4)gv.
On the other hand, we obtain
(V,A)E — (VeA)v = /]| (Vo) — AV,E — Ve(Iv) + AVev
= —(ENv+ (Ve /2)(A+ p) = ) do.

These two equations yield

(Ve /2)A+ p) = pA = —c/4,
so that = v/|c| /2, since A # +/|c| /2. Then, by the same computation as in (Ip)

we have
g(R(Ua ¢U)¢U7 U) = g(_v¢v(vv(¢v)) - Vvv(m)fvmv(@’)v U)

= —V/|e] A+ (c/4).

On the other hand, from (2.5) we get

9(R(v, ¢v)dv,v) = ¢+ (V]e] /2)\.
Thus A = \/H /2, which is a contradiction. Hence, this case does not occur.
Case (I,)2. Suppose that 0 = 2\; locally and § # 2X\, at some point p € M.
This case cannot occur by the same discussion as in Case (I,);.
Case (I,)3. Suppose that 6 # 2)\; and 0 # 2)\; at some point p € M. In this
case, Equations (5.18), (5.19), (5.20) and (5.21) yield

’U)\l = U)\Q = ¢U)\1 = qu)\Q = 0,

on some neighborhood of the point p. This, together with éA; = £Ay = 0, shows
that both of A; and )y are constant locally. Moreover, ¢V/\01 = V/\OQ. Therefore we
find that M is of type (B) in CH?(c).

Case (I;). We suppose that Vy, @ {¢}r is integrable and all integral curves of
V), are geodesics in M. Since dim V) = 1, we may suppose that \; = \/H/Q
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and § = \/| | (see (5.15)). (In fact, if Ay # +/|c| /2, then Equation (5.15) shows
qbV)\l VY.) So we may take a local field of orthonormal frames {v, ¢pv,&} on M
in such a way that

Av = (/]el /2)v, Agv = X, AE = \/|c[ € Vou(dv) =0,X # /][ /2.
We get
(5.22) Vgt = AE.
Indeed, since 0 = ¢v(g(v, pv)) = g(V4v, ¢pv) and g(V v, v) = 0, we have
Vv = g(Vv,§)E = —g(v, Vsu§)E
= —g(v, pAGV)E = —g(v, \p*v)E = AE.
Also, using (5.22) and A€ = \/|?§, we see
(VoA)pv — (Vg A)v = (vA)gv + (A — A)V,(¢v) + (V/]¢] /2)NE
On the other hand, from (2.6) we get
(V,A)pv — (Vg A)v = —(¢/2)¢E.
Hence, from these two equations we have

(A _ @)gmwv),v) o,

2

so that
g(VU(QZ)U), ’U) =
This, together with ¢g(V,(¢v), ¢pv) = 0, shows

(5.23) Vau(gv) = — (el /2)€.

In fact,
Vi(ov) = g(Vu(ov), §)§ = —g(dv, Vi§)E

_g(¢va QSAU)& = _@g(q&vv ¢U)€ ==

Next, we have
(Voo A)E — (VeA)pv = —(V/]e| /2)Av — (EX) g + (A — M) V(o).
On the other hand, it follows from (2.6) that
(Vo A)pv — (Vg A)v = (c/4)v.
Hence, we get
~(VIel /A + (V]el /2) = X)g(Ve(gv),v) = e/4,

so that
|

9(Ve(v),v) = =¥
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which, combined with

9(Ve(¢v), ov) = g(Ve(v),£) = 0,
yields
]
2
Thus, in consideration of (5.22), (5.23), (5.24) and V,(¢v) = 0 by a direct com-

putation we can see that
g(R(v, pv)ov,v) = —/|c| A+ (c/4).
On the other hand, it follows from (2.5) that

9(R(v, gv)dv,0) = ¢+ (v/]e /2)A

Thus, from these two equations we find A = \/H /2, which is a contradiction.
Case (L.). Finally, we suppose the case that both of V) @& {£}g and V) & {{}r
are integrable. Since dimV), = dimV,, = 1, A\ = Ay = \/H/Z which is a
contradiction. Therefore we can check Case (I): dimT°M = 2.
Case (II): dim T°M = 4. We divide Case (II) into two cases.

Case (IL,) : dim V) = 2. It follows from Condition 2;) in our theorem that
(VxAY — (VyA)X = (XN)Y — (Y\)X for VXY € V).
On the other hand, from Codazzi equation (2.6) we find
(VxAY — (VyA)X = —(c/2)g(¢X,Y)¢ for VXY € Vy.

(5.24) Ve(gv) = —

Choosing X, Y as arbitrary two independent vectors in Vfi in these two equations,
we see that X\, =Y\, = g(¢0X,Y) = (VxA)Y =0, so that

(5.25) (VxA)Y =g(¢X,Y)=0 forVX,Y € V).

Therefore, for each unit vector X € V) and each Z € TM, from (2.6), (5.25) and
the symmetry of VA we obtain

0=9((VxA)X,Z) = g((VxA)Z,X)
(5.26) = g((V7A)X, X) = g(V(AX) — AV, X, X)
= g9((ZN)X + (M — AV X, X) = Z\,,
so that \; is constant.
Case (II) : dim Vfi = 1. In order to verify the constancy of \;, we only need

to consider the case that 2)\; — d # 0 on some neighborhood of an arbitrary fixed
point. Let v be a unit vector in VAOZ_ so that Av = A\jv. Then Lemma 1 implies

Agpv = ((0X; + (¢/2)) /(2N — 8)) pv. Hence, ¢v € V/\Oj for some j with A; = ((6A; +
(¢/2))/(2X; = 6))(# N\i). So, when dim V/\Oj 2 2, we find that \; is constant (see the
discussion in the case that V), @ {{}r is integrable, and the discussion in Case of
(IL,)), so that if 2X; — ¢ # 0, then \; is also constant.
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Next, we consider the case of 2\; — ¢ = 0. Hence we may suppose that 2\; =
d = +/|c| . For simplicity, we set A = \;. So we see that

Av =, Apv = (v/|d] /2)pv, A& =/]c[ &, Vv =0, A £ /|c] /2

We shall verify some equalities in order to show that the case of 2\; — d = 0 does
not occur. It follows from Codazzi equation (2.6) that

(VeA)pv — (Vg A)E = (—c/4)v.
On the other hand, by a direct computation we have
(Ved)ow - (Vo) = (VA1 — 4)eon) + YU (RT —
Taking the inner products of these two equations and the unit vector v, since
A # +/|c| /2 we have
(5.27) G(Ve(dv),v) = —v/I /2.
Again, by using Codazzi equation (2.6) we find that
(VoA)pv — (Vg A)v = —(¢/2)€.
On the other hand, by a direct computation we get
(V,A)pv — (Vg A)v = (/|| [2)AE — (pvA)v + (A — A)V g0

These two equations, combined with the fact that A # /|c| /2 and g(V v, v) =0,
yield that Vv = g(Vy, §)E, so that

(5.28) Vv = (Vlel /2)§
We here recall the following
(5.29) Vo(ov) = —AE.

Using these equalities (2.4), (5.27), (5.28) and (5.29), by a direct computation we
obtain

R(v,pv)dv = V, Vs (d0) — Vi, Vi (9v) — Vi 01 (90)
= (pvN\)€ — @)\U -+ ()\ -+ ﬁ) Ve(pv),

2
so that

g(R(v, pv)dv,v) = —/|c| A+ (c/4).

On the other hand, from (2.5) we see

9(R(v, pv)dv,v) = ¢ + (v/]c] /2)A
Therefore, from these two equations we know A = \/H /2, which is a contradiction.
Thus Case (II;) reduces to the case of dimV), = dimV),, = 1. We set
T = {& v, ¢v}r with Av = M and Agv = (6 + (¢/2))/(2)\ — §))¢v. For sim-
plicity we denote (0 + (¢/2))/(2A — &) by pu. Note that A # p. Now, we prove
that ¥ is integrable and each leaf of T is a totally geodesic submanifold of the
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real hypersurface M. First, notice that V,v = V4, (¢v) = 0. The reason why
Vgo(¢v) = 0 is that if V) @ {}g is integrable, then 2p = § = Vel , which is a
contradiction (see the argument in (I;)).

Also, it is easy to verify that V&, V€, V,(¢v) € T. Now we prove Vev € T,
For this, we have

(VgA)U - (VEA)g = Vg(A’U) - AV&’U - VU<A£) + Avyg
= (EXN)v + (M — A)Vev — 0Adv + Apov.
On the other hand, Codazzi equation (2.6) gives
(VeA)v — (Vo A)E = (c/4)dv.
Thus we find
(A = A)e0 = —{A (i — 8) — (c/4)}ov,

which, together with g(Vev,v) = g(Vev,§) = 0, implies Vev € {¢pv}r C T. Simi-
larly, we have V¢(¢v) € T. Next, we prove Vv € T. It follows from Av = Av and
Agpv = ugu that

(VoA)pv = (Vg A)v = (vp)pv + (n] — A)V,y(¢v) — (¢vA)v

— (M — AV 0.

On the other hand, from (2.3) and V,v = 0 we also have
(1l = A)Vy(pv) = =A(p — 6)&.

Moreover, Codazzi equation (2.6) yields
(V,A)pv — (Vg A)v = —(c/2)¢E.
It follows from these three equations that
—(e/2)€ = (up)w — A — 8 — (GuA )0 — (M — A)V g0,

which implies Vg0 € {£,¢v}r C T. Consequently, T = {v, ¢v,{}g is integrable
and each leaf (say,) L of T is a totally geodesic submanifold of the real hypersurface
M. Moreover, the distribution ¥ := {v, ¢v, &, N }g is also integrable and each leaf (,
say) L of T is a totally geodesic submanifold CH?(c) in the ambient space CH"(c)
(see the proof of Theorem 1). Then by the discussion in Case of (I) we know that A
must be constant locally on L, so that (V,A)v = 0. This, combined with the same
computation as in (5.26), yields that X is constant locally on our real hypersurface
M.

Therefore our real hypersurface M is a Hopf hypersurface with constant principal
curvatures in CH"(c). O

Remark 3. (1) There does not exist V) satisfying both of Conditions 2,) and 2;)
in Theorem 2.

(2) We here give a comment on Condition (1) in Theorem 2. Needless to say, if
M satisfies Condition (1) in Theorem 2, then M is a Hopf hypersurface. But, in
general the converse does not hold. However, every Hopf hypersurface M satisfies
locally Condition (1) on the open dense subset U given by (5.11).
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As an immediate consequence of Theorem 2 we have the following which is a
characterization of homogeneous real hypersurfaces of types (C), (D) and (E) in a
complex projective space.

Theorem 3 ([16]). Let M**~! be a connected real hypersurface in CP™(c),
n = 2. Then M is locally congruent to one of homogeneous real hypersurfaces of
types (C), (D) and (E) if and only if M satisfies the following three conditions.

(1) The holomorphic distribution T°M = {X € TM|X L &} of M is decom-
posed as the direct sum of restricted principal distributions V)g ={X €
T°M|AX = \ X}

(2) Ewvery restricted principal distribution VAOZ_ in Condition (1) satisfies one of
the following two conditions:

24) The distribution V) @ {&}r is integrable;
2p) V,\OZ_ is integrable and every leaf of V,\OZ_ is a totally geodesic submanifold
of the real hypersurface M.

(3) There exist a restricted principal distribution V/\Ol_ which satisfies Condition

24) and also a restricted principal distribution Vy, which satisfies Condition

2,).

The following result shows that Theorem 2 in the case of ¢ > 0 is no longer true
if we omit the condition that every leaf of VAOZ, is a totally geodesic submanifold of
the real hypersurface in Condition 2y).

Theorem 4 ([10]). There exists a real hypersurface M**~* in CP"(c) with n = 3
which satisfy the following properties.
(1) The holomorphic distribution T°M = {X € TM| X L &} of M is decom-
posed as the direct sum of restricted principal distributions V)g ={X €
T°M| AX = )\ X}.
(2) Every V) in Condition (1) is integrable.
(3) There exists some V)f)j in Condition (1) satisfying that not every leaf of V/\Oj
is a totally geodesic submanifold of M.
(4) M has a non-constant principal curvature in CP"(c).

Proof. We take the Hopf fibration 7 : S?"*1 — CP" of S*"*1 = {z € C""!|||z| = 1}
onto CP", which is a principal fibre bundle with structure group S* = {e?|0 € R}.
For each z € S*"*1 let T! denote the horizontal subspace of TZSQ"Jrl consisting of
all vectors at z which are orthogonal to z and /—1 z. Since 7" is invariant by the
action of S*, 7 induces an isomorphsm 7, : T, — T,/ CP™ for any z € S*"*!, where
[2] = 7(2).

The Fubini-Study metric g on CP" of constant holomorphic sectional curvature
1 is defined as follows: For X,Y € TZ](CP” let z be any point in 7 ([2]) and let
X,Y € T! be the horizontal lifts of X.Y at z. Then 12 (X7 Y) =4g,(X,Y). The
metric § is well defined because if 2’ is also a representation of [z], 2/ = €z and so
g (?X,eY) = g.(X,Y).

Let

(5.30) far(z) =20+ + 2z talzpgy + -+ 22),
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where 2 = (20,21, ,2,) € C"™ k=21, n—k = 2 and a(# 1) is a positive
constant. We put

VZ,Lk_l = {[Z] = [207 e azn] S CPn'fa,k(z) = 0}

which is a complex hypersurface of CP". For each [z] € Ve ! the tangent space
T Va"k_ ! can be identified

(5.31) T.={X e C"™|(X,2) = (X,V/~1 2)
= <X7 afa,k/az> = <X7 \/jafa,k/az> = 0}7

where ( , ) denotes the Euclidean inner product induced from C"™!. The vector

field N = ag—“z’k /(2] 8’;‘;”“ |) can be regarded as a unit normal vector field of Ve Lin

CpP". For each X € T),jV,", ! the shape operator Ay at [z] € Ve ! is given by (cf.
[21]):

1 ~ 82fak afa k
5.32 ApX = — X( : ) k-
o g2 o) T o
where w is the complex conjugate of w, || || is the Euclidean norm and
1 B a2fa k 8fa k T
5.33 — X(gek) (Set)
(5.33) ¢ 2| Yk )3™ \0z;02;/ \ 0z

We define three subsets Uy, Uz, Us of V' U by

Ui = {[20,...,2n] € I/Z’lk—l|zk+1 = ... =2z, =0},
Uy ={[20,...,2n) € Var,lk_llzo ==z =0},
k n
Us = {[Zo,...,zn] e VD llzll £ 0and Y |lal| £ 0} _
j=o i=k+1

Clearly, U; is an open dense subset of V" Uand U; can be identified with a complex
hyperquadric CQ*! = {[z, ..., z]| Z?:o z7 = 0} in a totally geodesic CP* in
CPn, which is defined by CP* = {[z] € CP"|z341 = -++ = 2, = 0}. Similarly, U,
can be regarded as a complex hyperquadric in CP* %=1 c CP™.

We shall determine the eigenvalues of the shape operator of Va”k_ Lin CP".

Case (a). We take a point p € U;. Since the group A(CP*) of holomorphic
isometries of CP* acts transitively on CQ*~! and A(CP*) is a subgroup of A(CP"),
by applying a suitable holomorphic isometry on CP" if necessary we may assume
that the homogeneous coordinates of p take the form [z], = [z, 21,...,0] with
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20,21 7 0. By a direct computation we obtain

(534) jj[z}p‘/arfkil = {(0, O, Vo, ... 7’Un)|’02, Lo,y € (C},
afa,k: .
(5.35) ( = )p —2(2,21,0,...,0),

ana,k o [k+1 0
(536) (8zi8zj>p =2 ( 0 aIn—k> 7

where [, is the identity matrix of order r. It follows from (5.32), (5.33), (5.34),
(5.35) and (5.36) that ¢ = 0 and ||8£—“Z’“|| = 2 at p, and also

(537> ANV: _(1/2)(07071)_277U_k7avk+177am)
for V.= (0,0,v,...,v,) € ﬂz}p‘/z"k_l. Hence, from (5.37) we see that

Vi =H{(0,0,r9,...,7%,0,...,0)|re,...,7 € R},
Vo ={v—=1(0,0,79,...,73,0,...,0)|rs,...,7 € R},
Vs ={(00,...,0, 741, s ") |Thsts -1 € R},
V4:{\/j(O,...,O,rkH,...,rn)\rkﬂ,...,rnER},

are eigenspaces of Ay with eigenvalues —1/2, 1/2, —a/2, a/2 and with multiplic-
ities k — 1, k—1, n—k, n — k, respectively. By using orthonormal bases defined
by

{ea, ... ex}, {\/j@g,...,\/jek}, {€ks1,---,en},
{\/jekﬂ,...,\/:en}

of V1, V5, V3, Vy, respectively, we find

—I,_1 0 0 0

1l 0 Le 0 0

(5.38) Ay = 3 0 0 —al, . 0
0 0 0 al, g

Therefore, by Ay = JAx and (5.38) we get

0 Ixq 0 0

(L 0 0 0
(5.39) Ay = ~5 0 0 0 al, .

0 0 al,k 0

It follows from (5.38) and (5.39) that, for any unit normal vector n = (cos )N +
(sin®)JN, we have

cosO I,y sinf I, 0 0
1| sinfl;_y —cosOI;_, 0 0
(5.40) Ay = 9 0 0 acos@ I, asinfl,_,
0 0 asin@1l,_, —acosfl,_;

which implies that, for each unit normal vector n A, has eigenvalues —1/2,1/2,
—a/2,a/2 with multiplicities kK — 1,k — 1,n — k,n — k, respectively.
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Case (b). We take a point p € U,. By the argument similar to Case (a) we find
that for each unit normal vector 7 of U, at p A, has eigenvalues —1/(2a),1/(2a),
—1/2,1/2 with multiplicities k + 1,k + 1,n — k — 2,n — k — 2, respectively.

Case (c). We take a point p € Us. We first show that there is a holomorphic
isometry of CP™ which carries p to a point p € Us whose homogeneous coordinates
take the form [z]; = [20,0,. .., 2,] with 2g, 2, # 0. This can be seen as follows:

We take a point p = [wy, ..., w,] € Us. Then Z?:o ||w;]| # 0 and
> g llwill # 0. Let Uy = {[UO,...,Un] € Us|vpi1 = Weat,---,Vy = Wy} which
is the intersection of Us with the n — k linear subspaces of CP" defined by z; =
wj, j =k+1,...,n. Tt follows from 377, . [[w;]| # O that there is a point ¢ in
Us whose homogeneous coordinate takes the form [z,0,...,0, wgy1,...,w,| with
2o # 0. Since the group A(CP™) acts transitively on CP™, there is a holomorphic
isometry of CP™ which carries p to ¢. Similarly, there is a holomorphic isometry
of CP™ which carries ¢ to a point p € Us whose homogeneous coordinates take
the form [z]; = [20,0,...,0,2,] with zp, 2, # 0. Consequently, without loss of
generality, we may assume that the homogeneous coordinates of p take the form
[20,0,...,0,z,] with 2z, 2, # 0, by applying a suitable holomorphic isometry of
CP" if necessary.

By a direct computation we obtain

(541) ﬂz]p‘/;:lzl = {(O,’Ul, ey Up—1, O)|Ul, o, Up1 € C},
0* fak I 0
42 (F258) =27 .
(5.42) 82,02/ p ( 0  al,
It follows from (5.32), (5.41) and (5.42) that ¢ = 0 and
1
(543) ANV: Haf k”< , 1,...,’U_k,CLUkJFQ,...,CL'Un,bO)

for V.= (0,v1,...,v,-1,0) € ﬂZpVa"kl. Equation (5.43) implies that Ay has

eigenvalues — || 2k || =1 ok =1 g 2uk =1 qpq g Xek |1 with multiplicities

k.kon —k —1 and n — k -1, respeotlvely Due to the same argument as in
Case (a) we know that for each unit normal vector 7, A, has the same eigenvalues
and with the same multiplicities as those of Ayr.

Since k 2 1 and n — k = 2, Us has four distinct principal curvatures and they
satisfy the following two properties:

(1) Each eigenvalue of the shape operator of Us with respect to any given unit
normal vector n is not zero.

(2) The multiplicity of each eigenvalue of A, with respect to any unit normal
vector 7 is constant.

Let M be the real hypersurface in CP" given by the tube of radius (> 0) over the
complex hypersurface Us. Then M has at most five distinct principal curvatures
in CP". Moreover, the holomorphic distribution T°M of M satisfies properties (1)
and (2) in Theorem 4 (cf. [9]). Furthermore, because M is not in Takagi’s list,
properties (3) and (4) must hold according to Theorem 2. O
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