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A unary operation * : S-~S on a semigroup S is called a special involution if it satisfies 

(1) (x*)*=x, (2) (xy)*=y*x* and (3) xx*x=x for all x, yeS. It has been shown by [5] that 

every speoial involution in a regular semigroup S is determined by the p-system in S. In this 

paper, we shall determine all the p-systems in a generalized inverse semigroup S, and accordiugly 

all the special involutions in S. Further, we shall investigate the cardinality of the set of 

p-systems in S. 

S 1. PreliElimary 

A regular semigroup S equipped with a unary operation * : S->S is called a specia l 

*-regular semigroup if it satisfies (1) (x*)* =x, (2) (xy)* = y*x* and (3) xx*x = x for all 

x, y e S. The unary operation * is called a special involution in S. If a regular semi-

group S admits at least one special involution, then S is called specially involutive 

We sometimes denote by (S, #) a special *-regular semigroup S equipped with a special 

involution # . In the previous paper [5], the concept of a p-system in a regular semi-

group S has been introduced. A subset P of the set E(S) of idempotents of S is called 

a p-system in S if P satisfies the follo'wing (1)~3) : 

(C.1) (1) Fbr any x e S, there exists a unique x# e V(x) (the set of inverses of x) such 

that xx#, x#x e P. 

(2) For the operation # defined above, x#Px c P for any x e S 

(3) P2 cE(S). 

It has been shown by [5] that in this case (S, #) is a special *-regular semigroup. 

Further, it has been proved that a regular semigroup admits a special involution if and 

only if it has at least one p-system. The operation # above is called the special involu-

tion determined by P, and denoted by *p. Conversely, if (S, *) is a special *-regular 

semigroup then the set of projections of (S, *), that is, the set P = {e e E(S) : e* = e} is a 

p-system in S (see [5]). We denote this P by P* ' Now, it is easy to see that the set of 

projections of a special *-regular semigroup (S, *p), where P is a p-system in S, is P, 

and the special involution in S determined by P* , where * is a special involution in S, 

is * . Let ~~(S) be the set of all p-systems in a regular semigroup S, and f(S) the set 

of all possible special involutions in S. It is obvious that ~~(S) = Dl if and only if 
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f(S) = DI . Let f : ~~(S)->f(S) and g : f(S)->~p(S) be the mappings defined by Pf= 

*p and *g = P* respectively. Then, since Pfg = P and *gf= *, fg and gf are the identity 

mapprngs on ~~(S) and f(S) respectively. Hence, 1 ~~(S)1=1Jif(S)1 (1 1 means cardi-

nality). In [5] , it has been shown that for a generalized inverse semigroup S, P is a 

p-system m S if and only if P is a'p-system in the normal band E(S). Therefore, in this 

case I ~~(S)1 = 1 ~~(E(S)) I = If(E(S)) I = If(S)1. In the following sections, we shall inves-

tigate the cardinality of ~~(S) of a normal band S (hence, a generalized inverse semi-

group S). 

IRemark. Let S be a generalized inverse semigroup, and *, # special involutions in 

S. It has been proved by [2] and [5] that (S, *) and (S, #) are *-isomorphic, that is, 

there exists an isomorphism f : S->S such that x~f= (xf)s for all x e S. 

S 2. NormaH bamds wfith specia~ i~lvollutiom 

Let S be a normal band. By Scheiblich [2] and the author [5] , S admits a special 

involution if and only if S is isomorphic to the spined product L R Ld of a left normal 

band L and its dual semigroup Ld 

Note. That is, Ld = L as set, and for any x, y e Ld, x'y = yx (the product of x, y 

m L), where ･ means the multiplication in Ld ' 

Let Y be a semilattice, and A, B bands which are semilattice Y of rectangular bands 

{A. : oc e Y} and a semilattice Y of rectangular bands {B* : oc e Y} respectively (in this 

case we say that A B have the structure decompositlons A - ~:{A oe e Y} and B -

~{B* : oc e Y} respectively). Then, C = ~{A* x B* : oe e Y}, where x means "direct prod-

uct" and ~: means "disjoint sum", becomes a subsemigroup of A x B. This C is called 

the spined product of A and B, and denoted by A RB. 

From the above, if a normal band S admits a special involution then we can assume 

that S = LRLd, where L is a left normal band and Ld its dual semigroup. If L is a 

semilattice Y of left zero semigroups {L* : oc e Y}, that is, if L has the structure decom-

position L - ~{L* : oc e Y}, then Ld is a right normal band and has the structure decom-

position Ld - E{L~ : cc e Y}, where L~ is the dual semigroup of L., and LRLd is a 

semilattice Yof square bands (see [5]) {L. x L~ : oc e Y}, that is, LRLd has the structure 

decomposition LRL - ~{L x Ld oc e Y} Hereafter the notion "a band B ~{B 
y e Y } " means that B rs a band which rs a semilattice Y of rectangular bands {BV : 

y e Y1 } ' Of course, each L. and L~ above are a left zero semigroup and a right zero 

semrgroup respectively. Now, Iet LRLd ~ ~:{L* x L~ : oc e Y} be a normal band which 

admits a special involution, where L is a left normal band. Let ･ and ･ be the multipli-

cations in L and Ld respectively. Then, of course x ･ y = y'x for all x, y e L (hence, 

for x, y e Ld). Now, it is easy to see that P = {(i, i) e L. x L~ : oe e Y} is a p-system in 

LRLd. In general, if F is a p-system in LRLd then F is the set of projections in 

(LRLd *F). Hence, each L-class [each R-class] contains a unique element of F. 
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Therefore, there exists a bijection T : L->L such that L*T = L* for all oe e Y and F = {(i, 

i7) : i e L*, ce e Y} (see also [5]). It is easily seen that *F is defined by ? as follows : 

(i, j)'F =(jT-1, iT). Since F satisfies (C.1), (2), (i, j) (u, u?) (fo-1, i?) e F (where 

(u, uT) e Lp x L~ n F). Hence, (i ･ u)T = iT . u?, that is, T is an automorphism. Thus, 

we have the following : 

THEOREM 1. Let L~~:{L*: oceY} be a left normal band, and S=LRLd the 
spined product of L and its dual semigroup Ld. Let T: L->L be an automor-
phism ofLsuch thatL*T=L.for all oceY. Then, S is a normal band which admits a 

special involution, and F={(i, iT) : i e L*, oc e Y} is a p-system in S. Further, every 

p-system in S is obtained in this way. 

PRooF. The latter half was seen above. The first half: Let T be an automor-

phism of L such that L*?=L* for all Qc e Y. We need only to show that F={(i, iT) : 

i e L*, Qc e Y} satisfies (C. 1), (1), (2). For all elements (i, j) e L* x L~(cc e Y), Iet (i, j)#= 

(jT-1, il). Then, (i, j) (jl~- 1, iT) =(i, iT) e F and (fo-1, i?) (i, j) =(fo-i, j) e F. 

Hence, (i, j) (i, j)#, (i, j)#(i, j) e F and (i, j)# e V((i, j)). If there exists (u, v) e V((i, j)) 

such that (u, v) (i, j), (i, j) (u, v) e F, then j=uT and v=i?. Hence (u, v) =(fa-1, iT). 

Thus, (C.1), (1) is satisfied. (C.1), (2) : For any (i, j) e L. x L~(oc e Y) and for any 

(u, uT) eLp x Lpd(pe Y), (i, j)(u, uT)(jT-i, i7)=(i ･ u 'fo-1, j"uT'iT)=(i ･ u, iT. uT)=(i -

u, (i ･ u)T) e F. 

From the result above, the problem of determining all p-systems in S = LRLd is 

reduced to that of determining all automorphisms f : L->L satisfying 

(C.2) L.f= L* for every oe e Y. 

An automorphism f of L satisfying (C.2) is called a Y-restricted automorphism or more 

simply a restricted automorphism on L ~ ~{L. : oc e Y}. The set of all restricted auto-

morphisms on L ~ ~{L. : Qc e Y} is clearly a group with respect to the usual resultant 

composition. We denote it by GL, and call it the group of restricted automorphisms 

on Ls~{L*: cce Y}-

S 3･ The restricted awtomorphisums GL 

Let L ~ ~{L* : oc e Y} be a left normal band. Then, it is well known that L is a 

strong semilattice Y of {L* : oc e Y}. Hence, there exists a family of homomorphisms 

(ip~ : a :~ P, oe, P e Y}, where each c~ ;s a homomorphism of L. into Lp (this is just a 

mapping), such that 

(C.3) (1) ip~ = the identity mapping on L* for all ee e Y, 

(2) ip~ip~=c~ for ee~~P;~V, oe, P, yeY, 

and (3) the multiplication . in L is given by 

x･y=(xip~a)'(yc~6)=xip~ for xeL~, y eL6' ~a 
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Hereafter, we shall call {ip~ : oc ~p, oc, P e Y} the charactenstlc faualy of homomor 

phisms for L~:~{L*: oc e Y}. 

Now, 

LEMMA 2. GL37 if and only ifT is a bijection on L such that 

(1) L*T=L.for all oceY, and 

(2) Tc~=ip~?for all oc PeYwlth oc>p 

PRooF. To prove "if" part, it is need only to show that T is a homomorphism. 

Let x e L., y e Lp Then (x y)T (xip.p)T = xc~pT = xTc~p = x?c~p ' yTip~p = XT ' yT 

Hence, T rs a homomorphism. The "only if" part : For x e L* and y e Lp, (x ' y)7 = 

XT yT Hence (xc.p yip~p)T xTip p yl:ip~p, and accordingly xip" .pT = xTc~p. There-
fore, c~pT =Tip~p-

If a bijection T on L satisfies (1) of Lemma 2, then T is called a restricted bijection 

on L~~~{L* : oe e Y}. If T further satisfies (2) of Lemma 2, theh T is said to be com-

patible with ~= {c~ : oc~ p, oe, P e Y}. 

Now, we have the following : 

THEOREM 3. Let Ls~{L.: oceY} be a left normal band, and let S=LRLd. 
Let ~= {ip~ : oe~ p, oc, fi e Y} be the characteristic family of homomorphisms for L~~ 

~{L*: oc e Y}, and GL the set of all restricted bijections on L=~{L.: Qee Y} which are 

compatible with ~. Then, GL is a group, and l~~(S)1=1GLl. 

Exalnples. I . If L is a left zero semigroup, GL is the group of all bijections on L, 

that is, GL is the symmetric group on L. Therefore, S = LRLd(=L x Ld) is a square 

band (see [5]), and ~~(S) coincides with the cardinality of the symmetric group on the 

set L. 

2. Let Y be a semilattice consisting of ,oc, P and O such that oep = O and O is a zero 

element Let L be a left normal band whose structure decomposrtlon rs L - ~{L~ : 
~ e Y}, where L.= {a}, Lp = {b} ~nd Lo = {e, f}. Let {c~ : ~ ~~ n, ~, n e Y} be the char-

acteristic family of homomorphisms for L ~ ~{L~ : ~ e Y}, where L.ip~ = e and Lpip~ =f. 

Then, in this case GL = 1, and hence LRLd has a unique p-system. 

COROLLARY 4. Let L~~{L.:oceY} be a left normal band. Then, thefollowing 
two conditions are equivalent. 

(1) A restricted automorphism on L~~{L.: oc e Y} is unique (hence, it is the 

identity mapping on L), 

(2) A restricted bijection on L which is compatible with the characteristicfamily 

of homomorphisms for L~Z{L*: oc e Y} is unique (hence, it is the identity 

mapping on L). 

In this case, LRLd has a unique p-system. 
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S 4. The group of restricted bijections 

Let S={Si : i e I} be a collection of sets Si, i e I, and S=~:{Si : i e I} the disjoint 

sum of all Si. If a bijection f : S->S satisfies Sif= Si for all i e I, then f is called a 

I-restricted bijection or more simply a restricted bijection on S=~{Si : i e; I}. The 

set G(S) of all restricted bijections on S = ~{Si : i e I} forms a group with respect to the 

usual resultant composition. Now, Iet Y be a semilattice, and L. a left zero semigroup 

for each oc e Y. Let ~2 = {L. : oc e Y}. For each pair (oe, P) e Yx Ywith oe~ p, Iet ip~ be 

a mapping (hence, a homomorphism) of L. into Lp . If the collection c = {ip~ : oe ~~ p, 

oc, P e Y} satisfies the conditions (C.3), (1) and (2), then it is well known that L = ~{L. : 

oe e Y} (disjoint sum) becomes a left nonnal band under the multiplication ' defined by 

x'y=xc~ for xeL., yeLp. 

Of course, L( . ) is a strong semilattice Y of {L. : oe e Y} and has {c~ : oc ~ p, oe, P e Y} as 

its characteristic family. This L( . ) is called the left normal s-composition of {L. : 

oc e Y} determined by c, and denoted by L(~). The system ep above is called a tran-

sitive system of homomorphisms for ~2 = {L.: oe e Y}･ Let T(~) be the set of all 

transitive systems of homomorphisms for ~ = {L* : oc e Y}. For any I e G(~~) and any 

~ e T(~2), where ~={~~: oc~~p, oe, p e Y}, Iet ~'={T~1c~?: oe~p, oe, pe Y} (where 

x T ic~T x(T I L.)-1c~(T I Lp) (T I L~ means the restriction of T to L~)) 

THEOREM 5. Let Y be a semilattice, and ~2 = {L*: oc e Y} a collection of left zero 

semigroups L.. Let c={ip~ : oc~~P, oe, p e Y} be a transitive system of homomor-

phisms for ~7, and T a restricted bijection on L=~{L.: oee Y} such that ci'=~, then 

L becomes a left normal band under the multiplication ' defined by x ' y=xip~p for 

x e L., y e L*, and LRLd is a special *-regular semigroup with respect to th,e operation 

* defined by (i, j)*=(jlF-1, iT). Further, every specially involutive normal band 

LRLd and every special involution * in LRLd can be obtained in this way. 

PRooF. Obvious from the discussion above. 

For any T e G(~7) above and for any ep e T(~P), 

LEMMA 6. ~' is a transitive system of homomorphismsfor {L.: oc e Y}. 

PRooF. For any x e L., x(T~1ip~T) = (XT~1)T = x. Hence, 1:~1ip~T is the identity 

mappmg on L*. Next, for any oc, P, y e Y with Qc~~P~y and for any x e L., 
x(T Iip~T) (?- Iip~T) = xT~ I ip~ip~T = x(T~ iip"T) Hence (1 ~ Iip~T) (T- Iip~T) = T~ ic~T-

Thus c' = {1~1ip~T: oc ~~ P, oc, P e Y} is a transitive system of homomorphisms for 

{L.: oc e Y}. For some T e G(~2), we have ~' = ~ for all ~ e T(~). (Of course, if T 

is' the identity mapping on L then T e G(~) and ~' = ~). H(~) = {T e G(~) : ~' = ~ 

for all ~~ e T(~2)} is a subgroup of G(~?). 
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　　　LEMMA7．　H（y）応α醐oグ榊〃醐6gグoωp9グG（y）．

　　　正R00F．　Letη∈H（夕）and。τ∈G（y）．　For　anyΦ∈τ（y），Φτ■1卯：（（Φザ1）η）τ：

Φヅ1τ＝Φ　　Hence，ヅ1ητ∈H（y）　Therefore，we　can　cons1d－er　the　臨ctor　group

G（8）＝G（y）／H（y）　we　sha11denote　the　coset　contammgτ∈G（ぷ）byモ．For

Φ∈τ（y），we　de丘neΦτbyΦτ＝Φτ．　It1s　obvユous　that　th1sエs　we11d．e丘ned　IfΦ〒：

Φδfor　a11Φ∈τ（y），thenそ＝δ　Therefore，we　can　regard　G（身）鯛a　permutat1on

group　on　T（y）．　For　anyΦ∈T（y），1et　FΦ（y）be　the丘xed　group　ofΦ。　Herea免er，

1et　γbe　a　sei皿11att1ce，8言｛1二、　α∈y｝a　conec加on　of1eft　zero　sem1groups　and　五＝

Σ｛L、二α1∈y｝（di旬Oint　Su一πn）．

　　　0bvious1y、

　　　丁眉田o鯛M8　4ア1亙（ぷ）1＞1，肋θηL⑧L∂肋3〃1刎8江¢wo件8γ肘θ閉8力γo〃γ1φ玄

肋0閉〃3・C0岬0∫肋0＾ψ｛L、：α∈y｝．

　　　C0R0LLARY9　ηlH（y）l1FΦ（y）1＞1，肋鋤工（Φ）⑧L（Φ）∂肋8〃1ω並榊o件

8γ娩棚・肋伽8co昭，1タ（L（Φ）⑧L（Φ）♂）1：lH（8）l1FΦ（8）1．

　　　Herea貧er．we　cons1der　the　c鎚e1G（y）1く◎o　and－1τ（身）1＜◎o　Deco1mposeτ（8）

mto　the　syste㎜s　of　trans1tmty　w並h　respect　to　G（ぷ）：T（8）：∠1＋4＋・斗」ゲ，where

each」、1s　a　syste皿10f倣ans1t1v並y　and　＋　denotes　“d1靱01nt　su1皿”　　Hence，1fΦ、ε」、，

then4＝｛Φ言・モ∈G（8）｝　The1eng砒！。of∠、1s　g1ven　by1。：1∠、1＝lG（y）　亙Φヨ（里）1

（the1ndex　of　FΦ、（39）1n　G（身））　　Hlence，／。I1G（29）I　for　a111＝1，2，　，グ　　】［f／。＝lG（y）l

for　a111，then　rIG（y）I＝Iτ（y）I　Therefore，lG（身）H　Iτ（y）1　Hence，we　have　the

fo11owing：

　　　丁肥o蝸M10　∬lG（y）1才1τ（y）1，肋刎肋卯召θ抑跳Φ∈T（y）舳幽肋〃五（Φ）⑧

五（Φ）りαω1郷㍑W0ρ一8γ晩伽．

　　　PR00F　If　lH（y）1＞1，then　this　theo鵬m　fo11ows血om　Theore血8．　SulPPose　that

1H（y）1：1　Then，G（y）＝G（2）　Hence，lFΦ、（夕）1＞1f；or　someΦ、∈」ユ　Theref；ore，

L（Φ、）⑧L（Φ。）∂has　at1east　two　p－systems

　　　In　part1cu1ar，1et　us　cons1der　the　case　lτ（y）1くlG（8）1．　In　this　case，f；or　any

Φ∈τ（y）there　ex1st　at1east　two－d1価erentτ1，τ2εG（y）such　thatΦτ・＝Φτ2　Then，

Φτ巧1＝Φand一τ1τ三1≠1（the1d．ent1ty　of　G（8））　　Therefore，五（Φ）⑧五（Φ）∂has　at

1east　two　p－syste㎜s．　Th鵬，we　ha▽e　the　f1onowing　resu1ts：

　　　C0R0LLARY11　互1τ（夕）1＜lG（身）1，肋θ弼工（Φ）⑧工（Φ）∂肋8〃1刎鮒柳o　p－8γ晩欄

ノ加o醐γΦ∈τ（y）．

　　　C0R0LLARY12　∬L（Φ）⑧L（Φ）∂肋8αω伽α脇p－8γ鮒θ榊カグ鮒卯yΦ∈τ（身），肋ε砲

1G（y）l1lT（y）1．

　　　C0R0LLARY13　4川G（身）1lぽ（y）1，1亙（y）1＝1o砲∂G（身）一s　o卯α欄肋oθ卯o秘p，

肋θηL（Φ）⑧ム（Φ）∂肋8αω切卯θp－8γs姥醐力7ω鮒γΦ∈τ（8）．
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　　　盟e㎜雛k　It1s　obv1ous　that　lG（y）l　can　be　eva1uated　as　f；o11ows

α∈x　The皿　1G（y）1＝n（〃、，）．

　　　　　　　　　　　　　　αεy

7

Letlム、1＝〃、for

　　　Ex塾m狸皿㊧s．　Letγ：｛α，β，O｝be　a　seI皿11att1ce　such　thatαβ：βα＝O　and01s　the　zero

e1ement．

　　　1　　Let1二1、＝｛o，み｝ヲムβ＝｛ら∂｝and　Lo：｛ら∫｝be1e免zero　se1m1groups　　Put8：

｛Lξ：ξ∈y｝。a・d五＝Σ｛Lξ：ξ∈y｝一n伽sca・e，1τ（y）ト16an引G（y）ト8・He皿ce

lG（夕）1l　lT（8）1　Now，cons1d．er　the倣ans1t1▽e　syste㎜Φ＝｛φ婁，φ多，φ8，φδ，φ8｝such

砒at抄δ　｛α，わ｝→ε，φε　｛c，∂｝→θ　Then，forτ∈G（y）such　that肌＝わ，加：o，cτ＝∂，

∂τ：c，θτ：εand∫τ：ヱΦτ＝Φ　　The　b叩ect1onτ1s　c1ear1y　not　an1dlen耐y1血。apPmg

Helnce，L（Φ）⑧L（Φ）d　has　at工east　two　p－syste㎜s

　　　2Leけ、＝｛・｝，Lβ：⑫｝andL。：｛θ，∫｝be1e耐・e・o・emgroup・P耐ぷ＝｛L、，

ムβ，Lo｝，and－L＝Σ｛Lξ　ξ∈γ｝　Then　Iτ（ぷ）1＝4and．1G（y）1：2　　Hence，lG（ぷ）l1

1τ（8）l　　In　th1s　case，並1s　easy　to　see　thatτ∈（デ（8）andΦτ＝Φf；or　Φ∈τ（夕）　1rnp1y

τ＝1（the1d－ent並y　of　G（y））．　Therefore，L（Φ）⑧L（Φ）d　has　a　u二mque　p－syste二m　f；or　every

Φ∈T（y）．

　　　3．　Let　L、＝｛α，わ｝，Lβ＝｛c｝and　Lo＝｛θ，∫｝　be1eft　zero　seImgroups　　］Put　y：

｛L、，Lβ，五〇｝，　and　ム＝Σ｛Lξξ∈γ｝　Then，　1τ（8）1＝8　and・　lG（8）1＝4　　Hence，

lG（y）l　l　lτ（y）1　Now，cons］der　the　trans1tエve　systemΦ1＝｛φ婁，φ多，φ8，φδ，φε｝such

thatαφδ＝θ，わφδ＝∫and－cφ召＝θ．Then，L（Φ。）⑧L（Φ。）has　a　unique　p－system．　O皿

the　other　hand－cons1d．er　the　trans1t1ve　systemΦ2＝｛ψ婁，ψ多，ψ8，ψδ，ψξ｝such　that

aψδ：2，あψδ＝θand　cψξ：ε．Take　the　b功ectionτ∈G（8）such　that　oτ＝わ，わτ＝o，θτ：ε

and∫τ＝∫　Then，Φ3＝Φ2a皿d．τ1snottheiden耐ymappmgonL　Therefore，五（Φ2）⑧

L（Φ2）4has　at1east　two　p－systems．

　　　As　was　seen　m　the　examp1es　above，1n　case　where　lG（8）l　l　lT（y）1，there　ex1st　the

f；o11oWing　both　cases：

　　　1．　For　so二meΦ∈T（y），there　existsτ∈G（y）such　thatτ≠1and．Φτ＝Φ．

　　　2　Φτ＝Φ，τ∈G（8），Φ∈τ（ぷ）1mp1yτ＝1

　　　Now，we　eas11y　obtam　the　fo11owmg虹om　the　group　theory

　　　THE0REM14．　LθりG（y）l　l　lτ（y）1，o〃∂Tら（y）肋88γ5姥醐gμγo舳吻仰卯（9グτ（y）

w肋γ岬θ舳oG（8））w〃f助60舳肋8Φ．冊刎，H（y）：1伽∂腸（y）1＝lG（y）1伽o〃

Φ∈τ（y）ぴo〃δ〃γびL（Φ）⑧L（Φ）∂肋30㈹δ卯θp－8γ晩榊力γo〃Φ∈τ（y）．

　　Further，

　　　TH］日＝0R醐＝15　研Φ五＝Φ2力rΦ1，Φ2∈T（y）α〃力γτ∈G（身），L（Φ1）⑧L（Φ1）dα〃

五（Φ2）⑧五（Φ2）dゐωθ肋θ8α榊8舳榊わθrψP－8γ晩伽．

　　　PR00F　　lBothΦ1andΦ2are　conta1ned1n　the　same　system．of　trans1t1v1ty　　Hence，

τΦ、（y）＝τΦ，（ぷ）．Therefore，■τΦ、（y）■＝■G（y）：FΦ、（y）トlG（y）：FΦ，（y）1＝lTΦ、（ぷ）1．

Thus，‘FΦ、（8）‘：・FΦ、（8）‘　Letψ1and。ク2be　the　sets　of　p－syste㎜s1n　L（Φ1）⑧μΦ1）∂
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and in L(~2)RL(~2)d respectively. Then, it follows from 
1 H(~)1 1 Fc,(~)1 = I H(~)1 1 Fc=(~)1 = I ~~~21 . 

Theorem 8 that 1 ~~1 1 = 

rlJ 

L2J 

r3J 

L4J 

L5J 
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