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ABSTRACT. We show how the set of strongly monotone and Lipschitz multiter-
minal resistors is closed under forming networks and choosing terminals. We show
that an infinite network of multiterminal resistors can serve as an approximation
for all large finite subnetworks. We show that we may obtain the hierarchy of
infinite networks of A. Zemanian from the set of multiterminal resistors. The
techniques include new notation, nodal analysis and loop space analysis.

1. INTRODUCTION

Ohtsuki and colleagues showed in [18] and [19] that a network H has a unique
solution if constructed from multiport resistors with hybrid characteristic functions
which are continuous and strongly monotone. Here we show first that if we assume
(for simplicity) all resistors are Lipschitz, and choose a set of ports from the nodes
of H, we obtain a multiport resistor of the same type, Lipschitz and strongly
monotone, both voltage controlled and current controlled.

This paper is self contained, hence is accessible to mathematicians.

Much of the value in this work consists in it being a rethinking of multiterminal
nonlinear resistors, with notation that allows us to deduce what we will obtain if
we connect not just several multiterminal devices together, but many, and take
limits. We show, using a nodal analysis, that if the multiterminal resistors are
voltage controlled, with continuous, strictly monotone and coercive conductance
functions, then a finite circuit fabricated from these elements is of the same type.
These conditions, in the one variable case, mean that the conductance function is
an increasing homeomorphism. Anderson et al. [1] studied the interconnection of
two nonlinear n-ports, with each conductance function being the subdifferential of
a convex function, without all the previous conditions. Their paper is an extension
to nonlinear networks of the results of [2]. This refers back to [3] to describe the
types of permitted interconnections of the two n-ports. Thus [1] is related to this
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paper, but here we do not focus on this question, but pass on to consider large
networks and their limiting behaviour.

Our study forms part of the body of work that deals with DC operating points of
circuits, as circuit components are resistors when the terminal voltages and currents
are constant in time. In addition, it deals with the voltage-charge relationship for
a capacitor network [12], and there are commercial multiterminal components to
which the monotone operator theory applies. In [16], page 303, the authors report
that the charge on a MOS transistor is a strongly monotonic function of the voltage,
once parasitics are taken into account. Thus this paper could be called “monotone
multiterminal capacitors and large networks,” but traditionally the basic results
are presented for resistors.

We especially consider large networks, that is, we study their limiting behaviour
as the network becomes very large. Such a network is given by granular material,
formed by a large number of bodies of conducting material, packed together and
touching neighbouring bodies. We construct a theory that is relevant to those
large finite networks that approximate some infinite networks, in that their voltage-
current characteristics are all much the same. To do this, we study infinite networks
of multiterminal resistors.

Following on from the seminal works [14], which gave a unique current flow in
an infinite network of two terminal resistors, and [26], which analysed extremal
problems on an infinite network, the hierarchy of “transfinite” resistive networks
has been defined by A. Zemanian, [27], [28], [29] and [30]. The idea of a 1-network,
the basic transfinite graph, is that one forms infinite loops from infinite paths, for
example by shorting together some ends of the graph. These 1-networks have been
used in a study of the classical equations of traffic flow in an infinite network [7]
to give existence of equilibrium flows.

The motivation of this paper was to give a theory of transfinite resistive networks
which was much more accessible, rather less general, and more powerful, in that
the theory was rich and required few definitions. The conclusion is that we may
construct transfinite resistive networks of all ranks as multiterminal resistors whose
current-voltage characteristics are quite well understood.

We develop our approach to infinite networks of multiterminal resistors, using
a current space analysis. The conclusion is simply that when suitable bounds are
assumed, an infinite network of multiterminal resistors with Lipschitz and strongly
monotone resistance functions, with a choice of some nodes as terminals, is a mul-
titerminal resistor of the same type. Now, with infinite networks at our disposal,
we are able to return to discuss finite networks, and show that we can describe the
limiting behaviour of their voltage-current characteristics.

Existence and solution algorithms for general resistive networks, often containing
only two terminal devices, received considerable attention around the 1960s and
70s, sometimes using degree theory [18], [21] and sometimes assuming mappings to
be monotone [12], [21], [1]. Around the 1990s, there has been continuing interest in
this sort of problem, using dissipativity [17], homotopy methods [24], [15], and the
simplex method [25], as well as a survey [23] . Multiterminal resistors have been
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included in studies of network dynamics, for example [17]. The paper [8] shows
that multiterminal representations can speed up calculations in SPICE.

The articles [5] and [6] and the book [30] give the most accessible account of
some topics in the theory of 1-networks of two terminal resistors. The volume [22]
presents a sound study of infinite networks.

Large networks of resistors have been measured experimentally, see [11].

2. DEFINITIONS

2.1. Multiterminal resistors. We will consider a multiterminal resistor or ele-
ment to be our basic building block for constructing resistive circuits as explained
in [9]. Rather than giving node to datum voltages, and modelling a multiterminal
resistor as a digraph with n nodes and n — 1 branches, one node having degree
n — 1 and the others degree one, together with an allowable set of branch currents
and voltages, or equivalently as an n — 1 port with half the terminals shorted, we
use a more symmetric representation of terminal voltages as elements of a quotient
vector space.

Given any set T' we let R” denote the functions f : T — R, and write 1 for
the element of R” taking the value 1 at all t € T. Write (a) for the linear span
of {a} for a € RT. We suppose T is finite. Then the quotient space, R /(17),
and (17)* = {y € RT : 3"y, = 0} are in duality under the pairing (y,v + (1)) =
2 ter Vil

Definition 1. We define a multiterminal resistor, or resistor for short, d, to be a
nonempty finite set T'(d) of “terminals”, together with a set

G(d) € R™/(1r@)) % {lr@)*
of allowable terminal “voltages” and “currents.”

The notation Gy is avoided because we put superscripts and subscripts on the
d, which would give Gyr. We use the convention [10] that a current flowing into
a resistor through a terminal is positive. We call d voltage controlled if G(d) is
the graph of a function with domain R”7¥) /(15(d)) , denoted G(d) too, called the
conductance function.

2.2. Networks. We wish to construct a network from some resistors by joining
some of their terminals together. The first theorem in this paper gives simple con-
ditions on the conductance functions which ensure that the network itself becomes
a resistor of the same type if we choose some nodes as terminals.

Definition 2. Let D denote a set of resistors, and let G denote the function taking
each d € D to G(d). Let N be a nonempty set of “nodes.” Suppose that for all
d, there is a function @4 : T(d) — N, giving ¢ : D — [[,ep NT@, the incidence
function. We call (D,G, N, ) a network of of resistors, or multiterminal resistors
if we wish to emphasise they need not be two terminal resistors.

The network (D, G, N, @) is called finite if D and N are finite. Given (D, G, N, ¢),
we say d € D is incident to n € N if there is ¢ € T'(d) such that ¢,4(t) = n, and
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we say also that n is incident to d. We say nodes a and b are adjacent if they are
both incident to the same resistor in D. We say resistors d and e are adjacent if
they are both incident to the same node in V.

With loss of flexibility, but giving the same results, we could equate nodes with
elements of a partition of | J ., T'(d), i.e. assume ¢ to be surjective. If ¢ is surjective
we obtain a hypergraph on N, that is, [4], relaxing the finiteness assumed there, a
family {E,, }men of nonempty subsets of N, whose union is N, by taking E; for
d € D, to be the nodes to which d is incident. This enables us to say (D, G, N, ¢) is
connected to mean ¢ is surjective and the hypergraph is connected [4], that is, the
intersection graph of the edges is connected. This means that given any two nodes
a and b, there is a finite sequence xy, . .., z, of nodes with z; and z;_; adjacent for
i=1ton, xrg=aand x, =b.

A subnetwork of (D, G, N, ) is a network (D*, G*, N*, ¢*) such that D* C D,
N* C N, p4(Ty) € N* for all d € D*, and ¢* is the restriction of ¢ to D*.
A component is a maximal connected subnetwork. We say a network is locally
finite if for each node there are only finitely many resistors incident to it. Given
a network H = (D,G, N, ¢) we write E(H) for its resistor set D, and V(H) for
its node set N. Given a network H = (D,G,N,¢) and a set E C D we write
(E) for the subnetwork with resistor set E, incidence function ¢|g, and node set
Uger wa(T(d)). If V-.C N, (V) denotes the subnetwork with node set V', resistor
set {d € D : p4(T(d)) C V} and incidence function the restriction of ¢ to its
resistor set.

2.3. Kirchhoff’s Laws.

Definition 3. Let H = (D, G, N, ¢) be given, and suppose that i maps each d € D
to iq € (1r@)*. Forn € N, the flow of i inton, I(i,n) == ,p > ou(ty=n ta(t).
We say i satisfies Kirchhoff’s current law (KCL) on A C N if for alln € A, I(i,n)
is zero. If there is ambiguity we write {igz}qep fori. We suppose that v maps each
d € D to vg+ (lpg)) € RTD /(17s). We say v satisfies Kirchhoff’s voltage law
(KVL) on H if there exists p : N — R such that for d € D, po g+ (lrw) =
Vg + (Lr)) - We say p is a potential for v.

3. FINITE NETWORKS OF MONOTONE RESISTORS

Suppose X is a Banach space and X' is its dual. We say M : X — X' is
strongly monotone [13], page 18, with constant K > 0 to mean that for z and y
in X, (M(z) — M(y),z —y) > K|z — y||>. Wesay M : X — X' is Lipschitz with
constant K to mean that for z and y in X, ||[M(z) — M(y)|| < Kljlz — y||. We
write || M|, for the least such K. We say M : X — X' is strictly monotone [13]
to mean that for x and y in X,  # y implies (M(z) — M(y),z —y) > 0. We
say M : X — X' is coercive [13], page 23, to mean that (M (z),z)/||z|| — oo as
]| — oo.

Our first result shows that by forming a finite network from voltage controlled re-
sistors whose conductance functions are strictly monotone, coercive and continuous,
we obtain, by using some of the nodes as terminals, a resistor whose conductance
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function is strictly monotone, coercive and continuous. We note that a hybrid
resistor is really both current and voltage controlled if its characteristic function,
(giving some port voltages and other port currents in terms of port currents and
voltages on appropriate ports), is strictly monotone, coercive and continuous.

This is related to two terminal case studied in [12], where they allowed weaker
conditions, depending on whether a resistor was a a tree branch or not. Although
Dolezal [13] considers monotone multiports, there is no real overlap with this work.
The paper [1] is strongly related, and yet quite different in approach. The closest
result to this paper is Theorem 5 of [19], which was clarified in Remark 16 of [18].
The point of assuming conductances to be monotone is to give elegant, simple
and positive results for what is a rather undeveloped theory. The theory does not
cover transistors as resistors, because circuits with transistors can have multiple
operating points, see [23].

Then in the next section we move on to an infinite network, and, having to
control bounds, we show that by forming an infinite network from voltage controlled
resistors whose conductance functions are strongly monotone and Lipschitz, we
obtain, by using some of the nodes as terminals, a resistor whose conductance
function is strongly monotone and Lipschitz. The point of using strongly monotone
and Lipschitz maps is to obtain an elegant theory, and control the parameters when
taking limits.

The non-Lipschitz theory uses weaker assumptions, and it is an open question
as to what estimates would allow one to pass from finite to infinite networks in
this setting. We solve the finite and non-Lipschitz case by a nodal analysis, but
approach the infinite and Lipschitz case by a loop space analysis. We do the finite
network theory partly to give a result without the difficulties of infinite networks,
partly to show how a nodal analysis can appear, partly to include current sources,
and partly because we use it in the subsection on approximation of finite subnet-
works.

3.1. Non-Lipschitz Case. Problem A Let (D,G, N, ) be a connected finite
network of resistors. Let B C N be given and let eg + (15) € RZ/(1p), and
i € RM\B | with ing € (1x)* if B is empty. (We assume that just ingp 1S
given if B is empty and just eg + (1p) is given if B = N.) Does there exist
e+ (1) € RY/(ly), with e extending ep, and i* € (1y)*, extending i}, 5, such
that for all d € D, there exists iy € (1p(g))*, such that (eo s+ (17@))), i) € G(d),
and such that for all n € N,

(1) I({id}dep,n)—l—i*(n) = O, that iS,
S dalt) = i*(n)?
deD p4(t)=n

A solution will be (e + (1n),7) € (RYN/(1n), [Licp{lr@)™), or, if all d € D are
voltage controlled, simply e + (1x) € RY/(1y). We note the contrast with the



26 B, D. CALVERT

presentation in terms of current sources between nodes and voltage sources con-
nected in series with network branches, used for example in [19]. The following
result essentially appears in [19].

Theorem 1. Let H = (D, G, N, ) be a connected finite network of resistors. Let
B C N be given and let eg € RP, and s € RN\B  with g € (1x)* if B
1s empty. Suppose each d € D is a voltage controlled resistor whose conductance
function is strictly monotone, coercive and continuous. Then Problem A has a
unique solution e + (1y).
Proof. (a) Suppose B = N. Then (1) gives i* and summing over n shows i* € (1x).

(b) Suppose B = 0. Define G : [],cp RT"D/(17(4)) — [Lyep{lr(a)* by, for each
de D,

(G({ed + (11(a)) taep))a = G(d)(ea + (1ra)))-

Define A : RY/(1y) — [Tscp RY™/(17@)) to be the linear operator mapping
e+ (1y) to the point in the product with dth component e o ¢4+ (1p@)). We have
[Tocp RT@ /(17(g)) with dual [T, (17@)* under the pairing

({ea + (Ir(a)) Yaep, {ia}aep) = Z(ed, id).

deD
The dual A’ : [[ecp(lr@)t — (In)* is given by A'({iataen) =i € (1n)*, where

forallm e N,
=2 2

deD p4(t)=n
We claim A is injective. Suppose A(e+(1x)) = 0. Then for each d, eop, is constant
on all terminals of d, and since H is connected, e is constant on NN, proving the
claim.
Let i* € (1y)* be given. Now e + (1) is a solution iff

(2) A'GA(e+ (1)) =

Now A'G A is continuous, strictly monotone by the injectivity of A, and coercive,

again because of the injectivity of A. By e.g. [20], Chapter III, Section 2.8, A/GA

is surjective, and injective by strict monotonicity, giving a unique solution to (2).
(c) Now we suppose B is equal to neither N nor (). Consider RY as the direct

sum Rp @ Ry\p. Suppose ep and i}kv\B are given, and we want eyx\p and ¢ with

(i5s iy p) € (1x)*, and

(3) A'GA((ep, en\p) + (1n)) = (iB, iy\p)-

Define @ : RMZ — RY/(1y) by Q(zmp) = (0,2m5) + (1y). Then the dual

Q' : (1x)t — RN\B is given by Q'(x)(n) = z(n) for all n € N \ B. Note Q is

injective. Now (3) is equivalent to

(4) QAGA(Q(ens) + ((e5,0) + (In))) = ij5-

The map taking ey p to the left hand side is monotone, indeed strictly monotone,
using injectivity of @) and A. It is likewise coercive, as well as continuous. Hence
this map is a bijection, and (4) has a unique solution, solving Problem A. O]
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In the next result we require only that B contain at least one node, but of course
we need it to contain at least two to have a nontrivial case.

Theorem 2. Suppose H = (D, G, N, ) is a connected finite network, with each
resistor being voltage controlled, with coercive, strictly monotone and continuous
conductance function. Let B C N be nonempty. Let us form a resistor dg with
terminal set B and the set G(dg) of allowable terminal voltages and currents be-
ing (eg + (1g),i%), where eg + (1) is arbitrary and i} is given by Problem A
corresponding to eg + (1g) and i}*V\B = 0. Then dg s voltage controlled, and its
conductance function G(dg), is continuous, strictly monotone and coercive.

Proof. By definition, dpg is a resistor, and by Theorem 1 it is voltage controlled. We
suppose that B # N, the case B = N being altogether similar. Now G(dg)(e} +
(1p)) = ip iff there is e}, 5 such that

() A'GA((ep, eng) + (1) = (iB, 0mp)-

Let us show monotonicity of G(dg). Suppose (5) holds, and likewise
(6) A'GA((€p, enp) + (In) = (i, 0n\5).

Then

(A'GA((ep: enp) + (In)) = AGA((ef, ehnp) + (In),
(epsenp) — (€5 €np) + (In))

= Z(G(d)(e/ o g + (1)) — G(d)(e" o pa + (1)),

deD

e oy —e* 0o ps+ (lra))
> 0,

(ip —ip,ep —ep +(1B))

since each G(d) is monotone. Thus G(dp) is monotone. We claim it is strictly
monotone. Suppose the left hand side is zero, then for all d € D,

(7) (G(d)(€ o pa+ (Lr()) — G(d)(e" 0 pa+ (lrw)), € 0pa— e opi+ (Lrw)) = 0.

Hence, using the strict monotonicity of G(d), for all nodes n incident to d, € (n)
and e*(n) differ by a constant. Since H is connected, ¢" and e* differ by a constant,
and therefore G(dp) is strictly monotone.

We claim G(dp) is coercive.

(i, es+(1B)) = (A'GA((es,ems) + (1n)), (e, emn) + (1x))

= Y (G(d)(e o pa+ (1)), e 0 pa+ (lr))

> Y callle o a+ (r@)l)(lle o pa+ Lz ),
deD

where any norms may be used, since the spaces are finite dimensional, and for each
d, ¢q : (0,00) — (0,00) is increasing, and cq(x) diverges to co as x — oo. Let
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A(d) denote the operator A followed by projection on RT@ /(17). There exists
c € (0,00) such that for all e € RY,

max [|A(d)(e + (Iw)[| = clle + {Lw)ll;

since A is injective and RY /(1) is finite dimensional. Hence

(i5,es + (1p),) = maxcq((lA(d)(e+ (Iv)) )] Ald)(e + (1n))]
max cg(clle + (Lv)l|)elle + {Ln)ll
max ca((clles + (1) [)elles + (1)l

A%

v

assuming that we use the quotient norm from the (> norm on R™@ /(174), and
therefore (i%,es + (18),)/lles + (1B)|| — o0 as |leg + (15)|| — oo.

Now we claim that G(dp) is continuous. Suppose we have a convergent sequence,
eh+(1p) — €%+ (1) as n — oo. Suppose that for all n € {0,1,...}, en\ p satisfies

A'GA((el, ep) + (1n)) = (i%,0) € (In)".

Now {i% }nen is bounded since a monotone operator is locally bounded at points
in the interior of its domain by [20], page 104. We want to show if a subsequence

™ 0% then it = G(dp)(€% + (15)). We claim {e?, + (1x)} is bounded. Now
(ip.ep +(1p)) = ((i5,0), (eh, eqp) + (1n)
= > (G(d)(e" o pa+ (lr(@)), " © pa+ (l1(a)),

deD

and coercivity gives {€" o ¢4 + (17())} bounded for each d € D, so that {e}, +
(1y)} is bounded. Taking a subsequence n(m(k)), we have i and €}, p such that

(™™ eNTHD) + (L) — (€%, e ) + (Ly), and 5™ — i5; Then
A'GA((e, exp) + (In)) = (i5,0)
since G is continuous, giving

iy = G(dp)(e + (1p)).

4. 1-NETWORKS OF MONOTONE RESISTORS

In this section we define a 1-network in terms of ends, rather than more general
terminals as in [6], to keep it as simple as we can. We note G plays no role in this
definition, and in some others.

Definition 4. We define an end in a connected, infinite, locally finite network
H = (D,G,N° ) to be a function e mapping each finite subset F of D to an
infinite component e(F) of (D \ F,G|p\r, N°, ¢|p\r) such that if E C F then
V(e(F)) C V(e(E)).



MONOTONE MULTITERMINAL RESISTORS AND LARGE NETWORKS 29

Assumption L We will assume H = (D, G, N°, ¢) to be an infinite locally finite
network with a finite number of components, all infinite, and a finite number of
ends in each.

Definition 5. A I-node is a nonempty set of ends. We assume every end 1is
in exactly one 1-node, and denote the set of 1-nodes by N*. We will call H* =
(D,G,N° o, NY) a I-network.

Slightly more elaborate 1-networks are useful, and are constructed by including
anode n € NY in any 1-node, and we shall do this in the proof of the next theorem.

Suppose i satisfies KCL on N° and W C N is given. We define the flow I(i, W)
of i into W tobe 3 e >, ew %a(t), if this converges absolutely. We write (i, n)
for I(i,{n}), if n € NY; see Definition 3.

Suppose i satisfies KCL on N° and e is an end in a component of H. Suppose
that F' is a finite subset of D, such that if f # e an end, then e(F) # f(F).
Suppose £ D F. Then I(i,V(e(E))) = I(i,V(e(F))). We define the flow of i
into e, 1(i,e), to be I1(i,V(e(E))). We define the flow of i into a 1-node n to be
I(i,n) == >, I(i,e). We say that KCL holds at n € N*' to mean the flow of i

into n is 0.

4.1. Lipschitz Case. We remark that a Lipschitz strongly monotone function
from a reflexive Banach space to its dual is bijective, and its inverse is a Lips-
chitz strongly monotone function too. The next theorem is expressed in terms of
resistance functions.

Assumption M Let H' = (D,G, N° ¢, N') be a 1-network. Suppose Ly, Lo,
and L3 are positive reals. Suppose that for each d, G(d) is strongly monotone and
Lipschitz, with inverse R(d), called the resistance function. We use the ¢! norm on
(1pa))*, and the quotient norm from the ¢*° norm on RT@ /(17(,). We assume
the following bounds. Suppose that for each d € D, there is a number ry > 0, and
the following hold. For all z and z*, and all d € D,

) |R(d)(x) ~ R(d)(@")| < Larale — 27|
) (R()(x) — R()(@),2 = ") > Larglla — a°|?
(10) IR@)(0)] < Lra
(11) Sy < oo

4.2. A 1-network is a resistor. In this subsection we give our main existence
results for 1-networks. They are perhaps easier to think of if we take B C N!.

Theorem 3. Suppose H' = (D, G, N° o, N') is a I-network satisfying Assump-
tions L and M. Let B C N := N'U N° be nonempty and finite. Let eg + (1g) €
RE/(1p) be given. There exists a unique x € [[yep(lr@)t, such that :

1) > aep |lzal|*rq < oo (finite power),
2) x satisfies KCL at alln € N \ B,
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8) For alli € [[,cp(lr)* satisfying the preceding conditions 1) and 2) with
replaced by 1,

(12) > (R(d)za,ia) + > 1(i,b)e, = 0.

deD beB

(Tellegen’s equation).

Proof. We form the multiterminal resistor d(B) with terminal set 7'(d(B)) indexed
by B, T(d(B)) = {t, : b € B}, and resistance function R(d(B)) being the constant
function eg + (15). We form the augmented 1-network H* with resistor set D* =
DuU{d(B)}, with incidence function the extension ¢* of ¢ given by ¢y 5 (¢5) = b for

all b € B. With respect to H*, the flow of the current ¢ into the node b € BN N!
is now 1(i,b) := > o, 1(i,e) —iqm)(ty), which will be zero for KCL to hold.
We let K consist of functions ¢ € [[,p.(1r(a)* satisfying KCL on N? and on

N1, and such that
1> := > ralliall* < oo.
deD

One checks that this gives a norm, for if ||i|| = 0, then for all d € D, iy = 0, so for
b € B, the flow of i|p into b is zero, and hence i4p)(t5) = 0. One checks that K
is complete, thus a Banach space. Note that we have an equivalent norm ||i||p« by

setting r4p) = 1, and
D= > ralliall*.

deD*

Note K is reflexive, being a closed subspace of the space consisting of i €
1_[(16D*<1T(d)>l such that

(13) 4]

I4]

e =Y rllial* < oo

deD*
We claim that we may define R : K — K’ the dual space, by: for ¢ and i* in K,
(Ri,i*) =) (R(d)ia, i})-
deD
Let us define g4 := r; ' R(d).
(Ri,i*) = > ralodia,iy)

deD

ZTdHQdidHHirln

deD

> rallealia) 21
deD

IN

IN

By (8) and (10),
(14) | oaiall < L3 + Ly |lidl|-
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Hence

(15) (Ri,i*) < (Lay/ Y ra+ Lallil)]i"]l

This shows, using (11), that R maps K to K’. We claim R is strongly monotone.
Let i and ¢* be in K. Then by (9),

(Ri — Ri*,i —1i") = Z ra(0dia — 04ty ta — i)

deD
> > ralsllia — iy}
= Lafi -

We claim R is Lipschitz continuous. Let ¢ and ¢* be in K. Then

IRi — Ri*| = sup > " ralodia — 0ay, ja)
JlI<t
< sup th”id — dgl|[all
llil<1
< Lisw VS rallia — g2/ 3 ralljal?
JlI<1
< Lyli —d*.

Hence R : K — K’ is bijective [20], page 121. Now ep + (1p) gives an element f
of K’ by (f,i) = (ep + (1B),iqp)). Therefore, there is a unique x € K such that
for all i € K,

(16) (Rx,i) + ) eyiaem (ts) = 0.
beB
We have iqp)(ty) = I(i|p,b) for all b € B, giving (12).
U

Before we show in our next theorem that these resistors that we obtain from a
1-network have a strongly monotone and Lipschitz conductance function, we need
to say what we mean by a 1-network being 1-connected.

Definition 6. We say that the 1-network H' is 1-connected if for any ends e and
f there is a finite sequence {G1, ..., Gk} of components of (D,G, N°, @) with e an
end in Gy, f an end in Gk, and, if K > 1, for j =1 to K — 1, there are ends in
G; and in Gjiq, both in the same 1-node.

Theorem 4. In Theorem 3, assuming H' is I-connected, we obtain a a voltage
controlled resistor dg say, with terminal set B, and with conductance function
G(dp) which is Lipschitz and strongly monotone, defined by G(dg)(ep+(15))(b) =
—I(z,b) for b € B, x being given by Theorem 3.

Proof. The map G(dg) is defined for all terminal voltages by Theorem 3, and we
have only to check that it is Lipschitz and strongly monotone. Suppose ep + (15)
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and e+ (1p) are given. Let 2 and x* be the corresponding currents. For all i € K,
> (R(d)xg — R(d)x),ia) + Y (e, — € Viam) (b) = 0.
deD beB

Note that for all ends e, the linear map x +— I(z,e) is bounded, since I(z,e) =
I(xz,V(e(E)) for any large F, and this is a finite sum of terms i4(¢). Put i = z —a*
to give

|za) — xrl(B)H les —ep +(1p) = — Z(eb —ep)(am) (b) — 952(3)(5))

beB
= D (R(d)rg — R(d)ryvq — )
deD
> Z Lorg||lza — 3]
deD
(17) > Lllzas) — i)’

for some L independent of x and z* since x +— x4(p) is bounded. Hence G(dp) has
Lipschitz constant L=!.

There is some scope for giving the following definitions in different ways.

Given H' = (D,G,N° ¢, N'), and H* as in Theorem 3,we refer to d : Z — D
such that for all ¢ and j, d; is adjacent to d; iff |i — j| = 1, as an endless path of
resistors (in H', if there is ambiguity). We say it is from end e to end f, if for all
finite subsets F' of D, there exists k € N such that d; is in E(f(F)) for i > k and
in E(e(F)) for i < —k. We say it is from 1-node n to 1-node m, if it is from an
end e € n to an end f € m.

An endless path of resistors and terminals from 1-node n to 1-node m is an endless
path of resistors together with sequences of terminals s; € T'(d;) and t; € T'(d;)
with ¢q,(ti) = ¢a,,,(Si+1) for all ¢ € Z. Analogously we define a one-ended path of
resistors and terminals from node n to 1-node m using sequences defined on N in
place of Z. We define a one-ended path of resistors and terminals from 1-node n
to node m using sequences defined on —N in place of Z. Analogously we define a
path of resistors and terminals from node n to node m using finite sequences.

A loop of resistors and terminals in H* is a finite sequence d; : ¢ € Zg, defined
on the additive group Zg, for some K > 2, with d; and d; adjacent iff : — 7 = +£1,
together with sequences of terminals s; € T'(d;) and t; € T(d;) with ¢q,(t;) =
Pd;iiq (Si+1) for all 7 € ZK.

A 1-loop in H* is a finite sequence d* : k € Zg of paths, one ended paths and
endless paths of resistors and terminals, for some K > 2, such that there is an
injective sequence n* : k € Zg of nodes and 1-nodes, with d’ from ni~! to n’ for
all i € Zyg, and df and d? adjacent iff £k = h and |i — j| = 1. A 1-path in H* is
defined similarly, using a finite sequence {d* : k =0..., K — 1}, where K > 1, and
nodes or 1-nodes n° to n®, so we do not require a path, one-ended path or endless
path from n® to n°. A loop current of value Z € R is defined to be a function
2 € [yep R”(@ such that there is a loop of resistors and terminals and for each s;
and t; in T'(d;) (with g, (t;) = @a,,, (si41)), we have z4,(s;) = Z, 24,(t;) = —Z, and
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z4(t) = 0 otherwise. Analogously, a 1-loop current of value Z € R is a function
z € [Tyep- RT@ such that there is a 1-loop of resistors and terminals and for each
s¥ and t¥ in T(dF) with Par (th) = gpdfﬂ(sfﬂ), we have zdf(sf) =7, zgr (th)y = -2,
and z4(t) = 0 otherwise.

Now we use 1-loop currents in H* to show that for some L € R,

(18) les — e + ()| < Lilz — 27
Now
(19) les — e + (1p)|| = %I(GB —ep)(n) — (ep — ep)(m)]

for some m and n in B. Since H' is 1-connected, there exists a 1-path P of resistors
and terminals from n to m, in H'. From the path of resistors and terminals in H*
from m to n, given by d(B), t,, and t,, and from P, we form a loop or 1-loop, P*
say. Let ¢ be the 1-loop or loop current of value 1 in P*. Now i € K, and by (12),

(20) > (R(d)zq — R(d)ay,ia) + Y 1(i,b)(e, — e5) = 0.

deP beB
Therefore
(e5 — ep)(n) = (ep — ep)(m)| < 2 || R(d)zq — R(d)x}|
deP
S 2 Z TdLl ||$d — ,CE:;H
deD
< 2> ) 2w - 7).

This gives (18). By this and (17),

les — €5+ (a)I> < =D (er — ) (@am) (0) — 2 (b))

beB
= (G(dB)eB — G(dB)e*B, e — G*B),

and G(dp) is strongly monotone. Note that G(dg) gives the currents into each
terminal b € B of dp, which is minus the current into the terminal ¢, of d(B). O

4.3. Approximation of Finite Subnetworks. We show that if we approximate
a l-network by finite subnetworks formed by shorting together all nodes near each
1-node, their conductance functions approximate that of the l-network. Thus,
under Assumption F, a 1-network serves as a metaphor, or approximation, for any
finite network which is large enough but of unknown size. For clarity we restrict
ourselves by making assumptions about connectedness.

Assumption F In the following, we let H! be a 1-connected 1-network satisfying
Assumptions L and M, and let B be a nonempty finite subset of N. Let F' denote
a finite subset of D. We say F satisfies Assumption F if for any component G of
H', (FN E(G)) is connected, there is no finite component of (E(G) \ F), for each
end e in G there is only one end in e(F'), and F' contains all resistors adjacent to
any node n € N° in the given terminal set B.
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Given eg+(1p), and F finite, with ' C D, and supposing F' satisfies Assumption
F, we consider the following finite network with resistor set F. For all a € N, we
identify all n € V(e(F))NV (F) such that e € a, to form a node a’". Then our finite
network has resistor set F, conductance function G|r, node set the equivalence
classes of V' (F') given by this identification, and corresponding incidence function.
Note it is connected. We have a resistor d4 say, given by this network with terminal
set B := (BNN°)U{b" : b € BN N'}, and conductance function G(d%), say. We
have an identification of B and B

Given ep on B, this identification induces eg on B, and denote by (p' +
(1v(ry), z"") the solution given by Theorem 1, so p” gives the nodal voltages extend-
ing ep, corresponding to a current z¥. Thus I(z”,b") = —G(d5)(ep + (15))(0").
The next result shows that for all large F', these conductances are approximately
equal.

Theorem 5. Let H' = (D,G,N° o, N) be a I-connected 1-network satisfying
Assumptions L and M, and let B be a nonempty finite subset of N. Given M > 0
and € > 0, there exists a finite Fy C D such that for F satisfying Assumption F,
with Fy C F C D, and |leg + (1p)|| < M, for allb € B,

|I(x",b") — I(2,b)| < e.

Proof. (a) We bound ||z%| := \/ZdeF rq|lz5||? independently of F.
=517 = > ralef |’

deF

< LY (R(d)xy,xg) + Larallay )

deF
< L) Iz b)es| + Ls Y rallzf ) by (9)
beB deF
(21) < Ly'Q (@) lles + (1)l + Ls Y rall=]1l.)
beB deF

Let Fj satisfy Assumption F. Now

17,5 = 3 1", V(e(Ry)

ech

for b € N'. Hence, there exists K = K(Fp) > 0 such that

(22) Y HET D<K Y vl < K2
beB deFy

Hence, by (21) and (22),

(23) |27 < L' (Kllep + ()|l + Lay/ Y 1a)-

(b) Suppose b € N' N B is given. Let F' as above be given and let e € b € B be
given. Let m € V(e(Fp)) NV (Fy) be given. Take a path P in e(F) from m to a
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node n € V(e(F)) N V(F). We may assume all resistors of P are in F', by taking
the first such n.

p"(m) —es()] < 2 |R(d)ag]|

< 2 ra(Ly+ Liflg])

deP

2 rals+2 > ral|zf]|

d¢ Fy deF\Fy

2Ly » ra+2Ly [ ra "]
d¢Fy d¢Fy

L
< 2L327«d+2L—1 > ra(Klles + (Ip)]| + Lsy/> ra), by (23).
2

d¢Fy d¢Fy

IN

IN

(c) Similarly, in Theorem 4, x being the current given by ep, and v = { R(d)z4}4ep,
v satisfies KVL on (D, G, N°, ¢) by Tellegen’s equation, using loop currents. Thus
we find there exists a potential p : N° — R, unique up to an additive constant on
each component, for v, and satisfying p(n) = eg(n) for alln € BN N°. We say that
a sequence ny of nodes converges to n' € N1 when for all finite ' C D, for all large
k, there is e € n' such that n, € V(e(F)). We find, using 1-loop currents, that
there exists a unique p : N — R which is continuous and such that p(n) = eg(n)
for all n € B, and the restriction of p to N is a potential for v. We have, with m
as in (b), and P a one ended path in e(F°) from m to e,

p(m) —ep(®)] < 2 [|[R(d)zd]

deP
< 2 ra(Ls + Lill)
depP
< 2Ly > g+ 200 rallzal®)2O) D ra).
d¢F0 deP d¢F0

By Assumption F, since all d € F'\ Fj are in some e(Fp),

[1(2",0") = I(2,b)] < 2HG(F0,B)HLip(2§—: Y ra(Klles+ (L)l + Lay/ Y ra)

d¢Fy
+4Ls Y ra+ 2L rallzall)? (D ra)'?).
d¢Fy deP d¢Fy
The result follows. O

5. TRANSFINITE NETWORKS

The first type of transfinite network is the 1-network, and the key point of view
is that it may be considered as a multiterminal resistor by taking the terminal set
to be N'. We do not go over the details of the general definition of transfinite
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networks here, but by forming a 1-network of 1-networks we obtain a 2-network,
as conceived of in [27], that is, we consider infinite paths of infinite paths. But
under our conditions, this is a 1-network of multiterminal resistors, and hence just
another multiterminal resistor. One may think either of a) starting with infinitely
many l-networks and joining them together, or b) starting with a l-network of
resistors and substituting each resistor with a 1-network of resistors.

A 3-network is a 1-network of 2-networks, and hence a resistor again, and so on.
This gives a simple construction of some of the transfinite networks considered in
Chapters 5 and 6 of [28], and Chapters 4 and 5 of [30]. We do not generalize the
definitions of Zemanian, rather, we particularize, in order to obtain a manageable
structure. The existence and uniqueness result of [30], Theorem 6.8-1 and Th 6.9-
1, will follow from this paper under the assumption of Condition M, rather than
Condition 6.1-1 of [30]. The no-gain property gave a-priori bounds in the case of
two terminal devices, which are not available if general multiterminal devices are
considered.

We have focussed on working with particular conductance functions that allowed
us to give the conductance function of a 1-network in terms of the conductance
functions of its components, the former conductance function having the same
properties as these latter, so that the 1-network could be used as a component too.
We were able to deal with this analytical problem in case the conductances are
all Lipschitz and strongly monotone. It is important to note that the 1-network
enjoys the same properties that we required of its components, because then we
may repeat the process, forming new networks from these 1-networks, and so on,
inductively.

6. CONCLUSION

In this paper the accent has been on understanding what happens when we join
together a number of multiterminal resistors, especially how the resulting circuit
gives a multiterminal resistor again. Section 3 studied finite networks, Section
4 studied 1-networks, and Section 5 sketched the application to the hierarchy of
transfinite networks.

We saw that a finite network, and then a 1-network, together with a terminal
set, B, gives a resistor whose conductance can be calculated, and then we saw how
1-networks approximate large finite networks.

One implication of our theory is that 1-networks, 2-networks and so on may be
largely understood as multiterminal resistors with conductance functions which are
Lipschitz continuous and strongly monotone. We remark that the figures in [30],
for example the one on the cover, show that transfinite networks may be visualized
to be much like multiterminal resistors.

The other main conclusion is that (classes of) finite networks of multiterminal
resistors have a limiting behaviour as the number of resistors becomes large.
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