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~.~ 1. Introchlctlon 

In recent years the statistic relating to range have been used as the test functions ol 

estirnaters for the theorics 0L the statistical iuference. Especially in the processes of 

tnass production , they are indispensable for sirnpl icit y and rapidity of computation in spite 

of less efficiency. In [1], [2] Dixon proposed the use of the ratio involving extreme 

values to test the out.ly.'ng observat 'on in no]'mal type. On the whole the reject:on tests 

in noi'mal type have been ::n.vest:'gated by many research workers , and good results have 

been real;zed. On the other hand in e.~;.por),entlal type it was only M. Matsuyama in [3] 

who argued by mak:ng use of x2-dr.'stribution. 

This paper invest:gates the properti'es of the stat'st::c which have suggested by Dixon as 

test funct:ons ahd here in paticular the statistie com:;n*o from exponent::al distribut'on are 

treated in detail. 

S 2. J?b statlstl( and Its cllstrlbutlon ftm(tlo]l 

(1) Exponential case. 

Let X1 <: X2< ･ ･ ･ <(X,, be the ordered sample of size n fron~ the density funct.:on : 

1 exp{ I (x-a)} x>a for 

- a 6 for 

f
 

and F(x)-- f(t)dt is t/'1e distribution functzion. 

Then we call the ratio between subranges by name of R-statistic for a time. There will 

be no loss in general'ty by considerin*a X to 1lave drawn from a standart exponential 

d':stribut:on : 

for x>0 ~ exp(-x) (1)/ f(x) ' 

t o for _ xC o 

since the R-stat'st:c is the ratfo of two d'Ifference. 

Thus ~~'e may formulate our problem as follows : Let X be a random variable with 

the probability density function ( I )/ and X1 < _X:_. < ･･････ <X?, be the ordered samlp le , 
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then it is what are the sarnpling distribution of R- statistic. Moreover we proceed to 

research their asyro:ptotic propei'ties and calculate the probability tables that are necessary 

for the test. N~ ow we consid_er the R-statistic in general form 

R==: Xq?-X~. (n>pn>i) 
Xl~ ~'1:~:,,: 

and if we accept 1 1 , 2,3; ~;e~-u-1,1e-2 as special case, they are ultilized for practieal' 

appl ication. 

The_ joint probability density function (henceforth we set the j. p. d. f. for brevity) of 

Xi. X,n and Xq~ is given by 

xi ?",_i_1 n ! i~1 x"' (fo (fxi (c 1) f (1l~-i-1) ! (n-fn-1) f dF(x) dF(x) ' 

xn 7?'-m'-1 ( f ･ f(x~')f(xm)f(xq,,) - keexp{-(xi+xn'+x,b)}{1-exp( -xi)} )
 

i- 1 

d F(, x) -
1" - i- 1 91- n'- 1 {exp( - xi ) - eap( - .x',,, )} ' {exp( - x~,) - exp( x,~)} 

,where k n~eans . n ! 
(t 1) f(17e e 1)!(n-1le-1)f 

And tlansformmg (X~ ,X,,, ,Xq, , ) mto (U V W) by means of the linear relation U =- X9' 

X VF-_Y.,,-Xi, W-Xi, th_en we have the J' P' d. L. of (U,V,W). That Is ,,,, , 

i-1 1"'-i-1 keexp { 3w+2v+~t){1 exp( w)} {exp( w) exp(-w-v+~t)) 

x {exp( w v irzt) exp(-w-v)}?s-"'=-1 

Fut'thermore integrate out the above function ¥vith regards to w over its range of definition 

, we have the j.p d f. f(u,v) of (U,V), 

9"'-i-1 9?'-??'- 1 f(gl'v)= koB(7e-i+1 ,i) o exp{oe-v(ee-i)}{exp(v)-exp(el)} o {exp(Id)-1} 

, where B( m , n) 7/z,eans Beta-fulection. 

There the probability that the randcrn variable P. is less than r, that is written as 

Pr(R'/__r), is calculated by 

f
 

~ o fu/,-Pr (P~-_r) - det f(~t,v) dv 

Alter sonl;e calculatlon we have the sampling distribution F(r) of R, 

9~'-i-1 B(1e-In n-fnHL'I+(m-pe-j)r) 
j=0 ~ ' ) ' n-m+1 +j ~ ( i-F~r) ==: k B(7e-i+1, i) I r 1le 
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Now we can propose the following R-statistic for the test Lunction 

R~~ ~ X9"-Xn-1 X7?'-Xq~-2 (i-1, 2, 3) X -X, R: - _X~,t-X"' 
~-

(.^) (t?') and denoting their d:stribu'tion functions Fi (r), Ffi (r) respectrvely we may ea'il~ 

see the following recurrence relations (3) 

(q?'- 2) (n) / ("7') 
i(,7'-1) 

F. (r) - F (r) F. (7) F ~r) 
The recurrence relations leave us to pursue only the s'tatistic Rl and R!1 Again we replace 

Rl and R'Iby Rl and R2 , and their distributions to be Fl(r), F2(r), respectively. Then 

7s- s j+ 3 - ( j+ I )r n -3 (_1) B(1, ) j
 F1(r) - (1e 1) (7e 2) ~ ( ･ ) r

 

J =0 

97'-~ j+3-(j+2)r (4) n - 4 j B (2, ) ~( F2(r) - (1e-1) (n-2) (n-3) j ) ( 1) j+ 3 r
 

J =0 

L emma. 

For any c. we have the followin_.,g combinational relation. 

(5) 

~ ( - J ( ~1 ( 1 ~J 1 

j=01 j j + c n 
( I + x)t~ , comparin~g the coefficient of xq? in each For , in the iderl'tity (1+x)7?+c( I +x)~" ~ 

member, we have 

)( .) ~( - -n+c c 1 /*1 - i f
 j =0 

Moreover rt rs easy to see that the fit'st member equals to 

) ~ (-~ (~+;/¥( jc _ n (_1)'7 c le+c (c+j) ) 1 )
 

n f
 

j=0 j=O ThiS Proves our lernma 

By subtituting thiS relaton into ( 4), we have Theorem I 

Theoreim l. 

The R-ststistic fron) the exponential diStribut.iOn ( I ) 

X,~ - X,1' _1 X97' -X72_2 

R1:s' R.9-X~h -XI Xt~ -X1 
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are dist ibuted respect vely according to F1(r). F2(r) 

r r -1 F(r):=' 1-(n-1) f r(2+ ) r (n+ ) (6) ' 1-r 1-r 
2r F2(r)-- 1-(n-1) f F (3+ )r (n+ ) I + r(3+ )r(n+ r -

r
 

1-r S 1-r ' 1-r 1-r 

,where r(s) means Ganxtna-function. 

When n is large enough , we get the following asymptotic distribution of Rl and R2 after 

some computation by making use of Stirling's foJmula 

V 27c r(s) - s 2 exp(-s) 
That is 

r _ "' F1(r) - 1-r (_'+ ) n 1-' (8) l-r 

r _ r 1 2' 2r 
F2(r) - 1-r (3+ ) n + 2 F(3+ ) n~1-r (9) 1-^ 

Furthe~nore, if we define Ti by Re' Io~an F= Ti (i :~ I , 2) and consider the lixnitin~g 

distribution fun,ction of T, i as n-~c>0, we have 

1 r L2 JL )( -1 ) , - )( -1 P..(TIL'___'_~;~'--'-/__.t) _ t t t I t 1
 R exp 

lo~vn logn logn logl'l 
,
 

x logn -> I - e~t ( as n ~'c<)) (10) 
Sirnilarl y , 

2t -t 2 li;;zP..(T'_'~t) := 1-2e +e =: (1-e ) (11) 
The moments of Rl may be given from (6) after considerably complicated computation, 

and especially its expected value E(Rl) is given by 

9~-2 

{ ~ Iog( I + j) ( 12) }
 

le-2 j E(R1) := (n-1) I + ( j )(~1) j
 j=1 

It may be assun)ed that the evaluation of E (R.1) for large n can be computed from ( 12), 

but as for myself, I could not show a satisfactory result. However , considering the 

limiting form ( 10), we can suggest the order of the expected value and variance of Rl' 

)
 

( 2 r spectrvely, Iogn and ~ogn ' sin.ce E(Tl)-~ I and E( T')-- I . These a e the same 

as for R9' 
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Theoremll. 

The asymptotic distribution functlon of R (i I ,2) are given by (8), (9) and their 

limiting forms are 

r
 limP.,. (R1< Iogn ) == I e 

",,~" 

_~r, lipelR,. (R ) ( I e ) ~_* 2 i~~log/c 

Fur thermor e , 

E (R"') - O ( Iogn ) ' V(R ) =' O ((logn)2 ) 

In S 3 we shall calculate the pl obabi]rty for each n f om the exact dist ibution (6) and 

(7). 

( II ) Normal case 

In this case , Dixon gave the density function of R-statistic. Without loss of generality , 

we set the density function as follows : 

l x"-f(x) = v2_7c exp (- 2 ) for -c~<x<:c>0 

Then tl:Le sampling density function g.,(r) of Rl are given , ¥vhich are 

3V 3 1 g3(r) - V 21T r". r+1 

g4(e ) 3 r I - 2r ) ~ r_. - r+ I ~V4r_.-4r+3 ~ V3r".-4r+4 7c 

g~(r) -== 15 h(r)+h( ~ ) 

7c2 (r2-r+1) 

2 - r _1 (1-r)V5(3r2-4r+4) 
h(r) = v 3r2-4r+4 tan where . 3l~ _ 4r + 4 

S 3 . The probablllty trT'~bles 

Table I and ll *'ive the valu.es r such as Pr (R>r) = a for each n and ci. Making use of 

this tables , we may perforlr~ the rejec,tion test. 
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Tab1e　1 Pr（R1≧正）一α

3 O．997 O．995 O．989 0．974 0．974 O．889 0．富24 0．750 0．667 0．57］ 0．462 O．333 O．182 O．095

4 O・970 0．960 0．937 0．895 0．840 0．750 O．667 0．585 O．500 O．412 0．320 O．221 0．1工5 0．059

5 O．933 O．917 0．885 0．830 0．766 0．667 0．58 0．500 0．423 0．34 O．260 0．176 O．090 O．046

6 O．900 0．875 0．844 0．782 0．7MO．612 0．527 O．448 O．373 0．300 0．226 O．］52 0．077 0．039

7 O．873 0．846 0．810 O．746 0．675 O．573 0．489 0．413 O．341 0．272 0．204 0．136 0．069 0．034

8 O．850 0．822 O．784 O．717 0．646 O．543 0．460 0．387 O．3ユ8 0．252 O．188 O．125 0．065 O．03］

9 O．831 O．800 O．762 O．694 0．621 O．519 O．438 0．367 0．300 0．237 O．工77 0．H7 O．058 O．029

ユO 0．8］2 0．783 0．744 O．675 0．602 O．500 O．420 O．350 0．286 0．225 0．コ67 0．110 O．055 0．027

加 0．800 0．769 0．731 0．658 O．585 O．484 0．406 0．337 O．275 0．216 0．165 O．105 0．052 O．026

ユ2 0．788 0．755 0．715 0．644 0．57一 O．470 0．393 0．326 0．265 0．208 0．153 O．コO1 0．050 O．025

ユ3 0．776 0．744 O．703 0．631 ’O．558 0．459 0．382 0．316 0．256 O．201 O．148 0．097 O．048 0．024

地
’
ヱ
5

0．767 0．734 0．692 0．621 0．547 0．448 0．372 0．006 0．249 O．195 0．144 0．094 0．047 O．023

0．758 0．729 0．683 0．611 O．538 0．439 O．365 0．300 0．243 O．190 0．140 6．091 0．045 0．022

Tab1e　皿 Pサ，（R2≧κ）ζα

＼
α
　
㌧
、
皿
＼ 0．005 0．O1 0．02 0．05 0．1 0．2 O．3 0．4 0．5 0．6 O．7 0．8 0．9 095

5 0．984 0．977 O．966 0．944 O．9ヱ4 0．865 0．8］8 O．769 0．717 O．658 O．588 O．500 0．375 0．277

6 0．963 0．948 0．932 0．899 O．862 O．802 0．748 0．695 O．640 0．580 0．511 0．427 0．3］3 O．223

7 O．937 O．922 O．90］ O．866 0．820 0．755 O．698 O．643 O．593 O．528 O．46］ O．08〕 O．276 O．199

8 0．9］5 O．898 0．875 O．833 0．787 0．718 O．660 O．604 O．552 0．490 O．426 0．349 O．250 O．179

9 O．897 O．877 0．853 0．808 O．760 0．689 O．630 O．574 O．5コ9 0．460 0．398 O．325 0．235 O．165

ユO 0．88工 0．860 O．834 0．788 0．737 O．665 O．609 O．500 0．495 O．408 0．373 0．307 0．219 0．153

1皿 O．867 0．846 O．8コ9 O．769 0．724 0．646 0．585 O．500 O．475 0．420 O．360 0．292 O．20］ O．コ45

ユ2 0．854 0．832 0．803 O．753 O．70コ 0．627 0．566 0．510 O．459 O．404 O．346 0．279 O．196 0．コ38

13 0．843 O．820 O．790 O．740 0．687 O．6工2 O．552 0．498 O．445 0．39ユ O．333 0．269 O．188 0．132

μ 0．832 O．808 0．779 O．730 0．674 O．599 O．539 O．485 0．433 O．379 O．323 0．260 O．18工 O．127

工5 0．823 O．799 0．769 0．7ユ8 O．662 IO．587 0．528 O．473 O．422 0．369 O．3コ4 O．252 O．工75 0．コ22

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　References．

〔1〕WJD1夏oパ“Ana1ys1sofE鮒emeVa1ues”Am．M航b．S鮒．Vo1．21．1950．

〔2〕　　〃　　グ　　　“Ratio　Invo1ving　Extreme　Va1ues．，，　ク　　　ク　Vo122．1951．

〔3〕M　Matsuy我m乳　“The　Reject1on　L1m1t　m　Expone雌1a1D1str1but1on”。　Res．

　　　江nst．　N征航h．　Sta尤．

Mem．．




