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In this paper, we shall construct compact Lie group actions on total spaces of orientable
sphere bundles over spheres. All actions considered in this paper preserve bundle structures,
that is, each element of groups gives a bundle map. The author intends to construct actions on
all sphere bundles over S* for n<8. For n>8, actions on S*-bundles over S» are given for the
case of k=n and other particular n, k. Thus we can conclude that these bundle spaces have
positive degrees of symmetry.

In section 1, we construct actions on S°-bundles over S* and S’-bundles over S°. By means
of reductions of structure groups, we can give S'-actions on S*-bundles over S™ for k=n. Using
well-known results from the homotopy theory of spheres and rotation groups, we construct actions
on S*-bundles over S for k<n<8 in section 2. In the last section, we construct actions on
Sts-1-pundles over S*¢ of types B;,,, By,, and B,y i, Where e=1if s is odd, e=2 if s is even,
m=(2s—1)!/2 and k is an integer.

The technique used in this paper is quite homotopical and actually elementary. Our results are
essentially due to the computations of M. A. Kervaire, [3] and we shall use it frequently in this

paper.

§1. Some general results

Consider an S*-bundle over S*. Denote by B("-*) the total space. According
to §18 in [6], the space is obtained from the disjoint union of DY x Sk and D% x Sk
by identifying each point (x, y) in the boundary of D} x S* with (x, x(x)(y)) which is
considered as a point in the boundary of Dj x S, where D" denotes an n-disk and x
the characteristic map of S*~! into the rotation group SO(k+1). Thus our con-
struction can be obtained by the construction of actions on D" x S* which are
compatible with identifications.

We adopt notations similar to 22.3 and 22.6 in [6], and define homomorphisms
p: $3-S0(3) by p(9)(q")=4qq’q', where qeS3 q'€S? and o:S*—SO0(4) by
o(q)(q")=qq’, where ¢, '€ S*. Then we have a bundle equivalence ¢: S3xS0(3)—
SO(4), which is given by ¢(q;, p(42))=0(q:)- p(q2), where qy, g;€5°. The map p
is a double covering. Thus we obtain an isomorphism @, : 7(S%)+n(S%)—n(S0(4))
for each =2, which is given by @u(a, f)=j3p*(®)+04(f), where ji-n~D denotes
the inclusion map SO(n—1)-SO(n). We denote by p, and o, the elements
j$&¥p.(¢;) and o4(¢3) respectively, where ¢; is the generator of m3(S®). Then the
group 7n5(SO(4)) is generated by p, and ¢,. First we have
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THEOREM 1. Any S3-bundle over S* admits an S3-action and any.S7-bundle
over S8 yields a G,-action.

PrROOF. Let B, be the bundle space having mp,+no, as the homotopy class
of the characteristic map, where m, n are integers. Then B{*;3) is obtained by the
identification (x, y)=(x, x™*"yx~™). Define an action of S3 on D#x S3 for i=1, 2
by q(x, y)=(gxq™!, qyq~*), where q € S3 and (x, y)e D¢ x S3. By the equality

(gxq 'y "(qyq~") (qxq~ ') m=q(xm™+ryx~m)g~1,

the action is compatible with the identification. Then the space B{* admits an
S3-action which gives a bundle map for each g € S3.

Let p: S7>S0(7)=SO(8) and ¢: S7—>SO(8) be maps defined by p(x)(y)=xyx
and a(x) (y)=xy, where x, y € S7 and the multiplication in S7 is that of Cayley numbers.
Denote by pg and o the homotopy classes represented by p and o respectively. Then
by [8], the homotopy group 7,(SO(8))~ Z + Z, the direct sum of infinite cyclic groups,
is generated by pg and og. Let B$:” be the bundle space having mpg+nog as the
homotopy class of the characteristic map, where m, n are integers. Then the space
B(®.7 is obtained by the identification (x, y)=(x, xm**yx~m). The exceptional group
G, acts on the algebra C of Cayley numbers as a subgroup of the orthogonal group
O(7) and satisfies the relation g(x-y)=g(x)-g(y) for each x, ye C and g€ G,. Thus
we have g(x™*myx~™)=(g(x))*"*(g(»))(g(x))™™. Hence the action on D8 x S7, which
is ginen by g(x, ¥)=(g(x), g(»)), is compatible with the identification. Then we have
proved the theorem. ‘

Actions on S2-bundles over S? were investigated in [5]. Next we consider S*-
bundles over S* for k=n>2.

THEOREM 2. Any S*-bundle over S* admits an S'-action for k=n>2.

Proor. Consider the case k=n+1. Since k—n+1=2and k+1—(k—n+1)=n,
the group m,_ (Vi 41 4-n+1) 18 trivial. By the exact sequence

- 1(SO(M)) — 7, (SO(k+1)) — 7, ;(Vis 1,4-n+1)=0,

the characteristic map y: S*~!—SO(k+1) can be reduced to a map from S*~! into
SO0(n) and we have the composition of the inclusion maps i: SO(n) x SO(2)—S0(n) x
SO(k—n+1)-SO(k+1). Thus the circle group SO(2) acts on each fibre as a bundle
.map.

When k=n and » is odd, we have the exact sequence

Ty 1(SO(n—1)) — m,_ 1(50(" +1) — 1= 1 (Vs 1,2)-

Since Ty 1(Vai1,2)RZ ahd it follows from R. Bott [1]‘ that 71,,_1(5.'0(;1—1—1))§Z2 or 0,
the characteristic map x: $"~'—SO(rn+1) is reducible to a map y': S*"!-SO(n—1).
Thus we obtain an S!-action.
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The case n=2 mod 8: By the long exact sequence,
— 1, (SO(n = 1)) — 7, (SO + 1) 2 Zy — Ty s (Vo1 2) R 2 —
Ty 2(SO(M— )R Zy+Zy — 7, ,(SO(n+ 1))~ Z, — T2 o(Vat1,2)=0,

we have also a reduction of the étructure group SO(n+1) into SO(n—1).
The case n=6 mod 8: Since m,_,(SO(n+1))=0, any bundle is trivial.
The case n=4s and s=3: From the exact sequence »

—s 1y (SO~ 1) X Z — 7 (SO + )X Z — Ty 1V 1,) R Zp —
7, (SO(n—1)~rZ, —> m,_,(S0(n+1))=0,

we have an isomorphism j@r+t:mo jimn=0: ¢ (SO(n—1))-7,_(SO(n+1)).

The case n=4,8: By the epimorphisms j{&4: n;(SO(4)—>n3(SO(5)), j&®:
7,(SO(8))—m;(SO(9)), together with the proof of Theorem 1, we obtain required
actions.

. §2. Low dimensional sphere bundles over spheres

First we have
PROPOSITION 3.  Any St-bundle over S* admits a torus action.

ProOOF. Since 7,(SO(2))~Z, there is a bundle B,, corresponding to each integer
m, which is obtained from the disjoint union D? x S' U D} x S! by the identification
(x, ¥)=(x, xmy) for each (x, y)e S!xS'. For an element (p, 0) of the torus T2, we
define an action on D? x St, i=1, 2, by

(px, 6y), (x, y)eD} xS,

(p, ) (x, y)={
(px, pm0y),  (x, y)eDjxS'.

In fact, these two actions are compatible with the idetification. Thus we have a
torus action on B,,.
Since any S*-bundle over S? is trivial, we have an SO(4) x SO(k+1)-action on the
bundle space. Further any S!-bundle over S* is also trivial. Since 73(SO(3))~Z,
there is an S2-bundle B2 over S* for each integer m. By Theorem 1, B{»?) is an
S3-invariant subbundle of B¢,

Any S*-bundle over S° is a product bundle for k=1 and k>4.

PROPOSITION 4. Any Sk-bundle over S5 admits an S-action for k=2, 3 and 4.

PrOOF. Let 13: S*—S3 be an essential map. Then n,(SO3))~Z, is generated
by the homotopy class {pon3}, where p is the homomorphism in §1. The Hopf
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fibering h: S3-S2 is a principal . S'-bundle. and thé map h is S'-invariant. The
suspension 7;: S*—S3 is also S!'-invariant with respect to the suspended action on
S4. The space B(5:2) is obtained by the identification (x, y)=(x, pon3(x)(»)). Define
an S'-action on D§x 82, i=1, 2, by c(x, y)=(c(x), y), where ¢(x) is the suspended
action of ¢ on S*.  Since (¢(x), pons(c(x))(¥))=(c(x), pons(x)(y)), we have an Sl-action
on B6:2), ’

The group n,(SO(4))~Z,+Z, is generated by the homotopy classes {po#3} and
{oen;}; where o is the homomorphism in §1. There are three non trivial S3-bundles
over S° obtained by the identifications (x, y)=(x, (pon3(x))(¥)(ponz(x))~D), (x, y)=
(%, (pens(N(y) and  (x, Y)=(x, (pons(x))*(y) (pons(x))™!). The action on D5xS3
which is defined by c(x, y)=(c(x), y) gives an S'-action on these bundles.

The group #,(SO(5))~Z, 'is generated by the homotopy class {j(>%opoy;}.
By the above construction we obtain an S'-action on the S*-bundle over S5. Thus
we have proved the proposition. '

PROPOSITION 5.  Any S*-bundle over S® admits an S'-action for k<5.

Proor. When k=1, any bundle is trivial. By the isomorphism p*: 5(S3)—
75(SO(3)), the non trivial S2-bundle over S is obtained from the disjoint union D$ x S2
UD§xS? by the identification (x, y)=(x, penseny(x)(y)), where n,: S*—S* is an
essential map. Therefore, similarly to the case of B(5-2), we have an S!-action on
B2

Since 75(SO(4))=~7n5(SO(3))+7ns(S3) is generated by the homotopy classes
{ponzon,} and {oonzon,}, we can construct an S'-action on B:3), where g=1 or 0
(i=1,2).

. .. By the exact sequence

@5(50(4)) — ns(SO(S))zZZ — 15(SYRZ, — 1 (SO~ Z,+2Z, —
T (SO~ Z, — n(SHY=Z,

the characteristic map y: S>—SO0(5) can be reduced to a map of S° into SO(4). Then
an S'-action on B%:3) gives an action on B(6:4).

From the exact sequence 74(S%)—n5(SO(6))—75(SO(7))=0, we see that the group
n5(SO(6))~ Z is generated by the homotopy class of the characteristic map y for the
tangent bundle of S6. The space B({® is obtained by the identification (x, y)=
(%, (x(xy*(y)). By Satz of 6.4 in [2], the space admits the diagonal O(5)-action.

Thus we have proved the proposition.
PROPOSITION 6. Any Sk-bundle over S7 admits an S'-action for k<6.

PrOOF. By the isomorphism p, : m5(5%)—76(SO(3)), any characteristic map y: S¢
—S0(3) is given by (pev3(x))™ for some integer m mod 12, where v, is a representative
of the generator of 74(S%). On the other hand, since the sequence 7;(S7)—>rg(Sp(1))
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—7s(Sp(2)) is exact and 74(Sp(2)) is isomorphic to the stable group n,(0)=0, v;-is
homotopic to the characteristic map T%: S°—S* given. by T%(qo, 41)=(1—24,"
(14+49,)723,), where q,, q, are quaternion numbers. and |go|*>+|q,/>=1, Re ¢,;=0
(cf. 24.11 in [6]). .Now we have the equalities (1+¢,)"2=(1=2q,+q?)/|1+q,|?
and cq?¢=(cq,¢)(cq,¢)=q} for any complex number ¢ of absolute value 1. Define
an Si-action on S by ¢(qq, 91)=(qo¢, q;). The map T% is S'-invariant. Thus we
have an S!-action on B{/-2 for each integer m mod 12.

Using the splitting ¢,.: 75(SO(4))~ n6(SO(3)) + n¢(S3), we can construct an- S!-
action on BY;3 for each pair of integers m, n

Since m4(SO(5)) =n¢(SO(6))=7s(SO(7))=0, any S*-bundle over S7 is trivial for
k=4,5and 6. Hence we have proved the proposition.

To construct St-actions on sphere bundles over S8, we refer to the table of
n,(SO(k)), 2= k<T. :

k 2 3 4 5 6 7
n(SO(k)) 0 Z, 2,4z, Z z Z.

Then we have

PRrROPOSITION 7. Any S*-bundle over S® admits an Sl-dction for k=2, 3 and
an SU(2)- -action for k=4, 5 and 6.

Proor. The generator of 1t7(S0(3))~7r7(S3)~Z2 is represented by the com-
posite map vsong: S7—>S°—S3, where 74 is the 4-fold suspension of the Hopf map
h: S3—>S2. The space S7 admits an S-action, by which the map #4 is S!-invariant.
Then we have an S!-action on B(:2) as same as in the case of B{/-?). By the isomor-
phism @ : ©,(S0(4)) ~ 7;,(SO(3)) + 7;(S3), we obtain also an S*-action on BS,? +3), where
m, n=0or 1.

In the case of k=4, 5 and 6, we shall start from the bundle space BE: 7 having the
characteristic map mp: S7—SO(8) which appeared in Theorem 1, where p: S7—
SO(7)=SO0(8) is the map in the proof of Theorem 1. We can see that B®:© is a G,-
invariant subbundle of By for the relation G,=O(7). By the exact sequence

1(S0(6)) — n7(SO(7)) — mA(S)~ Z, — 76(S0(6)) =0,

the homotopy class of the characteristic map 2mp, can be reduced to the homotopy
class {mp¢}, where pg is a representative of the generator of n,(SO(6))~Z. Therefore
the bundle B is a G, n O(6)-invariant subbundle of B$;%. Finally, by the exact
sequence :

17(SO(5)) — 15(50(6)) — 71(S*) R Z, — m6(SO(5)) =0,

and the relation G, n 0(5)=SU(2) (cf. [9]), we see that B&# is an SU(2)-invariant
subbundle of B$;5). Thus we have proved the proposition.



14 : Hiromichi MATSUNAGA

§3. S%s~l.bundles over S4°, s=>3

Throughout this section, we assume that n=4s. Denote by p,_ the'generator
of the infinite cyclic group =,_,(SO(n—1)). The next lemma is well known, but let
us give a proof, because we shall use it later.

LEMMA (see [4]). The group m,_(SO(n))~Z+Z is generated by elements
pn and t,, where p, is the image of the generator p,_, €x,_,(SO(n—1)) by the homo-
morphism induced from the inclsusion map j»"1: SO(n—1)-SO0(n) and 7, is the
homotopy class of the characteristic map of the tangent bundle of S*.

Proor. By the exact sequence
- 1(8O(m—1)) — m,_ (SO +1NRZ — 1, 1 (Vo4 1,2) R Z, —
M= 2(SO(n— 1) R Z, — 7, ,(SO(n+1))=0,

we have an isomorphism j{&+1:mojimn-1: 7 (SO(n—1))-mn,_,(SO(n+1)). By the
exact sequence

1(SO(n+1))=0 — m (S~ Z 4, m,_,(SO(n)) —> 7, (SO(n+1)) — 0,

and the relation 4(¢,)=r,, we have the lemma.
Now we denote by B, ,, the total space of S*~1-bundle over S* having the homotopy
class Ip,+mt, of the characteristic map, where m, n are integers.

ProrosITION 8. The spaces B, and B, yields S-actions for arbitrary I, m.

Proor. By Satz of 6.4 in [2], By, yields an O(n—1)-action. The long exact
sequence '

T 1(SO(1~2)) — 7,_(SO(n— 1)) — 7, 4(5"2) —> m,_,(SO(n—2)) —>
7,-2(SO(n—1)) — m,_5(5"72),
is equal to the exact sequence
Z———fZ——»ZZ—eZ‘,,———»Zz—»Z.

Hence the homomorphism j{*=1.7=2): ¢ _(SO(n—2))—m,_,(SO(n—1)) is in fact an
isomorphism. Denote by p,_, the preimage of p,_,. By the proof of the lemma
jr =V, (SO(n—1))»m,_,(SO(n)) is a monomorphism. Then we have the
monomorphism j{n~Dojin=1.n=2): g (SO(n—2))—n,_,(SO(n)), where the image
is generated by p,. Therefore the characteristic map of the bundle B, , can be reduced
to a map of S*~! into SO(n—2). By the inclusion map i: SO(n—2) x SO(2)—SO(n),
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we have the required action.
Next we discuss some reducibility of characteristic maps of S»~! into unitary
groups.

PROPOSITION 9.  The bundle space By ys—1y2 Yields an S'-action for an
arbitrary integer k, where e=1 if s is odd, =2 if s is even.

Proor. Consider the commutative diagram (cf. [7]),

451 (U(25)) — w451 (U(25+ 1))
l(fzs)* l(fzsu)*
n4s—1(SO(4S)) I— 7'[45_1(S0(4S+2)),

where each homomorphism in the diagram is induced by obvious inclusion maps.
Denote by p,, and pu,,,; the generators of m,,_(U(2s)) and 4, (U(2s+1)) respec-
tively. By the Bott isomorphism of 7,,_,(0/U) onto 7n,(O) for the stable homotopy
groups and the exact sequence of the stable homotopy groups associated to the fibering
U-0-0/U,

45— 1(0) — 745 1(0) — 745 1(0/U) — 74, ,(U)=0,

we have (Jo41)*tost 1 =8P4s+2, Where e=1 if s is odd, e=2 if s is enen, and p, ., is
the image of p,, under the map j{#s+2.4s+1)o jlds+1,49) By Corollary of 23.5 in [6],
the kernel of j{#s*1.49) is generated by t,,. Thus (j,)ullss=804s+ T, for some integer
a. Consider the exact sequence m,,_(SO(4s))—>74s_(S¥ D>y, ,(SO(ds—1))~x
Z,- 7,4, ,(S0(4s))=0, and the exact sequence associated to the fibering U(2s—1))—
U(25)> 5471, mas—1(U(25)) = s 1(S*71) 574 o(U(25 — 1)) & Z 35— 1)1 = a5 2(U(29)).
Let p: SO(45)—S*~1 and p’': U(2s)—S*~1 be the projections. Then we have poj, =
P’ Ptz =(2s =174y and (Jaoguhas=8pas+ (25— 1)!/2)74s

Appendix. Using differential topology, M. Davis has given an example of an
O(4s—1)-action on B,; ;, where [ is an arbitrary integer (cf. Examples of actions on
manifolds almost diffeomorphic to V,., ,, Springer, Lecture Notes in Math. 298
(1972)).
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