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In this paper, we shall show how a general regualr x-semigroup can be constructed from a
fundamental regular *-semigroup and a certain partial groupoid.

§1. Introduction

A regular #-semigroup is a regular semigroup S equipped with a unary operations:
S— S satisfying the following three axioms:

(1) xx*x=x forxes,

2 (x*)*=x forxeSs,

(3) (xy)*=y*x* forx, yeS,
(see [17).

An element x of S is called a projection if x2=x and x*=x. Hereafter, we shall
call a unary operationx: S— S satisfying (1)~(3) above a *-operationin S. Let S be a
regular semigroup, and Eg the set of idempotents of S. A subset F of Es is called
a p-system if

(1) for any a €S, there exists a unique inverse a* of a such that both aa* and

a*a are contained in F,

(2) a*FacF for any a € S, where * is a unary operation determined by (1),

(3) F?cE;.

In the previous paper [2], it has been shown that a regular semigroup becomes
a regular =-semigroup if and only if it has at least one p-system. In this paper, all the
notations and terminology should be referred to [2] and [3], unless otherwise stated.

§2. =x-regular product

Let I' be a fundamental regular *-semigroup, and E the set of idempotents of I.
Let % be a x-operation in I.  Let F be the set of projections of I with respect to the
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x-operation « Of course, FrcEY. Let M=X{S,: AeE;} be a disjoint sum of
groups {S,: A€ E} such that

(C.0) (1) M is a partial groupoid, and each S, is a subgroup of M,

) if o, peEy, afeEr, xS, and yeS,,, then xy is well defined in M and
Xy € S,4; that is, S,S;<=S,4,

3 if ay,00,...,4,€ Ep, ay0,...0,€ Ep and x; €S, for all i=1,2,...,n, then all
the possible products of x,, x,,..., X, (associated with the binary operation
in M) taken in this order take the same value (element) contained in
Seian.an?) We denote it by x;x,...X,.

(4) if A, T e Fr (accordingly, of course At € Ey), then e;e,=¢,,, where e, is the
identity of S,.

Put U{S,:teF;}=N. Of course, N is a partial subgroupid of M. A mapping
o: N—N is called a local endomorphism (/-endomorphism) on N if it satisfies the
following:

(C.1) Forany teFy, S,0<S, for some { € Fr; and &]St (the restriction of ¢ to S,) is v
a homomorphism.

The set of /-endomorphisms on N forms a semigroup with respect to the resultant
composition. We denote it by L&(N).
Now, let y: I'->#&(N) and ¢: I' x I'-N be mappings such that -

(C2) (1) for any yeI and teFp yy=9 maps S, into S+ and in particular

maps S,., onto S,,,, where * denotes the #-operation in I,

2 (y, 0)¢=C(, 6) € S,545« for any y, 6 €.
Assume that the family 4={J; C(y, 0)}, ser satisfies the following:

(C3) (1) C(, 1)=epuey for all A, teFr, and C(py*, y)=C(y, y*y)=e,, for all
yel,
2) C@, &C(y, 6&)=C(y, 6)C(yd, &), where xT=xy; further,
C(, )7 COy*, Ap)=C(y*, NC(y*4, v)=CQO*, )ep, for AeFr and yel,
(3) 76=26y C(5, y), where C(3, y) is the mapping of N into N defined by
uC(s, y)=C(, y)uC(s, y)~t (where x~! means the group inverse of x),
(4) e be,=b* for beS;, A, 6 € Fy (especially, e,b=>b* if Ad€ Fy),
(5) C(t, At)=ej,0p for 4, 1€ Fr.

1) Fpis the set {e€E;: e*=e}.

2) For example, assume that ay, @y, a3, a4 EEy, ajazasa,€Er and x, €85, (=1, 2, 3,4).  Assume
also that (ajas)as, (@ @s)as)ay, aias, asa,€Er (hence (aqas) (azas) € Er), then the corresponding
(x1X5)x3, ((X1X5)X3)X4, X1X3, X3x, and (x1xz) (x3x,) are all well defined in M by (2) of (C. 0) and
((r1x5)x )% =(x5x5) (x3x,) follows from (3) of (C. 0).
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In this case, N®I'={(a, y): a€S,,, yel'} becomes a regular *-semigroup under
the multiplication and the *-operation defined as follows:

(a, ) (b, ©)=(ab?C(y, 1), y7),

(a, y*=(t, y*), where t is the element of S,., such that t7=a~*C(y, y*)™
(such ¢ exists since 9 is a mapping of S, onto S,..; and
it is easy to see that ¢ is unique).

In fact

THeOREM 2.1. (1) NQT is a regular semigroup having F={(e,, A): A€ F} as
4
its p-system. Accordingly, NQI is a regular -semigroup (see [2]).
4

(2) Let % be the x-operation determined by F (see [2]). Then #=%*. Hence,
F is the set of projections of (N®F *).

3) The set of idemotents of N®F is E={(ey A): A€ Ep}.

Proor. (1) Let (a, y), (b, 1), (¢c,0)eN ®F Then, ((a, y)(b, 7))(c, 6)=(ab?C(y,
), y7) (¢, 8)=(ab’C(y, T)c”*C(y, J), y1)...... (A)

On the other hand, (a,y)((b, 7)(c, 6)) =(a, y) (bc*C(z, 5), ©6)=(a(bc?C(z, §))7 -
C(y, ©6), y18)=(ab’c*7C(x, 8)7C(y, 1), ytd)......(B). Now, c7=c* C-0=C(y, T)c?* -
C(y, ©)"t. Hence, c*7C(t, 6)7 C(y, 18) = C(y, 1)c’*C(y, T~ 1C(y, 1)C(y7, 5) C(y, T)cre -
C(yt, ). Thus, (A)=(B). Thatis, N ®F is a semigroup.

Next, (a,y)(a, y)*(a, y) = (at? C(v, v, 17¥)(a,y) (where 7 =a"1C(y, ") =
(at?C(y, y¥)ar*C(yy*, 7), y)=(at?C(y, y¥)a’”*, y) = (aa=1 C(y, y*) 1 C(y, y*)a, y) = (a, ).
" Hence, (a,y) has an inverse in N ®F That is, N ®F is regular. Consider
F={(e;, ): Ae F;}. For any (a, y)eN®F (a, y)(a, y)*——(atVC(y, ), yv*) (where
=a"1C(y, y*) V) =(aa 1C(y, y*)~1C(y, *) yy*)=(e,;s yy*)€F. On the other hand,
(a, Y)*(a, y)=(ta™ C(y*, y), y*y), where t?=a"1C(y, y*)"t. Now, t77"=¢"*7 "N =
Cly*, PrrCy*, p) = C(y*, tC(y*, y)~1.  Hence, t=C(y*, y)~*(a™)™(C(y, y*)~)™"
C(y*, y)=CO*, y)'a™ 'C(y*, )7 C(y*, y) (since C(y, y*)"™" =C(y*,7); in fact, C(y,y*)7"-
CQy*, y*)=CO* »CQh*,y) (by () of (C.3)) implies C(y,y*)”" =CH* y)=
C(y*, y)a™™".  Accordingly, ta™C(y*, y) = C(y*, y)~ta? 'a? C(y*, y) = C(y*, y)~te,,
C()’*, y)=C(*, ’}))_IC())*, ')’)=ey*y- Thus, (a:v y)*(a, Y)=(ey*y’ ')’*')’) eF. Next, ((a’ Y)*)*
=(t, y¥)* (where t"=a"1C(y, y*)"V)=(d, y) (where d"=1"1C(y*, y)~1). We obtain
t=C(y*, y)"a™ ' as was shown above. Therefore, d7*=a7*C(y*, y)C(y*, y) " 1=a™.
Hence, d™¥=a™7 implies C(y, y*)d?** C(y, y*)~1= C(y, y*)a?"*C(y, y*)~ 1) whence
a=d. Consequently, ((a, y)*)*=(a, y).

Suppose that (a, A) is an idempotent. Since (a, )2=(a, 1), 1 is an idempotent.
Hence, there exist #, 6e Fyr such that #d=A. (a, A)2=(aa*C(}, ), )= (aa"%e, s,
2)...(C). On the other hand, a®7=amCH=C(y, §)ar’C(y, d)=e, a%e;»=ar
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Therefore, a*=e,e;ae5e,=€,€5€,5,0€45,€5€n= €yon@€yon = a. Thus, (C)=(a%e ., A).
Since (a, A)?=(a, A), a?e;;»=a, whence a=e,,.. Therefore, the set of idempotents of
NQ®TI is E={(e;;» A): A€ E;}, (it is easy to see that each (e;,., 4) is an idempotent).

4 =
Let (e;, 4), (e, ©)€F. Then, (e, 1) (e,, 1)=(e;e?C(4, 1), A1) =(€33:1, AT) = (€10030y»AT)
€ E. Hence, F2cE. To prove that F is a p-system of N®I', we shall next show that

a4
(a,7)*(es, A)(a, 7)€ F for (e;, ))eF and (a,y)eN®I. Now, (a,7)*(ey A)(a,y)=
4
(1, v*)(e,aC(%, 7), Ay) (where 7=a"'C(y, y*)™) = (te]"a”C(4, )""C(y*, Ay), y*A)......
(D). _
Since (t, y*)*=(a, 7) (as was shown above), we have a7 =1"1C(y*, y)~!. Hence,

(D) = (teyuzyt ™1 C(y*, )L C(A, 9)T C(OY¥, Ay), y*Ay) = (teyuryt eyury v*Ay)  (by (2) of
(C.I))=(tt"teppy Y*AY) =(e)ey€y00ys V¥AY) = (€yssy, Y*Ay) € F.  Thus, F is a p-system of
N®TI. 1Itis easy to see that #="*,

.|

LeEMMA 2.2. The partial subgroupoid N={(a, 2): A€ Fr, aeS,} of N?F is

isomorphic to the partial groupoid N.

Proor. Define yy: N—»N by ay=(a, A)if aeS,. Itis obvious that y is bijective.
Suppose thatae S,, be S;, abe S,;and 4, 6, Ade Fr. Then, (ab)yy=(ab, A5). On the
other hand, (ay)(by)=(a, 2)(b, 8)=(ab*C(4, §), 16) = (ae,be,;, A6)=(ab, 15)e N.
Hence, (ay)(by) is well defined in N, and (ab)y=(ay)(by). Conversely, suppose
that (a, A (b, 8) is well defined in N. Then, (a, 1)(b, §)=(ab, A5) implies that ab is
well defined in N and ((a, A)(b, W 1=ab=(a, DYy~1(b, S)yy~!. Hence, N is iso-
morphic to N.

LemMMA 2.3. Let u be the maximum idempotent separating congruence on NI .
a4
Then, NQTI'|u is isomorphic to T.
4

ProOF. Since I' is a fundamental regular *-semigroup, it is obvious that u=
{((a, y), (b, y)): a, be S, s, yeI'}. Hence, of course NQI'/u=T.
A
Hereafter, we shall denote N above by N, (Fr), and call Ny (Fp)®I the x-regular

pi}
product of Ny (Fr) and I' determined by the factor set A={3, C(y, 0)},scr belonging
to {Ny(Fp), T'}.

§3. A structure theorem

Next, let S be a regular *-semigroup and u the maximum idempotent separating
congruence. Then, S/u=TI is a fundamental regular #-semigroup, and the natural
homomorphism &: S—S/u gives a *~-homomorphism (see [3]) (hence, a %-operation * in
I can be defined by (aé)* =a*é, where # is a #-operation in §). Further, it is obvious |
that A¢é~1=S5, is a subgroup of § for each Ae E;. Hence, M= U {S,: A€ E} (where
E; is the set of idempotents of I') is a partial subgroupoid of S and satisfies (C.0).
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Let Ny (Fp)=U{S;: Ae Fy}, where F is the set of projections of I', that is, Fr=
{teEr:t*=1}. For any yel, let yé~t=S,. Since yy*eFr, S, =Ny(Fr). For
L€Er, let e; be the identity of S;. Let x, be a representative of S, for each yerl,
especially x,=e, for each AeE;. Then, clearly S,,.x,cS,. Conversely, for any
y€S,, we have yxfeS,,., whence yxix, €S, .x, Thus, S,.x,=S5, Now, for any
y €S, there exists a unique u € S« such that ux,=y (the uniqueness of u is obvious).
For any ux,€ S, (where u€S,,) and vx;e S; (Where v € S;5), ux,vXs=wx,Xx; for
SOME W E Sygpape  SINCE Ux,UXxExE =wx, x5(x,%5)?, it follows that w=ux,vx]. Hence,
ux,vx;=uv’x,x; where v?’=xxf. Put xx;=C(y, §)x,5 Where C(y, 6) € Sy5¢,5y
Then, '

(C4) ux,vx;=uv?'C(y, 0)x,; for ueS, . vE S

Now, it is easy to verify that 4={j, C(y, 6)},cr satisfies the condition (C.3).
Therefore, we can consider the #-regular product N, (F)®I" determined by 4. That
. i)
is,

(C.5) Nu(Fr)®I'={(a,y): a&S,y, yeTl},

(a, Y) (b, 0)=(ab?C(y, ), y0),

(a, y)*=(t, y¥), where t"=a"1C(y, y*)7L.
Then,
LEMMA 3.1. S is %-isomorphic to NM(F,-)E?F.

PrOOF. Define y: S— N, (Fp)®TI by xy=(u, n) if x=ux,, u€S,,. Itisobvious
4

that  is bijective. For any x=ux,, y=0vx; where u €S, ., v€ S, ux,vx;=uv’C(y,
8)x,5. Hence, (xy)W=(uv'C(y, 8), y8)=(u, y) (v, )=(xy)(y¥). This implies that y
is an isomorphism. Let a=ux,, u€S,. Then, a*=xju*=0vx,, veS,,. Now,
vxx,=xiutx, implies vC(y*, y)=x3u"1x,. By (2) of (C.3), u~'=x,0C(y*, y)x],
that is, u~!=v?C(y*, y)?=v7C(y, y¥). Since (v, y*)=(u, y)*, it follows that a*yy=
(u, p)*=(ayp)*. Hence, Y is a x-isomorphism.

Summerizing the results above, the following is obtained:

THEOREM 3.2. Let S be a regular *-semigroup. Then, there exist a fundamental
regular x-semigroup I', a partial groupoid M=2X{S,: A€ Er} (where each S, is a
subgroup of M) satisfying (C.0) and a factor set A={y, C(y, 6)},scr belonging
to {Ny(Fp), '}, where Ny (Fp)=U{S;: A€Fr}, such that S is x-isomorphic to
NM(FF)EQF.

Conversely, let I' be a fundamental regular %-semigroup, and M=X{S,: A€ Er}
(where each S, is a subgroup of M) a partial groupoid satisfying (C.0). Put Ny(Fr)
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= U{S,: Ae Fr}, and let A={7, C(y, 0)}, s.r be a factor set belonging to {Ny(Fp), I'}.
Then, the %-regular product N (Fr)®T is a regular x-semigroup.
4

References

[1] Nordahl, T.E. and H.E. Scheiblich, Regular %-semigroups, Semi-group Forum 16 (1978), 36
9-377.

[2] Yamada, M., P-systems inregular semigroups, to appear.

[3] —————, On the structure of fundamental regular x-semigroups, to appear.



