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In this paper, we introduce the notion of semi-prime radicals and prime radicals in Malcev 

algebras and mvestigate their properties 

S O. Introductiom 

The notion of radicals plays an important role in the theory of associative algebras. 

It seems to be interesting for us to know how the corresponding notion behaves in 

Malcev algebras which generalize the class of Lie algebras. In this paper we shall 

investigate the semi-prime radicals, prime radicals for Malcev algebras 

Let c be a field of characteristic O. A Malcev algebra M over ep is an anti-

commutative algebra satisfying the identity 

(.xy)(x-') =(.(xy)z). x +((yz)x)x+((z_x)x)y for all x, y ' m M 

Throughout the paper we shall be concerned with a finite dimensional Malcev algebra 

M over c. For an ideal A of M, we put A(･1)=AA and A(k)=A(k-1)A(k-1) (k~~2) 
An ideal A is called solvable if there is a positive integer k such that A(k)=0. Since 

M is finite dimensional, it contains a unique maximal solvable ideal R1(M), which is 

called the solvable radical of M. We mainly employ the terminology and notation 

in [6] and [9]-

S I . Prelimiuaries 

Recall that a Lie triple a lgebra (general Lle triple system) T over a field of charac-

teristic O is a vector space with a bilinear composition xy and a trilinear composition 

[xyz] satisfying 

(1) xx=0 

(2) [xyz] = - [yxz] 

(3) [xyz] + [yzx] + [zxy] + (xy)z + (yz)x + (zx)y = O 

(4) [(xy)zw] + [(yz)xw] + [(.zx)yw] = O 
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(5) [xy(zw)] = [xyz]w+z[xyw] 

(6) [xy[zvw]] = [[xyz]vw] + [z[xyv]w] + [zv[xyw]] 

for all x, y, z, v, w in T (cf. [3], [1l]). Any Lie algebra is a Lie triple algebra relative 

to xy = [x, y] and [xyz] = [[x, y], z]. If [xyz] =0 for all x, y, z in T, the axioms 

stated above are reduced to those of Lie algebras and if xy = O for all x, y in T, the 

axioms are reduced to those of Lie triple system. 

In [6, Satz. I], Loos proved that a Malcev algebra M becomes a Lie triple system 

wrth respect to a ternary composition [xyz] = x(yz) - y(xz) + 2(xy)z, which is called 

the Lie triple system associated with M and is denoted by T1~1 

Also in [11, Theorem I . I], Yamaguti proved that a Malcev algbera M becomes 

a Lie triple algebra with respect to the composition xy and [xyz] I = (xy)z - y(xz) + 

x(yz), which is called the Lie triple algebra associated with M 

If A is an ideal of a Malcev algebra M, so are A

=AA + M(AA) and A[1]= AA + [MAA]l. Obviously, A

~~!A[1]. Conversely, since A

=AA + M(AA) ~ AA + 
[MAA] I + [MAA]l =A[1], we get A

=A[1]. The notion of solvability arising from descending chains of these ideals are called L-solvability [4] and Y-solvability [1l] 

respectively. Thus L-solvability and Y-solvability are coincident for Malcev algebras. 

Let R2(M) (resp. R3(M)) denote the unique maximal L-solvable ideal (_resp. Y-solvable 

ideal), which is called the L-solvable radical (.resp. Y-solvable 1'adical) 

REMARK I . In [8, Theorem I . I], Ravisanker proved that for an ideal A of a 

Malcev algebra M, the following statements are equivalent : 

(1) A is solvable. 

(2) A is L-solvable. 

(3) A is .Y-solvable. 

Therefore we have R1(M) =R2(.M) =R3(.M). 

S 2. Semi-prime radicals amd prilne radicals 

Let M be a Malcev algebra. As in associative rings (cf. [7]), we say that an ideal 

Q of M is semi-prime if the following condition is satisfied : If H

~Q for an ideal H of M, then H~ Q. 

REMARK 2. (1) A Malcev algebra M is a semi-prime ideal of M 

(2) Let Q be a semi-prime ideal. If there is a positive integer k such that I

~Q for an ideal I of M; then I ~ Q 

(_3) The mtersection of all the semi-prime ideals of M is a semi-prime ideal 

REMARK 3. ([11, Lemma 2.1]) If A and B be ideals of a Malcev algebra M, 

then AB + [MAB] I + [MBA] I is an ideal of M 
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An ideal P of M is called prime if the relation HK + [MHK] I + [MKH] I ~; P 

for ideals H, K of M implies H ~; P or K ~ p. 

As in commutative rings, we define the irreducibility of ideals as follows : An 

ideal N of M is said to be irreducible if N = H n K with ideals H, K of M implies 

N=H or N=K. 

PROPOSITION 1. Let M be a Malcev algebl'a 

(1) Any pl'ime idealis sem.i-prime. 

(.2) An.y prime idealis irreducible. 

(3) Any maximal ideal is irreducible. 

(4) Am,ong prime, semi-prime, irreducible a.nd maxim,al ideals, there are no 

implications except (1), (2) alrd (3). 

PRooF. (1) From [xyz] I = (xy)z - y(xz) + x(yz) rt follows that the identity 

2(xy)z + [zxy] I - [zyx] I = O holds. 

Hence 

M(AB) ~ [MAB] I + [MBA] I . 

Therefore if P is a prime ideal then it is also semi-prime 

(2) Suppose that H n N is a prime ideal. Then (2) is immediate since 

HN + [MHN]l + [MNH]l ~ H n N. 

(3) This is clear. 

(4) Let Mo be a 2-dimensional non abelian Malcev algebra, that is, Mo = 

 with xy = x. Then the ideals of Mo are (O), 

 and Mo' The ideal (O) is irreducible but neither prime nor semi-prime, for xx = O. Clearly (O) is not maximal. Since 

MOMO = (MOMO)MO = 
, 
 is maximal, but neither prime nor semi-prime. By 
the definition of Mo, it is prime but not maximal. Let M1' M2 and M3 be simple 

Malcev algebras. Let M' = Ml~M2 eM3. Then the ideals containing M1 properly 

are MleM2, Ml~M3 and M'. Therefore M1 is semi-prime, and since 

(MI ~M2) (MI ~M3) ~ (MI ~M2) n (MI ~M3) = M1' 

[(Mi ~M2 ~)M3) (MI ~M2) (MI e)M3)] I ~ (MI eM2) n (MI ~)M3) = M1 

and 

[(MI ~)M2 ~M3) (MI ~M3) (MI ~M2)] I ~ (MI ~M3) n (MI ~)M2) = M1' 

M1 is neither prime nor irreducible. Obviously, M1 is not maximal. This completes 

the proof. 

PRoposmON 2. IfM is a Malcev algebra then P is a prime ideal ofM if and only 

if P is irreducible and semi-prime. 
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　　　PR00F　Suppose　that－P1s1rreduc1b1e　and　sem1－pr1me，and－1et　H，K　be1d．ea1s　of

1レτsatisfying

　　　　　　　　　　　　　　　HK＋［〃HK］1＋［〃KH］1…≡≡P

If　we　put　N＝（H＋P）∩（K＋P），then

　　！VlV＋〃（1VlV）…≡（H＋P）（K＋P）十［〃（H＋P）（K＋P）］1＋［〃（K＋P）（H＋P）］1…≡P．

Hence　lV…≡P　and　P＝（H＋P）n（K＋P）．Then

　　　　　　　　　　　　　　　　1）：11＋1）　　　or　　1）：1ζ十1），

that　is，

　　　　　　　　　　　　　　　　　　1王⊆1）　　　or　　1（⊆1）．

Therefore　P　is　prime．The　converse　was　shown　in　Proposition1．This　comp1etes

the　prooi

　　We　denoteby－R4（〃）（resp　R5（M））the1ntersect1on　ofan　the　sem1－prme1dea1s　of

〃（resp　pr1me1dea1s　of　M）and　ca111t　the8θ舳一ρη㎜θ閉∂一col　of〃’（respρη伽θ

rα伽α1of〃）．

　　THE0REM3　Forαル肋Zcωα1θθ加oルτ，肋28θ㎜卜ρη榊θ閉〃oα1R4（ルτ）18θg〃o1

¢0伽＾010肋1θ閉伽01R2（〃）．

　　PR00F．　It　is　obvious　by（2）of　Remark2in　this　section　that

　　　　　　　　　　　　　　　　　　　R4（〃）≡lR2（〃）．

Converse1y，1f　H〈1〉⊆R2（〃）for　an1d－ea1H　of〃，then　H1s工一so1▽ab1e，smce　H〈”十1〉＝

（H〈1〉）くη〉＝（O）forsome　pos1t1ve1ntegerη　Hence　H⊆R2（〃），1e　R2（〃）1s　sem1－Pr1me

Theref；ore

　　　　　　　　　　　　　　　　　　　R4（〃）…R2（〃）．

This　comp1etes　the　proof．

　　THE0REM14　　τ加pη醐θ閉ゐco1R5（ルτ）9グoハπα1cωo1σθ伽αハ4－3θq〃o1なo肋ε

γ8010〃〃0伽αlR3（〃）．

　　PR00F　　Let　H　be　a　y二so1vab1e1dea1ofルτ　Then　there1s　an　mteger〃≧O　su－ch

that　HM＝（O）　For　any　pr1me1dea1P　of〃we　have　H⊆P，s1nce　H［剛＝（O）≡P

Therefore　R3（〃）…≡R5（〃）　Assu1methat　R5（〃）1s　not　Y二so1Yab1e　Let∠be　a　co11ec－

tion　of　id－ea1s　H　such　that　R5（〃）［”］集H　for　a11〃≧O．Then∠is　not　empty　because

（O）∈∠　From丘n1te　d1mens1ona11ty　of〃，1t　fo11ows　that∠has　a　max1ma1e1ement

P　　If　there　are1d－ea1s　H，K　ofルτ　such　that　H集p，K集p　and　HK＋［ハ4HK］1＋

［MKH］1；P，then　no　one　ofH＋P　and－K＋P1s　conta1ned　m∠　Hence　R5（〃）閉…≡H
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＋P　and　R5（〃）［此］⊆K＋P　for　some1ntegers乃，k≧0　Let∫＝max｛ん，k｝　Then

R5（〃）［s＋1］⊆（H＋P）（K＋P）十［M（H＋P）（K＋P）］1＋［〃（K＋P）（H＋P）］1

　　　　　　≡≡HK＋［〃HK］1＋［〃KH］1＋P

　　　　　　⊆p．

Th1s　contrad1cts　P∈∠　Hence　P1s　pr1me　and　R5（〃）隼ア，wh1ch　contrad1cts　the

d－ein1t1on　of　R5（〃）　Therefore　R5（〃）1sγso1▽ab1e　and－R5（〃）；R3（〃）　Th1s　com－

p1etes　the　proof．

　　From　the　theorems　above　and　Re血ark1m§1，we　have　the　fo11owmg　theorem

　　THE0RlEM5．　Foグo〃α1cωα1σθ伽α　ルグ，R1（ルτ）＝R2（〃）＝一R3（ルπ）：R4（ハ1）＝

R5（〃）．

　　3．臨ぷ鯛型s⑪f塾M眺ev純幽胸班舶舳sL1e耐螂esy説鋤Z班

　　In　th1s　sect1on，we　shan　cons1der　the　correspondence　between　sem1－pr1me1dea1s

（resp　pr1me1dea1s）m　a　Ma1cev　aIgebra〃and　sem1－pnme1dea1s（resp　pr1二me1dea1s）

mtheL1etnp1e　system㌦assoc1atedw1th〃　　For　the　not1on　ofsem1－prme　and　pr1me

1dea1s　of　L1e　tr1p1e　systems　see［2］

　　PR0PosITI0N6．　工ぴgわθo〃〃θol　qブルπw加c乃ゴ∫8θ閉f－P所1ηθ伽oη〃θol　qグ㌦．

ηκηgゴ∫8α切一ρ吋閉θα∫o〃〃θol　qブ1、∫．

　　PR00F．Let　g　be　a　sem1－pr1me1d．ea1ofルand∠be　an1dea1of〃sat1sfymg
λ〈1〉…≡ρ　From　the　dein1t1on　of　the　temary　compos1t1on　of　the　L1e　tr1p1e　system

Tレassociated　with－M，

　　　　　　　　　　　　　［ルλλ］⊆～（λλ）十λ（～λ）十（ルλ）λ

　　　　　　　　　　　　　　　　　　1≡≡λλ十ルπ（λλ）

　　　　　　　　　　　　　　　　　　＝、λ〈1〉．

Therefore　we　obta1n　thatλ1s　contamed　m　g　　Th1s　comp1etes　the　proof

　　PR0PosITI0N7．　L所Pわθoη〃θα1gグハ∫w1”c1τゴ8pr肋κo∫oη〃θol　qブ1㌃．

Pf∫pれ剛θo∫oη〃εo1gグハ〃．

　　PR00F　Let　P　be　a　pr1me1dea1of～and　H，K1dea1s　of〃sat1sfymg

　　　　　　　　　　　　　　　HK＋［〃HK］1＋［〃KH］1⊆P

As　in　the　proof　of　Proposition6；

丁加η
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[ TMHK] ~ TM(HK) + H(TMK) + ( TMH)K 

~ HK + M(HK) 

~ HK + [MHK] I + [MKH] 1 

From the definition of prime ideals of Lie triple systems in [2], we deduce H ~ P or 

K ~ p. This completes the proof. 

In [6, Satz 2], Loos proved that the solvable radical Rl(M~ of Malcev algebra 

M is equal to the solvable radical R1(TM) of the Lie triple system TM. From R1(TM) = 

R2(TM) =R3(TM) =R4(TM) ([2, Theoren; 4]) and Rl(M) =R2(M) = R3(M) =R4(M) = 
R5(M), the next theorem follows 

THEOREM 8. Let M be a Malcev algbera and TM the Lie triple system associated 

with M. Then the semi-prime radical (resp. pl'ime radical) of M is equal to the 

selni-prime radical (resp. prime radical) of TM. 

4. Appendix (Radicals of gemeralized stamdard algebras) 

In [1] Albert defined the class of standard algebras, including all associative and 

commutative Jordan algebras. Now we recall that the class of generalized standard 

a lgebras A over a field of characteristic O is defined by the conditions (i)-(iv) below 

(cf. [10]). 

( i ) A is flexible, i.e. (x, y, x)=0 for all x, y in A. 

(ii) H(x, y, z)x=H(x, y, xz) for all x, y, z in A. 

(iii) ' (x, y; wz) +(w, y, xz)+(z, y, xvv)= [x, '(w, z, y)] +(x, w, [y, -']) 

' for all x, y, z, w in A. ' 
(iv) D*,y = [L*,Ly] + [L*, Ry] + [R*. Ry] is a derivation of A for all x, y in A. 

Here (x, y, z) = (xy)z-x(yz) 

[x, y] = xy - yx 

H(x, y, z) = (x, y, z) + (y, z, x) + (z, x, y) 

L*(y) = xy R*(y) = yx 

All alternative algebras and standard algebras are generalized standard algebras. 

For an ideal B of A, we put B

 =B, B

=BB +A(BB) and B

 = B

B

 + 

A(B

B~k-1>) (k~2). An ideal B is called L-solvable (it is called Penico solvable in [10]) if there is a positive integer k such that B

 = O. As in the Malcev algebras of S 2, we say that an ideal Q of A is selni-prilne if th.e 

following condition is satisfied : If H

~ Q for an ideal H of A, then H ~ Q 
REMARK 4. (1) A generalized standard algebra A is a semi-prime ideal of A 

(2) Let Q be a semi-prime ideal. If there is a positive integer k such that C

~Q 
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for an ideal C of A ; then C !~ Q 

(3) The intersection of all the semi-prime ideals of A is a semi-prime ideal 

We also denote by R4(A) the intersection of all the semi-prime ideals of a gene-

ralized standard algebra A and call it the semi-prime radical of A. 

THEOREM 9. The semi-prime radical R4(A) is equal to the L-solvable radical 

R2(A) . 

PRooF. The proof is similar to the one for Malcev algebras, and we omit it. 

In [10], Schafer proved that the solvable radical is equal to the Penico solvable 

radical. Therefore, the following three radicals are equal : (1) Solvable radical 

R1(A), (2) L-solvable radical (Penico solvable radical) R2(A) and (3) Semi-prime 

radical R4(A) 
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[2] 

[3] 

[4] 

[51 

[61 

[71 

[8] 
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