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Let us consider a collision between two particles in three dimensions. The problern of the non-

relativistic nlotion of two particles is reduced to the relative motion in the cer.ter-of-mass coordl-

nate system, when the interaction depends on their relative po_sitions. We calculate the result of 

a collisiol._:1 process in the center-of-mass system in w~hich a particle of reduced mass In and an nu-

tial positive kinetic energy E collides ~'vith a fixed scatterin*,a center. If tlle potential energy is 

spherical]y synlmetric, so that the inf_eraction V(r) depends onl'J on the distance r fron~ the ongam, 

the Schr~din*a_ er wave equation can be separated in spherical coordirLate_s. . 

Th_e radial equation may be wrlitten in the form 

d~y , l(1 ~~ I ) dr 2 ' 2 ~ U(1') - r2 (1 ) 
k
 

/~ = O 

. ~ 2lnE _ 2mV(.r) where U(1') -R~ = 

~2 ' ~2 It vv~ill be assunled that U(r) is negligible for 1' greate-r than some distance a, provided that U(r) 

falls off more rapidly than I /1' ; in cases of practical interest, a may b~_ small enough so that I ternl 

in (1) is not ne_~:1igible. For large 1', therefore, Eq. (1) becomes 

~~ +[k~- .2 d 2X l(1+1:) jXz=0 

The solutions of Eq. (2) n_Ilay be written 

fz+ (.r) = 7ckr Jl+ 12'= (kr) , 
.
~
 

fz~ (r) = 7ckr J=1- -~,.- (kr) 
2
 

J~(z+~~) (kr) being ordinary Bessel functions of half-odd-integer order. f~+ vanishes as rz+1 at r=0, 

while fz~ has a singularity as r~1. 

From a physical point of view, we interest the solution of Eq. (1) that vanishes at 1'=0. The 

boundary condition at r = O that Xz vanishes detemrines the asymptotic form. The asymptotic 

,_.form of Xl can th__en be written 

Xl (r) ~ sin (kr - ~ 17c + 61) (4) 
where the phase shift 61 of Ith partial wave depends on k, l, and the interaction V (r) . The phaq-e 

shift_s completely determine the scattermg 

The phase shift 6z is computed exactly by the following integral equation 

k Co fl+(r) U(r)X (r)dr = I J~ _ 
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A proof for this expression is found according to the relation 

sin 61 = sin (kr - ~ 17c + 61) cos (kr - ~ 17~) - cos (kr - ~ 17v + 61) sin(kr - ~ 17c) 

noEing that the asymptotic relation 

Xz (r) ~ sin (kr - ~ 1lt + 61) ' f l~(r) ~; sin (kr - ~ 17c) , 

1 dXl ~cos (kr- ~ 16 + 61) ' I dfz~ ~cos (kr- ~ 17r) , 

and vanishing properties of xl and fz+ at r=0. Thus we obtam 

+ f+ d_dX_r ll~ ' ~= [ ~ l k Idr 
Now, by means of Eqs. (2) and (3), we have 

Xl d2fl+ l(1+1) l(1+1) X ( +k2fl+ _ d2Xz +k2X U(r)X - r2 1 ) 2 r2 fl+) _ fl+ d r2 dr 

= Xl d2fl~ d2;rl + fl+U(r)Xl=0 - fl+ 

dr2 dr2 
which is integrated over r to give 

-J~ + =J~ ( l dr )dr=[[x dd~fr+ d2fl+ _,,fl+ d2;r2_1 1 _ f + d_dX71 J~ o fl U(r)Xldr o ( /~) ;
r
 

From (6) and (7) , we get Eq. (5). 

Further. Xl and X'I/ are solutions of (1) ; 61 and o'!1/ the phase shifts for the same k, but different 

interactions U and U/9 respectively. Then, it is seen by analogy 

sin (6/1' ~61~ ~ (1'-1)7t) 

sm (kr ~ 1 7c + 6 , ) cos (kr ~ 17t + ol) cos (kr - ~ l/7c + 6/1/ ) sin (kr - ~ 1lc -~ 6z) 

1 Xl / dXl dX'I' l= 

= [ -l k z dr X dr Jo 

Hence 
sin (6'z/ -61~ ~~(1'-1)7c) = - ~ J, X'I/ [U/+ l/(1'+1) _U l(1+1) jXldr (8) 

r2 r2 If now we set l!=1 and the difference U/ _ U=6U, the corresponding change of the phase sh^ifl: 

6'1' ~ 61= ~61 is given by 

k ro X26Udr = IJ= l 

Equation (9) provides the first order perturbation for the phase shifts 

If the whole interaction is taken as a perturbation, substitution of (9) into the scattering am-

plitude gives the Born approximation. If we put U= U/ = O. Eq. (8) gives 

sin ( (1/_1) 7c _ I fco + rl l'(1;+1)_ l(1+1) fl+dr (10) 
TkJo flf L 2 r2 2

 

Eq. (~10) corresponds to an integral formula in the theory of Bessel functions 

J~ J (at) J (at) - v -/~: u v dt= 2 sin~(v-tl)7t 
t 7c 2 2 

A singular solution fs- (r) at r = O is used also to calculate the phase shifts instead of fl+ (r) . 

Analogous to fl+ (r) , the following relation is easily written 

d2;r d2fl~ fl~ ' I ~ Xl = fl~ U (r) Xl 
dr~ dr2 

which may be mtegrated-to be 

[ - l- I J ;r dr lo ~ d ;r df Jco 

f~ dr = fl~U(r)Xldr (11) 
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The leading terms for small r. are 

7~ 21+~ -1 / f I ~ (r) ~ A _1 (kr) ~ z _ 2 F( - I + ~) (1 2) A 

/
 ;rl(r) ~ Cl+1(kr)~+1 a (1 3) 

7z Cl+1 = 
2 21+J-2F(-1+=23) 

a being a constant determined for given U, and if U=0, Xl=fl+, and it is shown that a = I by the 

properties of Bessel functions. We thus obtain for small r 

d x d fl~ :~ (21 + 1) kA_lCz+1 = ( ~ 1) Ika 
fl~ z (14) - Xl 

dr dr 

For large r, we take into account the asymptotic form of (4) and forfl~ in the following form 

fl~(r) ~; cos (kr + ~ 17t) 

so that the left side of Eq. (11) becomes 

[- 1-l fz dr ;r dr lo ~( 1)lkcos6 ( 1)lka d x df J" _ _ 

Consequently the following formula is obtained 

(-1)1= ' cos 61=a+ Jo fl~U(r);rldr (15) k
 

where a xl/fz+. l 
r - * 

Formulae (5) and (15) will be made use of in checking the phase shifts obtained by another 

methods . 
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