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We dlscuss the existence and some properties of the biharmonic Green function of am iufi-

nrte network. Our results are very analogous to that of a Riemammian manifold. Sorne po-

temtlal-theoretic characterizations of the network are also given by means of the biharmonic 

Green function. 

S I . Harmonic Green functions 

Let X be a countable set of nodes, Y be a countable set of arcs, K be the node-arc 

incidence function and r be a strictly positive function on Y. The quartet N = {X, Y, 

K, r} is called an infinite network if the graph {X, Y, K} is connected, Iocally finite 

and has no self-loop. For notation and terminology, we mainly follow [2] and [3] 

Let L(X) be the set of all real functions on X and L+(X) be the subset of L(X) 

which consists of non-negative functions. For u e L(X), the Laplacian A u e L(X) of 

u is defined by 

(1.1) Au(x) = - ~ K(x, y)r(y)~1 ~ K(z, y)u(z) . 

y=Y .=x A function u e L(X) is called harmonic, superharmonic, subharmonic or biharmonic 

on a set A according as Au(x) =0, Au(x) ~o, Au(x) ~ O or A2u(x) = A(Au.) (x) =0 on A, 

respectively. Let us put 

SHP(N) = {u e L+(X); Au ~ O on X} , 

H(N)= {u e L(X); Au =0 on X} 

For each finite subnetwork N' = 

 of N, denote by nb(N') the finite sub-network 

 of N defined by nb(X') = U {X(x) ; x e X'} and nb(Y') = {y e Y; e(y) c nb(X')}. Let us put b(X') = nb(X') - X' and b(Y') = nb(Y') - Y'. 

Similarly to [3 ; Lemma 2.1], we can prove the following minimum principle ' 

LEMMA 1.1. Let N'=
 be a finite subnetwork of N. If u is super-harmonic on X' and if m =min {u(x); x e b(X')}, then u(x)~~ m on X' and the equality 

holds only if u = m on X'. 

COROLLARY. If u is subharm.onic on X' and if M=max {u(x); x e b(X')}, then 
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u(x)~Mon X' and the equallty holds only ifu M on X 

We have 

THEOREM 1.1. IfueH(N) an.d ~ u(x)2
*=x 

PRooF. For any e>0, there exists a finite subnetwork N' = 

 of N such that ~ u.(x)2 
*=x-x' 

we have lu(x)1 

For a finite subnetwork N'=

 of N, the harmonic Green functi-on g~ of N' with pole at a e X' is defined by 

(1.2) Ag~(x). = - 8.(x) on X', 

(1.3) g~(x)=0 on X-X', 
where 8~(.x) = O if x ~ a and e.(a) = I . 

The unique existence and some fundamental properties of g~ were studied in [3] . 

Note that g~(x) =g~(a) for each a, x e X'. 

Let {N~} be an exhaustion of N and let g(~) be the harmonic Green function of 

N~ with pole at a. Then g(~)

e SHP(N) or g.= oo . Note that g. does not depend on the choice of an exhaustion 

of N and that g* = co if and only if N e OG, i.e., SHP(.N)_ consists only of constant 

functions. In case g~ e SHP(N), we call ga the harmonic Green function of N with 

pole at a. We have Ag.(x) = - 8.(.x) and g*(x). =g*(a) for each a, x e X. 

We prepare 

LEMMA 1.2. If v e SHP(N) and A('v - g~) (x) ~ o on X, then g.(x) ~ v(x) on X 

PROOF. Let g(~) be the same as above. Since 'Ag(~)=Ag. on X., we have A(v 

- g(~)) (x) ~ O on X,,, where N~ = 

･ Since v(.x) - g('n)(x) ~ O on b(X.), we see by Lemma 1.1 that g(~)(x) ~ v(x) on X,,, so that g.(x) ~ v(x) on X 

We give a discrete analog of Harnack's principle : 

LEMMA 1.3. Let N'=

 be a finite subnet~'vork of N and let a, b eX'. T/･1en thel'e exists a positive constant p=fi(a, b) which satis,fies p-1u(b)

fol' all u e L+(X) such that Au(x)~O on X'. 

PROOF Let us put 

t(.x, z) = ~ IK(x, y)K(.z, y) I r(y)~1 for x ~ z, 
yeY 

t(z, -7) = O, 

t(z)= ~ IK(z, y)lr(y)~1. 
yeY 
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Then we have 

Au(z) = - t(z)u(z) + ~ t(x, z)u(x) . 
*=x 

We may assume that a ~ b. There exists a set {xi; i = 1,..., n} m X' such that xi+1 

e X(xi) for i=0, 1,..., n with x0=a and x~+ I = b. Let u eL+(X) and Au-(_x)~o on X'. 

Then 

t(xi)u(xi) ~~ ~ t(_x, xi)u(x)_ ~~ t(xi+ 1' xi)u(xi+ 1) ' 

*=x 

t(xi+1)u(xi+ 1)~ ~ t(x, xi+ 1)u(x):~ t(xi, xi+ 1)u(.xi) . 

*=x 

Thus we have plu(b) ~ u(a) ~ p2u(b). , where 

" and p2 = ~ (xi+ 1)/t(xi, xi+ 1) ' p = n t(x x.)/t(x.) 
i+1' ', * 

Taking p = max (p2' fi~ 1), we see easily that P has the desired property 

COROLLARY. For any a, b e X, thel'e exists a positive constant p such that 

p-iu(b) ~u(a) ~ pu(b) for all u e SHP(N) 

S 2. Bfiharmonic Green functioms 

Let N' = 

 be a finite subnetwork of N. We define the btharmomc Green function q~ of N' with pole at a e X' by 

A 2q~(x) = 8a(x) 

(2.2) Aq~(x) = O on b(X') , 

(2.3) q~(x)=0 on X-nb(.X') . 
We shall prove 

THEOREM 2.1. There exists a uniqu.e biharmonic Green f'unction q~ of a finite 

subnetwork N' of N with pole at a. 

PROOF. First we prove the uniqueness of q~. Let q~ and q'a' be biharmomc 

Green functions of N' with pole at a and put u = q~-q~ and v = Au. Then Av=0 on 

X' and v = O on b(X'), so that v = O on X' by the mlinimum principle. Since Au = O on 

nb(X') and u = O on X - nb(X'), we conclude by the minimum principle that u = O on 

nb(X'). In 'order to prove the existence of q~, Iet. g~' and ~~ be the 'harmonic Green 

functions of N' and nb(N') with pole at a, respectively. Taking 

u(x) = ~ 9~(z)~~(x) , 
z'x' 
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we easily see that u(x) = O on X - nb(X'), 

Au(x) ~ 9 (z) [Ag (x)] = - g~(x) 
z=x' " 

on nb(X'). It follows that Au(x) =0 on b(X') and that A2u(x) = - Ag~(x) = 8a(.x) on X'. 

Let {Nn} (.Nn = 

) be an exhaustion of N with a e X1 and let g(") and ~(n) be harmonic Green functions of N* and n,b(Nn) with pole at a respectively. Then the 

biharmonic Green function q(') of Nn With pole at a is given by 

(2.4) q(n)(x)= ~ 9(')(z)~(~)(x) . 
'ex* 

Since g(n)~g('+1) and ~(")~~(n+1) on X, we have q(-n)~q("+1) on X, so that qa(x) 

= Iim q(")(x) exists for each x e X. It is easily seen that this function qa does not 

"+" depend on the choice of an exhaustion of N. Since q(n) is superharmonic on X~, we 

have either qa e SHP(N) or qa = oo (cf. [3 ; Lemma 2.4]) 

We have 

THEOREM 2.2. Let a, b eX. Th.en q.=00 ifand only ifqb=00 

PROOF. Let {Nn} (Nn = 

) be an exhaustion of N. There exists no such that a, b e Xno' By Lemma I .3, we can find a positive constant p such that 

P- Ig(~)(b) ~ g(n)(a) ~ pg(n)(_b) 

for each z e Xn (n~no)' Thus we have for n ~: no 

p- iq(n)(x) 

and hence p-1qb(x) ~ qa(.x) ~ pqb(x) on X. This shows our assertion 

DEFlNITION 2.1. We write N e Or if there exists a e X such that q~ = oo . In case 

N ~~ Or, we call q* the biharmonic Green function of N with pole at a 

By our definition, the biharmonic Green function q* of N is given by 

(2 . 5) qa(x) = ~ 9a(z)g.(x) . 
zex 

Clearly, q.(b) = qb(a) for all a, b e X. Furthermore qa has the following properties 

(2.6) A qa(x) = - g.(x) on X, 

(27) ' ' ' ;= -. A 2qa(x) - 8a(x) on X. 

' It is clear that OccOr' 'We show by the following example that OG~ Or' 

EXAMPLE 2.1. Let J be the set of all non-negative integers and take X = {x ' 
n' 

neJ} and Y={yn+1; neJ}. Define K by k(xn' yn+1)= ~1 and K(xn+1' yn+1)=1 
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for each n e J and K(x, y) = O for any other pair. For a strictly positive function r on 

* Y, N = {X, Y, K, r} rs an infinite network. Let us put ck = ~ r(y*). Then we have 
~=k 

9x~(xk) = c~+1 if O~ k ~ m and g*~(xk) = ck+ I if k:~ m + I (cf. [3 ; Example 3.1]). Note 

that N e OG if and only if c = oo. We have by (2.5) 

q*o(xm)=~ ck+1c~+1+ ~ c~+1 

k=0 k=m+1 
" Thus N~0r if an-d _only if ~ c~
~=1 

Then ck = k-1/2. Hence qxo(x~) = oo for all In e J. Thus N e Or~OG 

As a characterization of the condition N e Or, we have 

THEOREM 2.3. The condition N~Or holds if and only ifany one ofthefollowing 

conditions is fulfilled : 

(a) ~ 9*(x)2 
*=x 

(b) There exists v e SHP(N) su,ch that 0
*ex 

PRooF. The condition N ~E Or implies (a) and (b) by (2.5) with x = a. Assume 

that there exists v e SHP(N) such that O 
*~x 

rem 1.1, so that there exists a e X such that Av(a) = - t 

g*~v/t on X, and hence condition (a) holds. Next we assume that condition (a) 

holds. Then 

q.(a) = ~ 9.(z)g.(a) = ~ 9.(z)2 

.~x .=x 
by (2.5), i.e., q~~00. Thus N~~Or 

Let us put 

QP(N) = {u e L+(X) ; Au(x) = - I on X} 

and denote by OQp the set of all infinite networks for which QP(N) is the empty set 

We have 

THEOREM 7 4 Or C OQp 

PRooF. We proved in [4; Theorem 3.1] that N e OQp if and only if *~=x9*(x) 

= oo for all a e X. Suppose that N ~ OQp. Then there exists a e X such that *~~x9~(x) 

*~x 
The relation OQp ~ Or is shown by the following 

EXAMPLE 2.2. Let X, Y and K be the same as in Example 2.1 and let us take 

r(yn) = n~1-(n + 1)-1. Then ck=k-1, and hence N~Or' We have 
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oo　　　　　　　　　　　　　　　oo

Σσ、。（X㎜）＝ΣC㎜十1＝OO，
閉＝O　　　　　　　　　榊：0

so　that　lV∈0＠p．

　　　§王　　S⑪㎜e亜亙⑰pe耐垣es⑪f留四

　　　For〃∈L（X），the　D1r1ch1et　mtegra11）（のof〃1s　deined　by

　　　　　　　　　　　　　　　皿（〃）：Σ列（γ）．1［ΣK（Zつγ）〃（Z）］2，

　　　　　　　　　　　　　　　　　　　yεY　　　　　zεx

Denote　by皿（1V）the　set　ofa11〃∈工（X）such　that1）（ω）くoo　and－by　Lo（X）the　set　of　an

ω∈L（X）with丘nite　support8〃：｛x∈X；〃（x）≠O｝．　Note　that皿（1V）is　a　Hi1bert　space

w1th　respect　to　the　norm　l1剛1＝［1）（〃）十〃（xo）2］1／2（xo∈X）　Denote　by皿o（1V）the

c1osure　of　Lo（X）in砂（1V）with　respect　to　the　norm．

　　　Forμ∈L＋（X），the　harmon1c　Green　potent1a1Gμand　the　harmon1c　Green　po－

tent1a1energy　G（μ，μ）are　deined　by

　　　　　　　　　　　　　　　　　　Gμ（o）；　Σ9。（x）μ（x），

　　　　　　　　　　　　　　　　　　　　　　　xεx

　　　　　　　　　　　　　　　　　　G（μ，μ）＝　Σ［Gμ（o）］μ（α）．

　　　　　　　　　　　　　　　　　　　　　　　oεx

Let　us　put

　　　　　　　　　　　　　　　〃（G）＝｛μ∈L＋（X）；Gμε1二（X）｝，

　　　　　　　　　　　　　　　五（G）＝｛μ∈L＋（X）；G（1μ，μ）くoo｝．

Note　thatμ∈工十（X）be1ongs　to〃（G）if　and　on1y　if　there　exists　x1∈X　such　that

Gμ（x1）くoo．

　　　Weprepare

　　　LEMMA31　L勿　μ∈L＋（X）　∬　Gμ∈1）（1V），　〃一θ〃　μ∈E（G），　Gμ∈1）o（1V）　oηd

1）（Gμ）：G（μ，μ）．

　　　PR00F　Cons1der　an　exhaust1on｛N”｝（1V”＝〈X”，篶〉）of　lV　and－deineμ”∈L＋（X）

byμ”（x）＝μ（x）on　X”andμ”（x）＝O　on　X－X”．　Put〃＝Gμand〃”＝Gμ、．　Since（〃，9二”））

＝Σμ（z）θ二・）（z）andll〃L9，ll→Oas〃→oo，wehave（〃，σ。）＝〃（α）and

　zεx

　　　　　　　　　1）（〃”）＝G（μ”，μ”）≦G（μ，μ”）＝（〃，〃”）≦［1）（ω）］1／2［1）（〃”）］1／2

by［3，Lemma53］，so　that　G（μ”，μ”）≦1）（〃）＜oo　It　fo11ows　that　G（μ，μ）≦1）（ω）くoo，

1e，μ∈五（G）　The　rest　ofour　assert1on　fo11ows　from［3，Le蛆ma54］

　　We　ha▽e

　　THE0REM3L　∠8s〃榊θ肋〃1V¢0r　　η肥ηg、∈亙砂（1V）びα〃∂o〃1γぴ9。∈1）o（1V）
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PRooF. Since Do(N) c D(N), we have only to prove the "only if" part Assume 

that D(q.) 

q.(x). = ~ 9.(z)g*(z) = G,1(x) 
.~x 

with /t=g~. Thus q~ e Do(.N) by Lemma 3.1 

THEOREM 3.2. Assulne that N~EOr' Tllen the following thl'ee conditions al'e 
equ iva lent : 

( i ) q. eDO(N) . 

(ii) q. e M(G) . 

(iii). g. e E(G) . 

If any one of conditions (.i), (ii) and (.iii) is fulfilled, then. 

(3.1) D(q.) = ~ q.(x)g.(x) = G(g., g. . )
 *=x 

PROoF. Assume that q. e Do(N). Since q. is superharmonic, we have by [3 ; 

Corollary of Theorem 5.2] 

D(q.) = - ~ [A q.(.x)]q.(.x) = ~ q~(x)g~(x) = Gq.(a) 

*~x *~x so that q e M(G) Thus (D rmplies (u) Assume that q e M(G). Then 

G(g., g.) = ~ [ ~ 9.(x)g.(x)]g.(z) 
.=x *=x 

= ~ q.(z)g ( ) Gq (a) 
.=x 

so that g* e E(G). Thus (ii) implies (iii). Now we assume that g* e E(G). Then we 

have q. = Gg. e Do(N) and D(q.) = G(.g., g.) by [3 ; Lemma 5.4] . Thus (iii) implies (i) 

By this theorem and Lemma I .3, we have 

COROLLARY. If q* e Do(N) fol' some a e X, then qb eDO(N) for all b e X 

We show by the following example that q. e Do(N) does not hold in general 

EXAMPLE 3.1. Let X, Y and K be the same as in Example 2.1 and consider an 
* infinite network N = {X. Y. K, r}. Put ck = ~ r(y~). Then we have by Example 2.1 

,,=k 
and (3.1) 

G(g*., g*o)= ~ [c~+1 ~ ck+1+c,,,+1 ~ ck-,?+1]' 

~=0 k=0 k=m+1 
If ~ ck

*o' *o ' k=1 k=1 Theorem 3.2. If ck=k-(1+t)/2 (0



Maretsugu YAMASAK1 

62 
eo (1+t)/2 [ ~ k-(1+t)] 

G(9xo' 9xo) >_ m~;___,Im k=m+1 

>_ ~ (m+ l)~(1+t)/2(m+ 1)~t!t 

m::: l 

c) 
= (1 it) m~_l 

(m + 1)~(1+3t)/2 oo 

o that qxo~;D (N). ' ' ' s o . I and the biharniontc As for the bih~Lrinontc Green potentia 

energy of u, we can easily verify 

THEOREM 3'3' Let ueL+(X) and v=Gu. Then 

~ qa(x)u(x) = =~x 9~z)v(z) = Gv(a) . 

*ex 
~ ~ qa(x)u(x)u(_a) = ~]=x[Gu(z)]2. 

. *=x ex 

Green poteiitial 

Ll] 

t21 

t31 

L41 
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