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LLIFEl~i~~~ : ~~:~l~{~~~l~~-~_~~¥~~)-~E~: 

1. Following ~. Schwarz [ 3 J, a semigroup S is called a periodic semigroup, if every 

element of S has a finite order, that is, if, for every element a of S, the subsemigroup 

(a) = {a I a, a!, . . ., a", . . .) generated by a contains a finite number of different elements. Any 

strongly reversible periodic semigroup is the class sum of mutually disjoint unipotent 

semigroupsl). This theorem has been proved by K. Iseki [2]. The purpose of this note 

is to present a necessary and sufHcient condition for a periodic semigroup to be a band 

of unipotent homogroups:~"), and some relevant matters. Throughout the paper, S will 

denote a periodic semigroup 

2. In the flrst place, we introduce the following thre~ conditions, which will play 

principal roles in this note 

Condition A. For any elements a and b, iL a"=b" for some integers n and m: 

then there exist three positive integers r, s and t such that (ab)"=a'bt = bta'. 

Condition B. For any elements a and b, and for any positive integers n and m, 

there exist two positive integers r and s such that (ab)"=(a"b")8 

Condition C. For any elements a and b, and for any positive integers n and m, 

there exist three positive integers r, s and t such that (ab)" = (a,"b")*=(bma")i 

As to integers, the present paper deals exclusively with positive integers, and hereafter 

the modifer " positive " will be omitted. 

LEMMA 1. For pe7"iodic semigroups, Cond'ition A is a consequence of Condition ~. 

Proof. Let S satisfy Condition B. Suppose that a and b are elements of S such that 

a~ = b"'. Then there exists an integer j and an idempotent eeS, satisfying a"j = b~j=e 

By Condition B, there exist integers r and s such that (ab)" = (a"jb'"'j)S = e Hence, we 

l) A semigroup S is called " unipotent " if it contains exactly one idempotent [T. Tamura : Note 

on unipotent inversible semigroups, K~dai Math. Sem. R,ep., 1954, 93-95 (1954)] 

2) An element u of a semigroup S is called a zeroid element of S if, for each element a of S, 

there exist x and y in S such that 'ax=ya=u [A. H. Clifford and D. D. Miller : Semigroups 

having zeroid elements, Amer. Jour. Math., 70, 117-125 (1948)]. A homogroup is a synonym of 

a semigroup having zeroid elements [G. Thierrin : Sur quelques classes de demi-groupes, C: R 

Pa'ris, 236, 33-35 (1953)]. 
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have (ab)" = a"jb'nj = bmja"j. 

LEMMA 2. For semigroups, Condition B is a consequence of Condition C. 

Proof. Immediate Lrom the definitions of Conditions ~ and C 

G. Thierrien [4] deflned strong reversibility of semigroups as follows : A semigroup 

is said to be strongly reversible, if, for any two elements a and b, there exist three inte-

gers r, s and t such that (ab)'=asbt=bta8 

We obtain immediately 

LEMMA 3. For periodic se/nigroups, Condition C is a cosequence of st7-0ng reversi-

bilit y . 

Proof. Let n and l7t be any two integers, and a and b any two elements 0L S. Then 

there exist two integers i, j and two idempotents el' e2 such that ai=el and bj=e2' By 

strong reversibility, there exist also integers r, 'rl'r:!" s, sl' s::" t, tl and t2 Such that 

(ab)" = asbt = btaS 

(a'b " "")"I = a'tslblutl = bmtlansl 

and (bma")t'2 = bmt2ates2 = ans2bt'et2. 

Hence, we have 

(ab)"iJ = as'jbtij = ele~, 

(a"bm)rlij= a'esli jb;ntlij = ele2 

and (bma")r2'j=ans2 'jbmt2tj=ele2' 

Thus 

(ab)"ij = (a"bnl)rlij = (b"'a")r2'j. 

Let e be an idempotent of S, and A-(e) the set of all' elements a such that the sub-

semigroup generated by a contains the idempotent e, i. e. K(e) = {a [ a"=e for some inte-

ger n}. It is well known that S is the class sum of mutually disjoint sets K(e). Fur-

ther, K. Is6ki [2] proved that if S is strongly reversible, then each K(') is a unipotent 

semigroup, and consequently S is decomposed into the class sum of mutually disjoint 

unipotent semigroups K (*) 

Since Condition A is clearly a consequence of strong reversibility, the following is a 

generalization of K. Iseki's result 

THEOREM l. A pe7-iodic semigroup is decomposable into the class sm7t of mutually 

disjoint unipotent homogroups if and only if it satisfies Condition A. Further, in this 

case such a decomposition is unique_ly determined. 

Proof. Let S satisfy Condition A. To prove the '6 if " part of this theorem, we need 

to show only that each K(e) is a homogroup. 

If a and b are two elements of K('), then there exist integers n and m such that a" 
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b"' e Smce S satisfies Condition A, (ab)"=asbt=btas for some integers 7~ s and t. 

""~ a'"mbtu'~=e. This implies that K(') is a senugroup. Since e is clearly a Hence, (ab) = 

zeroid element of K ('), the semigroup K(') is a homogroup 

Conversely, assume that S is decomposed into the class sum of mutually disjoint uni-

potent homogroups Hce' and suppose that a"=b~. Then both a and b are contained in 

the same homogroup, say Hoe' since there exists an idempotent e and an integer s such 

that a"s b"'s=e. Therefore, ab~Hcs' Hence, we have 

a"*bms b"Sa"'=e=(ab)" 

for some integer 7~. Thus, the proof of the first half of this theorem is complete. The 

latter halL of this theorem is clear. 

A band is a synonym of an idempotent semigroup. Let J be a band. A semigroup 

G is said to be a band J of semigroups of type T (A. H. Clifford [1]), if G is the class 

sum of a set {Gctla_~:J} of mutually disjoint subsemigroups Gcs, each of type T, such 

that for any a, PeJ, GoeG~'iGGc~, where aP is the product of o. and p in J. If J is a 

commutative band, that is, if J is a semilattice, then S is called a semilattice of semi-

groups of type T. 

Since Conditions B and C are consequences of strong reversibility, the next theorem 

and Theorem 3 below are also generalizations of K. Iseki's result 

THEOREM 2. A periodic sel7'1igroup is decomposable into a band of unipotent homo-

groups if and only if it satisfies Condition ~f. 

Further, in this case such a decomposition is uniquely detel-rnined. 

Proof. Assume that S is a band of unipotent homogroups HGe' Let a and b be any 

elements of S. Let n and m be any integers. Then, there exist Hoe and Hp which con-

tain a and b respectively. Since, by the assumption on S, both ab and a"b" are contain-

ed in Hoe~' there exist integers r and s such that (ab)"=ea~ and (a"b"")*=ea~, where e c'e 

is the idempotent of Hce~ 

Conversely, Iet S satisfy Condition J~. By Theorem 1' S is then the class sum of 

mutually disjoint unipotent homogroups HQe' since S satisfles also Condition A. Pick up 

any al' a2~THCS and bl' b2~rH~ respectively. There exist integers nl' n~, ml and 17'b2 sucll 

b ml =e~ and b~ln2=e~, where eGe and e~ are idempotents of Hct and that alnl=ece' a2n2=ece' 1 

H~ respectively. 

By Condition B, 

(albl)rl = (ee~e~)sl 

and (a2b2)r2 = (eoee~)s2 

for some integers rl' sl' r.. and s2' 
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If eoee~ rs contained in HT, there exists an integer u such that (ecee~)" = eT, where eT is 

the idempotent of HT. Therefore, we have 

(albl)rln (ec;ep)sln=eT=(ece~)s2n=(a,b.)r'n 

This implies that both albl and a2b2 are contained in HT, that is HeeH~c:HT. Thus, 

the proof of the first half of this theorem is complete. The latter half of the theorem fol-

lows from Theorem 1. 

A. H. Clifford [l] proved that a band of semigroups of type T is a semilattice of semi-

groups each of which is a matrix of semigroups of type T 

Using this result and Theorem 2, we obtain 

COROLLARY 1. A pe/~iodic semigroup satisfying C07idition ~ is a selnilattice of 

seln:igl-oups each of which is a Inat/~ix of unipotent homoba7-0ups. 

THEOREM 3. A peliodic semig710up is decomposable into a semilattice of unipotent 

honrob"/-oups if and only if it satisfies Condition C. 

Further, in this case such a decomposition is uniquely deterndned,. 

Proof. Let S satisfy Condition C. By Lemma 2, S satisfies Condition B. Therefore, 

by Theorem 2, S is decomposed uniquely into a band J 0L unipotent homogroups Hce 

Let a and b be any elements of S. Then, by Condition C, there exist two integers s 

and t such that (ab)8=(ba)t. Hence, there exists Hoe which contains both ab and ba 

This implies that J is a semilattice 

Conversely, assume that S is decomposed into a semilattice of unipotent homogroups 

HGe' Let a and b be any elements of S. Let n and m be any integers. Since S satis-

fies Condition B, there exist integers rl' r~, r3 and r4 Such that (ab)rl = (a"b~)r2 and (ba)18 

= (bma")r4. 

On the other hand, it follows from our assumption on S that ab and ba are contain-

ed in the same unipoteQ:t homogroup, say Hcc' under the decomposition. Hence, there 

exrst two mtegers tl and t2 such that (ab)tl=(ba)t2 =ect' where eoe is the idempotent of 

Hce' Consequently, we have 

(ab)tlt2rlr3 = (a"bm)tlt2r2r8 = (b~a")tlt2'1r4. 

If we restrict our consideration to a periodic semigroup in which the set of all idem-

potents constitutes a band, then Theorem 2 is sharpened as L0110ws 

THEOREM 4. Let S be a pe7~iodic semig7-0up in which the set I of all idempotents 

constitutes a band. Then, S is decomposable into a band I of um~,otent homogroups tf 

and anly if S satisfies Condition B. 

Finally, we have the following interesting theorem. 

THEOREM 5. A periodic semigl-oup S is strongly reversible if and only zf the set I 
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of all idempotents of S constitutes a semilattice and S is decomposable into a semilattice 

I of unipotent homogroups. 

Proof. Assume that S is strongly reversible. By Lemmas 2 and 3, S satisfies Condi-

tron B. Let e and f be any ele;ments of I. By strong reversibility, there exist three in-

tegers 7 s and t such that (ef) esft =ftes. Since e and f are idempotents, this implies ef 

fe Therefore I rs a semilattice Consequently the " only if " part of this theorem 

follows from Theorem 4. 

Conversely, assume that the set I of all idempotents 0L S constitutes a semilattice, and 

that S is decomposed into a semilattice I of unipotent hotnogroups Hce' Let a and b be 

any elements of S. There exist idempotents e, f and integers s, t such that as=e and 

bt,=f. Hence, aSbt=btas = ef follows from commutativity in I 

On the other hand, since ab and ef are contained' in the same unipotent hbmogroup 

under the decomposition, there exists an integer r such that (ab)"=ef. Thus we have 

(ab)' = a8bt = bta8. 

3. Exan:lpl.es. 

( I ) Let S be a periodic semigroup ( 2 ) Let S be a periodic semigroup 

' with elements e, f, g, a whose multipli- with elements e, f, g, a whose multipli-

cation table is cation table is 
e f 9 a

e e a 9 a

f 9 f 9 9

9 9 9 9 9

a 9 a 9 9

S is then the class sum of mutually dis- S is then a band of unipotent homo-

Jomt unipotent homogroups, but S is not groups, but the set of all idempotents of 

a band of unipotent homogroups. S does not constitute a band 
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