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ON INVERSll3LE L~EMIGR,OUPS 

~~:1~b!rUK'~1 YA~~ADA 

Let S be a sernigrou_p, .an_.d let I be the tota.] ity of all ide_mpotents of_ S. 

Then S is said to be in.v~rsible if S satisfies the followin,g t~I~ro conditions ; ( I ) to each a(cS 

there exists a* eS su(ih that aa* i a"I<a(c~ I ; (2) I is .;ll' subs_emibaroup of S. For instan~;-e, 

idernpoten:t sen~igroups ( accorcL~in..gly com_pletely n.on-corDmutative sern~-gorups) [3] [4], Ieft 

( right ) regul ar and right (left ) sirn:ple sen~igl~oups [2] ar),d cc'mmut.at~ive irLverse senl_1~sgL~ourp s 

[5] are clearly ip_.versible semigrl)ups 

T. Tam, ura showed that if I is co~r~._.si'*t{_r?.ba of on.ly on_e iderD:poterLt ( he defined such a 

setnlgroup to be an 'unipotent sen~igroup') S h_a~* the rr~ir~.;1~c~al two sided ideal K ( Suschke -

witsch kerr).el [7] )w~hich_ is 'tke sarc:_.e *^s tr_e n~axin-~al sIJT.b,gr'ct~_p c'f S. Ivrc'rec,ver, u.1"der 

the sa~ne restriction. he poin_:ts out that the Rees factor ~en~tigroup Z= S/K [6] is a zero-se-

mlgroup an.d ' that the structure of S is colnpletely detern',.itT'_'ed by K, ~ and a ramified hom-

omorphism f of Z io,to K [8] . 

The ~nain pu_rpo-qe of this paper is to show, amor.g other thir~,gs, that the above-men:tioned 

Ta(nura/s re~'*ults are ext~nded to an_ ir_versible semi~aroup whose idem:poter)ts are prirnitive. 

Throughout the whole pa.per the operation ~ ( ol~) wlll denote the class et~n e dls 

joint surn of sets. 

e,~ I I cornponents and ctrElcture of llnverslvle sernlgrot~Ps. 

Let G be a se~nigroup containing at least on.e idempoter,,t. Fc'r any t;de,mpct,er,t e c,f G, 

by the ' i-co'mpon.ent of G at e' ~~'e shall rr~ean the greatest sub"._et C( e) of G su_ch that to 

each elemen_t x of C(e) there exists x*~c~ G which satisfies the relatl'or]. xx* = x*x=e. 

In this paragraph S will alw;a_ys denote an, ir,versible e*e,n'.~group, an_d I w~ill denote th_e tot-

ality of all ide~npoten:ts of S. N( e) will always de._r'_.ote th,e i-cc'rr)_ponen-t of S at e. 

Lexr~na 1. 1. Ever_v N (e) is an il~versible subs~migvoup of S. ' 

Proof. Let a, b be any two ele,m..e_,r~,ts of N (e) . Then there exis.t a*, b'"'< ~- S, SLICh that 

aa:k, = a*a=e and bb* b*b e [cspectlvely If we put b*a* tkLe followll'g rel;11*t~or)s hold 

( ab)c abb*a*-.ae 7~ aa*.aa* e r( ab) -b* a*ab-b*eb-b*bb'* b ==e. 

Her~ce ab(c~N (e) . This inxplies N (e) to be a subsen'_.:g'l'ou_p of S. Sinc.e N (e) is clearly 

in*versible, we obtain this len):ma. 

Lem_ma 1. 2. If e is an idan~,potent of S,, thele e ccnl'mut,es wl;th an_v elemell,t of N(e). 

Accordingly the relation eN(e) =- N(e) e holds. 

Proof. Take up ar!_'y elerr~ell:t x~:~N(e) . There exists x*,(~~S su*-h tha_t xx* X~ x e 

Hence ex :== (xx*) x=~x (x*x) ==xe. 
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LerDma 1.3. If e is an idempotent of S, then eN(e)is the greatest subgroup of N(e) as 

well as an ideal of N(e) . Accordinbdl_v N(e) is a subholnogl'dup [*] of S. 

Proof. It is obvious that e is the unit of eN( e ). Let x be any element of N(e). Then 

there exists x*~N(e) such that xx*--x*x=='e. ex'~k. is cleL~_rly an elen:~ent of eN(e). 

Therefore the elen)er'.t ex* bec_omes the ii,.verse elemen_t of ex in_. eN(e) , since the rela.tions 

exe.x',* , ex*ex-e hold. Hence eN(e.) is a '~ubgroup of N(~e), It is e~:-"-*y to see that ' 

eN(e)becomes the greatest su.bgroup and an ideal of N(e), and so we save the trouble to 

prove it. 

Remark. [~:. J . A homogl'ol'_1p is a se~nigroup havinba an ideal ~;~rhioh i~s also a subgroup . 

It is obvious that for an_y holnogt'oup such al-i ideal is uniql"uely determir_ed. By a ' group 

idea.1' of a homogroup 11~re shall mean_ an ideal which is also a sub*aroup. Hence eN(e) is 

the group ideal of N(e) . 

Let G be a sen)igroup contair~_ir.g at leas".t. on.e idem. poten:t, an.d let IG be the tot ality of 

all idempoten.ts of G. An iderm potent e of G rs said to be plrnltrve if rt satlsfles the tel 

ation elGe -- {e} [3] . 

Theorem 1. I . Any homogl'oup has at most one prilnitive ideTnpotent . Moreover if a ho-

mogroup H has a primitive idempotent e, then e is the unit of the gvoup ideal of H. 

Proof . Let K, e be the group ideal of H and the uo.it of K respectively . If e' is an.y 

prirnitive idempotent of H , ther: the rel~:"+LLon e/ee/ -_ d follow' frcm the deLinition of the 

prirnitivity. Accordingly e -- e/ holds , since e/ee/ is contained in K and is an idem_ potent 

of H. 

Lemma 1. 4. For a.n_v N(e), e is a primitive idempotenT cf N(e)itself. 

Prc,of . Let e! be any idrrn_potent of N(e). Then ee'--e , since eel is a.n idrmpotent 

and is contained in the su.b~aroup eN (e) of N (e). Hence we have ee'e-e. 

Len~tna 1. 3 and Lenxna 1. 4 ihlply ; ' 
Theorem 1. 2. Eve7_v N ( e) is an inversible subhcmogrol'rp , which has one alid oldy one 

p7imitive idempotent of N(e) itself. 

Lenuna 1.5. The group ideals of N(el)' N(e2) are mutuall_v disjoint if el and e2 are 

different two idempotents of S. 

Proof. If elN(el) and e2N(e2) contai~ x in ccxr,Jncl_~n, then the_re e~ist two ek~n..ents xl*t:~ 

~1N (el and x2* ~~ e2 N(e2) such that xxl* -- xl*x e and xx * x *x=e2 respectively. 

Hence the following relations hold successn ely 

el ~cl*x xl*xe2 = ele2, 

e2 = x~c2* - elx~c2* = ele2, 
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el - e2. 

This is contr~;ry to o'.'_r as-~,.urn:ption. 

By Lerrii,m;~- 1. 5 and Theore"J:~0_ 1. 2, we get the followin*a 

Theot'erD; 1. 3. S is r. epresented as a sl'i7n of inversible subh07nobo~'oups {Sof}ce such that 

( I ) ever..v Sc~ J'Ias 017,e alld on,l_v one primitive idempotent , 

(2) the bo'roup ideals of {Soi}at are muT1_rally disjoint. 

IVZoreover we can prove the next interestin_g theorem. 

Theorem 1. 4. S is uniquely decomposecl into the class sum of mutually disjoint subgvoups 

1:f and onl_v if the :following relation is solvable for any g'ive71 a of S. 

(R) axa := a alid ax=xa(c~1. 

Proof. To prove the f_irst half of this theorerr~, we as'su-me that S has a solu.tl{on of 

(R) _for any given a of S. We sha.11 show, first of all, that any elernent of S is contained 

in the group ideal of sorne i -corD.ponent of S. Tal._'e up any element a~:~ S. 

By the assurrLption, there exists x such that ax.a=a and ax = xa~l. If we put e = ax:=xa, 

then a and x are elements of N(e). Hen*_e ea~:~N(e), and hence .a~:~N(e), since ea=a 

holds. This shows a to be an element of the groL7.1). ide~-1 of N (e). Accordin~aly it follo-

w*' from Lemma 1.5 that S is decorn,posed ir.to the cla'*s su.m of rr~utu_ally disjoint subgr-

oups; S= o~ eN (e) . We prove next the un",qL1-eness of such decompositions . Assume that 
*'~ 1 

there exists a decQrnpoq-ition ~p , S=~'_1r ~~ot of S into tll'_e cl ass sum of mlJ1_tu.q-1ly disjoint 
a' 

su.bgrov.ps ~c~' Then eA*c,h a~~c co contair!_s clearly one a:.nd only one idempotent of S. Let ~(e) 

c]Prot if (r~f'ot contains ;~*n idempotent . e Then S is represented as L0110ws ; S= '~ ~~(e). lL 
e6 1 

x is ;an element of ~ (e) , there exists x*~~ (rc(P (e) Su.ch that xx* = x*x=e. Hence x~:~ 

e N(e), and therefore ~ (e)CeN (e). This implies elJlr ~ (e)=e_1r eN (e). The latter h~lf 

ee I ('e 1 
of this theor eln is obviou_s by th_.e properties of *a oups. 

Corollary 1. I If the relatecle xa(cl has a unique solution for al~y ~ivell element a . ^', -, *'',', ~ 

of S , then S is waiquely deccmposcd into the class s~,1ln of Inu,tuall_v di_',joilrt subgl'oups, enid 

it is the decomposition into tJ'~e clcl'ss suTn of all i-cGmponerrts of S. 

Proof . Take up alo:'J element a of S . Then_ by the assumption , there exists one and 

only one x(c~S su.ch that ax=xa(c~1. Let e=ax=xa . Since eax=xea=e, the relation ea= 

a. follows from the uniqueness of an element _v such that yx = xy(c~ I. 

Hence N(e)=eN(e) and a,"4""az:'a.. Therefore by Lemma 1. 5 and Theoreln 1. 4, we have our 

corollary. 

Coroliary 1.2. If S is lcft (rig'll?"t) cancellable , then S is uniquel_v dec07nposcd into the 

class sum of 7uutually disjoint subgro~,rps , and it is the decomposition into the class sum of 
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all i-components of S. 

Proof. We may prove this corolla.ry only when S is left cancellable, because in the other 

case we can prove it by the same process. Let S be left cancellable. Take up any element 

a (c~ S, and assume t,hat there exist two elements xl and x2 which satisfy the relations axl = 

xlah_~ I and ax2 =: x2a(~~ I respectively . We set el =: axl and e2 = ax2 . Then the following 

relations follow successively ; elxl'a el ' xJel elxl ' xlela:~e Since axl := .1=:xl'a and ela= a . 

xl'al = el implies ela=ael' the relation ael:=:ela= a is concluded. Sirnilarly we have .ae2:= e2'a=: 

a by the s~me procedure. Thus .a.el =: ae2 9 ar!_d consequ_eri:tl y el := e2 , xl = x2 by the left cancella-

bility of S. This means that the proof of our corollary is reduced to one of corollal y 1. 1. 

Remark . If S satisfies the condition of C orollary 1. I or Co~1'ollary 1. 2 , then S is , in 

effect ? isomorphic to the direct product [1l] ~,}; X L x R of a baroup ~, a left singular semi-

group L [2] and a right singu.lar semigrOup R [2] (see the paragraph 3) . Hereafter by 

a quasl ~c g, oup ' we shall mean a semigrou.p w~hich is isomorphic to the direct produ**t 

~~ X L x R of a group (~c., a left singular Q*emigroup L and a right sin.gular sexnibaroup R [9] . 

S 2. Special middle ~~nitary irLversible semigroups. 

If ;)n elernent a of a semlgroup G satisLies the relation xa_v = x_v for any elemen:ts x 9 y~:~ 

G then a Is said to be a middle u_n_.it of_ G . By a ' xniddle u~:._nitary seml~arorp we shall 

nl._ean a Q*emlgroU.p havin,g at least on,e mia"a"le ur),it, and especially a ' special n)iddle un.itary 

scnligroup ' will mean a middle un,itary serr)1'group whose idem_poter!;ts are middle units LIO] . 

Moreover by a ' special middle u.n~Itary inversible sernigrou_p ' w~e shall nlean, a special rnidde 

unitary semigroup ~~rhich is in_versible . Of course , middle units are n.ot necessarily idempot-

ents even In a speclal middle unltary Inversible Qemlgroup In thts paragraph we shall det-

eL:tnine the structure of special nliddle uilitary inversible se~nigarou.ps. To save repetition , we 

sllall adhere throughou.t this paragraph to the followir!'g notations . V will den.ote a special 

m_iddle un_itary in.versible semigroup . IT･ will den.ote the totality of all idempotents of V. 

M will denote the totality of all middle ur],its of V. IT.- an_.d M ar e obviously subsemigroups 

of V , and IT. is cor},tairLed in M by the above defin.itions. 

Len~na 2. 1. If the relation xa = ax(c~ M has two solutions xl ' x2 in V for given element 

a of V, bhen xla=x2a holds . 

Proof. IL we set e ~cla ax and e a2x cc2a then ex2 x2axl = x2el and successively 

axl = ae2xl := ax2el = x2ael ' axl =: x2a (xla) = x2 (axl) a := x2a= ax2. 

We define an equivalenc:*e relation. betw~een elernen'ts a and b of V as follows ; 

a-b if and only if there exists an elemeut x(~~ V such that axeM and bxeM. 

.Then the following relations hold ; 

/1) a-a for every aH,_~ V. 
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(2) a-b implies b-a. 

(3) a-b , b-c imply a-c. 

(4) a-b , c-d irnply~ ac-bd. 

Let ~2 be the factor semigrou_p of_ V mod ( - ) and let a be the te idue class of V which 

con,tains the eleme_n:'c a. Ther), we have 

Len~m;~* 2. 2. 12 is a group and It' u ztt class conf:ul'res with M. 

Proof. It is obviol_Is that the rel '~;tio~). ~ := M hold~* for an.y elernent e of M Let e be ar),y ele_ment 

of Z~l and let x be a;n.y elemerf't of ~~. Then e ' x = esc ar).d x ~ e = xe hold. On the other 

hand there exist..-~ x* *.-.tlch that xx~ x ~'c~cll C~M:. Hen.ce , it follows that xx*~:~M: ex.x*(c~ 

M and xe ' x*~c~M Con~equently e ~ x e~ x t;ftnd x ~ e xe x which imply ~ to be the 

uo.it elem:en.t of ~~ . Mo eover ~i~/e have 'c"c = el = x*ex, 'where el denotes = .xx* = =e 
the elerne'n,t xx*. Therefore there e-':(ists an. in_.verse elern_el'-'.t L0r an.y elexr~.en.t of 12. This 

completes the proof. of our lern:ma. 

Sin,ce IJ. Is the totality of ~.ll io~_en~ipr>tent xnidrJ"_le un.it_', of V, it is isomorphic to the direct-

product L X R of a lef_t "._ingv.1. ~l'r se_~r~!igroup L ar',d a. right sin.gular semigrou.p R [9] . Accor-

din.gky there exists-.* an isomo_ rphism ~ of IT" onto L X R ; 

IJ･ _ ~ (A) L><R 

On the other hand the ~nappil~"g q) , .¥vhich is, the correspon.der).ce a ~ ( a, aa*) , is a 

homo,morphisnl of V o~1~!to 1~ ><: IT･ (where a* is an elenlen't of V ･.*uch that aa* = a*a(c~M. 

Such an elern.~r}'t aa"~"' is*., uo,iqu.ely d-etei'min_ed by Lemma 2. I ) ; 

V ~p ~~ >< Ir (B) . 

Froxn (A) and (B) , ~ve have V ~ ~p J~)XLXR. 

~L ~ve denote by V(..a, l,r) the in,verse irD_a.ge-, of (g, l,r) ~:~~xL~<R by ~(c) , 

V (gl, 11, rl) V (g2, 12,r2) is ~; set co;~p-istir,,ba of only one elen~~eriX for ar'.y two elements 

(gl' 11' rl) ' (g2, 12, r2) of 1~ x L ~x. . R. 

SIJmxnari7*il,.g the above n~e'~i',tio_,_,11_e'd results, , we obt;~ain ; 

Len_ ~na 2. 3. There ex'ists a quasi-_~f"-grol.cp r and a collection { Vcle I oi~r} of s~tbsets of 

V whic/7, sati.'fy the following colrditiolrs ; 

(L;~ 1) V:::~: V (e' 
.,~._ r 

(C. 2) for an_V ~ , T(c~r, V!3V), . if Is a set consl;sting of ol~l_V one elemel~t o' Vplf' 

Proof. iet r:=~2XLXR ~..n.d let Vot' be the lr}vel~e ~rx~age of oc(~r by ~(o . Then. this 

lemma follows fron~ th_.e above observation.s. 

Now we prove the rD;ost important assertio~_1 ; 
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Theoren) 2. 1. ~T here exist a quasi -~~- gromp r, a collection V(It cc~:~r of subsets of ･ , ･ { ･1 } 

I } V alrd a setbset {pot ccer of V, szbch that 

(C.1) V= '~~L~ VGC , 
ote r7 

(C. 2) pct (c~ Vai for any oc~:~r , 

(C. 3) Vp Vy =: p~lf fo~' any p, T(c~r. 

Prcof Let r Q><LXR, Iet V(~be the il~iVerse ima,ge of och.__~F by ~q) , ar.d let p (g, l,r) 

:= V (g, l, 1') V(g~1,1, r) V (g, i, ) to each e]err~e..t (g, l?1) fCr Then tl~e followung 

relation holds for any t~vO elernents (g, l, r,) , (g , I r ) (cr 

p (t5a? l,r) p (g', i',r') =: {V(g, l,r) V(g~1, l,r) V(g, l,'r) } {V(g', I ,r ) V(g 1,1 , ) V(g', l',r') } 

= V (g, l, r) V (g~1, l? r) V (g, l, r) V (gf, l', !) V(g'~1 l' "/) } V (gt, If, ') ra] {
 } { , r , ,t 

:=: V (g, l, r,) V (g!, l', rf) 

･ {V(g~i,1'l') V(g,1, ) V(g,1, ) {V(a,1lr) V (g'~1,1,e)} , r' } V(g'l'ri) [a] 

- V(ad I '/'r) V(g'~1i.a 1, l,r') V(ggr, l, r') 
~~' 9 

p (gg , l, rf) 

Hence, bv. L,erD_m...a 2. 3 this completes the proef of our theorern. 

[al . V(g~1? l, r) ~'7(g, l, r) , T/(g', IP, 1'r) V(~a'~1, l/ ,rr). Tl(g',1, ) V (g' 1, l, r) Rem arl_~L-~*. 

;'..nd V (g~1, l', I ) ~ (g; l, r ) al e con~1~)tmg of only one mlddle i u.nit , re~'_pect~.vely ( see the 

' ~~p ) . m-:d_.pprngr 

l bl Corveleely It Is ea.-y to e'.,^e that any ern~grc'up -..tl~~ ' -ying the conditior_s ( C . I ) , ~"+ ~* 

(C 1)) (C D1:)) of Tl ecrf_m 2. I br_-",cn~Les a **pe_cial middle unitary invei'sible semig,'oulp. Sil~rce 

{ I -r} of Theol em 2 1 Is clea I y a quasl ~4~!/' gloup t'i_le se-'t pc~ cc ~: ' - ' V is noth_ ing bu_t a quasi-
ac-group in its e-"~'~*enc-e. 

Mo_eover, we have 

Theorem *~) -') ' I.f V 'is simple [:12] , thelz V 'is a ql'casi-_/a),t_grotrp. 

Proof. Le_t P pct ocer of TheoT'em 2 1 Then P is cleal'ly the minimal be the set { I } - . - . . 
lae-'*1 of T/ ( Su'chkewlL ch ke nei ) Slnce V 1~~ slmpTe ~Tve have the relatlon P:-1V. This 

means V to be a quasl c'-'al!'- gloup 

(c(~~~)' )O ~eri~els of inversible sern~_~ro~aps w~th prir~litive idern~potents. 

~f an inve slble sernlg Oup ha: at least one p ~m~'crve lcerapotent It haas also a mlmmal 

iclleal (Suschkewitsch kernel). s) J, 4, we shall investibaate the stLucture of In p~:.ragi'a.ph 1:' 

mver'ib*1e qemlgroLlp havlng7 at lea t one prlmitrve iden~;potent Hereafter ~; will always 

de._note an ir.versible sen~igroup with prirnl'L-rve ' ' idempotents and ~ will denote the kernel 
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of ~5. Moreover ~5c~~ and ~ will always denote the totality of alJ idenllpotents of ~; and the 

totality of all pr".rnitive idempotents of ~; respectively. 

By the defillitor},s of the in.versibility and the prirr)itivity it is easy to see that ~s(~~ and ~ are 

subseml'grou_ps of ~:, and that ~ becornes an ideal of ~3c~~ (see [3] ). 

TheorelQot 3. 1. ~; has a ker/zel, which contains all primitive idelnpotel'zts of ~;. 

Proof. Let E be an. y ideal of ~;. We shall sho¥v Lirst tha.t E con. _tains the set ~ . Take ILlp 

an,y x~E. Then there e.x~ists x* ~:~ ~; such that xx* := x~:,-x(c~ ~3c~~. lL we put e = xx*, e is an 

idempoten.t con_~tained in E. Her].ce any prin)itive idern_pc'tel"t p of (~ is cor!_tain.ed in E, 

since E is an ideal of ~ a."_d sin*-e the relation pep = p follows from the defio.ition of the 

primitivity. This implies ~CE. Lbt n Ect be the intersec~*cion of all ideals Ec~ of (~. Sin"_e 

the relation In.oeEoi~)~ follows frc~n the above rela'L-ior!' , nce Eai is not em:pty , ar)_.d hep_ce I~ot E(It 

becon)es the kernel of ~. -

Lenxrna 3. 1. ~ is fornltdarized as follows ; 

~ -- ~ei~5ej , ,'i,,>je ~3 

Ptoof. l'vei,~eJC~~ is obvious by the rel ation ~C~~. Accordir,gly we ~nay sh_ow the con-
f*"'j ~ ~3 

verse of this relation.. T, ake an elernent e/' ef ~. Ther!_ we get the rel ation ~eic~F=~}, since 

~5eh~ is an ideal of ~; such that (~ek~5C~). Let xeh._v be any elercter!t of ~;eh~. Then there 

exist two elements x*, y* of (~ such that 

(xeA'), x~k,' = x* (xe!~') ~c~ ~sc~~ . 

(ek_v)_v* F=-y* (ehy) ~:~ ~Sc~~ . 

Let (xeh) x*---e an_d let (e/'y)y* er . Since xeA=(c~ C (e) and eh_v(c~C(e') , where C (e) an_.d 

C (e') denote the i-compon_ents of ~; at e and e/ respectively, the relations (xeA,) e-e(xe/~') 

and (e/'y)e/=-e!(ek_v) hold. On the other hand , x* (xek,) eh - ee~ . Her!_ce x* (x:ek) = ee'~ , 

which implies e-=~eek~~ ~. Sixnilarly we have the rel. ation e! ~- ~. 

Therefore 

xelv xe e/_v - (xeh) (ee/) (eAy) = (_xe ) ee' ~e v) e (xeh ) (eAy) el 

- e(xekv) e! ~-~ e'~:e' 
. . ?, ., ' *'1"ei 6 ~3 

and this iu)plies ~~-･~;eh~;C~ei~5e. . 
,'i,'~ s ~3 

LerDma 3. 2. ~ is formulari,~:ed as follows ; 

~~~~3(:~~ n~. 

Proof. ~C ~sc~~ n ~~ is obvious by the rel ation ~C~~. To show the converse of this relat~ 

ion, take up any element e of ^(~J,, f~l '~f~r~:~ . Since e(c~ -;1ei,(~ej, there e_~~._ist three elements ei, .X, ej '*uch 

,i,'je;I~ ' 

t,hat e~~:~~~ eje~, x(~~~; a,n_,d ei.xle.,j-e. If e! is a,..,n element of ~~Sc~~, then eje'ei-e,,ei h_olds. For 

the followir_g relations hold successively ; 

･ - e,j (e!ei) ej eJeiej, _ 
e
.
7
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e,ie' (e.iejei) -- (e e ) (e e ) 

e.je*e3 -' e., e,i. 

Since (e,ixej ) e/ (e,ixei) ~~ (eixe,j)2 , vre ba*ve the relation e e/e-e This m~plles ee~, and 

~ 
h._en*-e ~5('~ U ~r_~. 

Lenxrna 3. 3. ~~ is alz i~zversible secbsemigroz,lp of ~;. 

ploof Let x be any e'lem~{',.t of ~~. Then the e e-.1'ts x:~~ (c ~ such that ~;x* x*x~~ ~sc~~. 
.~ 

~~7e put e-x:x~ Slnce e Is ~*n idero:1)uterlt of ~~ e(c~ follov'f* flcm Lemn~a J;. 2. Let x** 

-ex*e. The._r). x*.* is an elern..en.t of ,~~ Such that xx** x**x(c~~. TTnus ~~} bec:omes ;~n 

invresible subsemigroup of ~;. 

Lemma 3. 4. Every prilnit'ive idempotent is a Iniddle gtnit of ~~). 

Proof. eieJe/'-~eieA, holds for al-i'y elements ei, ej, e,~ o'J:~,_ ~ as ¥~v'e see in, the proof ef Lem_:tna 

3. 2. Her}.ce this lerDJo~:_a is obvious by Lenxna 3. 1. 

Since the kern,el of a sernigroup is silr~ple, above three Len~na*'~ 3. 2, 3. 3 and 3. 4 can be 

summed up as the following 

Theorern 3. 2. g~ is a simp!e slid special middle gtnitar_v in~'ers'ible se,nig'rottp. Acc07'd-

ingl_v S~:' is a q~rasi-d;-'(;)rf -bo'ro~rp. 

Corollary 3. 1. If ~ is a comln~ltative semigroup , then ~~ is a subgrovrp of ~;. Accog'ding-

ly ~; is a ho"mogro~rp. 

Proof. Accordir!:,g to T, heorem ~)-. 2, ~) is a quasi-ac-group. On the other hand , ~ is a 

cornn~tative subs_emigroup of ~ such that ~C_~~~). Hen"-e it is easy to see that ~ is con.sis-

tin_g of on.,ly or.e elen:~el_~'t. This means g~i to be a grou_p , since ~~ is the totality of all ide-

mpotents of ~). 

Corollary 3. 2. Let S be ale invev'Isible se7nibo'roei:p h.avin.~o' , at 1110st f'inite ide7npotents. Th"en 

S has at least olle pri7nitive idempotent, and therefore S has a kernel which is a simple 

alid special midclle ~lnita/'y inve,'sible svtbselnigrop. 

Proof. Let I be the totality of all idempoter~ts of S. By the assumption I is a fir.{te 

subsern;igroup of S. We show first that plp qlq implies p-q for any t.wo elerrlen_ts p , q 

of I. Assurrle that plp = qlq. Then the _fcllowin*a relations hold successively ; p =pap , q= 

pqp, pq=qpq, pq :~pqp an,d p- qpq='-='.pq -pap - q. T, hus plp qlq implies p - q. Now '._ince 

the collecton {plp I p~._,~I} of subsets plp of I is ~inite , there e.x'ists at le;T*st ol'_.** min_irn;al 

set plp(~~ {plp I p~:~ I} . I~ plp is n_ot consisting of o_nly ol",e el. erner}:t p , the_n there exists q(c~ 

plp such th~:t- p~q . Clea ly plp~;qlq T,1'iis is ir!"*-n'-~p;atible, f_or plp i*' a minimal set 

of {plp I p'c~I} . ThlL;Is we have the rela;tion plp -- {p} , i. e. p rs a prlrrlltrve idercLpotent 

of S. 

Rern-~~rk. N. K ilr~ura showed that a fin_.ite serrllgroup , whose elerr)ents are idempotents , 
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has at lea'*t oTn A prlmltrve idempoter:.t. T,1"I-~'- proof of C_orollary 3. 2 is du.e to'N. I~~*irnur,~;= [3]. 

Corollary 3. 3. A,"e_'/ s'il~'rple alid ill7,_'ersibl_.e;2 selFligroebp havile.g at ,if'rost fiJlite idenrpotent.s is 

a q~lasi-~~_a~,e'-grof~ibp. 

Lemrna -3). 5. ~5 is simple if alid only if it sati.'fies trl_1,e Jcoowin._d coleditioles ; 

(C. I ) every ide;ft.potent ~s prt"/mtlve 

(C 2) axa----a 'is solvable for all"y gi7Jen ac~; 

Proof. IL __^, ' ~; 1'* qlmple tl:~en accoldina to the r~eflr 'tion of th_e s~_n"iplic_ity the re'*~_",.tion. 

S~]-~ hol~s He,_' e the ner'_e~--sltv of ou r:ond,tlon~ Is ob',7!ous 7~,vV the defn~itiori. of ;a ql_l~_si 

a:' group. To prove the sufficie_n,cy .. we ;ts'un~~ thrc (~; *~ atis leq 1~he condltlor]s (C. I ) a_r),d 

(C. 2). Let a be a:-.'.y elemer!_~t of c~c~:.. p,~ccoi,rc~' ii-,.g to -i..1-~P_ a;~~"ul-rLptior). , there el~'.'is-_ts x(~~ ~ 

such th-~;t axa a. Clearly ax(c~ ~. Col_..~,sequei'~'.tty a.',1a=c~!.~~ ,~~:~. Hen'.e ~C~~~i , al'_d hen*.e 

~;:_--~i whir:*h completes our proof olc tlYl~is lel~c~ma. 

Theorem 3 3 ~; Is a qu'a.'t /'_a~,~( groerp iJr and only If st sat~ J Ies the followtl'"bo' colz-

ditioles ; 

( C. I ) ever_v idem.'potent 'is pri~n'itive, 

(C. )*) eqxa-a is so_lvable for any ~'cf'ive;.', aH._-~. 

PrOef. Obvious b'_7 Lernl~:"ia 3. 5 ari. _.d Theoreri~ 2. _7. 

Corollary 3. 4. Le;i?t S be a'n i7eversl;ble se,ni~p_'rv~e,rp , aud let I oe t/7_e totality of all idem~ 

potents of S. If th.,e relation ax~=,-'xa~I ";?,as a u'n'iqzte sole~tiole for a';ziy **o'i,',_,elz e[ement a 

of S, then S is a qlbasi-_.._o"I;_(5cfro~rp. 

Proof. We show~ firsjt tha.t every ~d,_enlpotA+r_'.t ef S is; pri.mitive. 

Let e an.d e' be *A:ny two ir'_~Lernpote'r"'ts of S Then th..,e followir}_,.,o' r(-_'1atio',-~~* hol,d ~*ucr:"~~)ivel'r ' 

. - * = . *. .' -~ ~*"*~ J , 
eefe~I , , - ee'eH._~1, ee/e'e=~ . e . ee fe 

.-ee!e'e(c~1 a:cl;' d e,c~:~1. e ' eef e 

By the assumptlon we have ee!e ~= e_. - . TherefL)re A<.~l!_~f idempoer"..t ef S is prlmltrve LT*1r-*o 

Theoreml. ･4.. CorrJll~:L'y l. 1"~ind T1-._~er_"rerrL , we _-~:et tht'..- r:rnJrollar ' -_+ 1) 
J. :~ 

Corollary 3 5 -T,'t ~ be an Invcrelble s(1ls~grot p . , ,.__, ,,f, . I'.'f c~_.o is lcft (right) calecellablc , t,t'lcll 

S is a ql'~asi-(~_-a~,~_grozrp. 

Proof. This col'oll,.'~_." 'j~ is obvious by Cc'rollary 3. ~. , sinr:_e the relatlon .'/.x - xa~:~ I has a 

unique solut.ion for any given elerrLent a 0~ S if.. S is_ Ieft (rl.'ght) car'.cellable (q*ee tlne proof 

of Coroll.ary 1. 2). 

4. Con~',tru.ctio"n 'v~'f in.1:,7ersibie'-. '*e,n'iigrou.p"~- ~Tv~lt]_:1 1-i~rirr~;itivri__-, ;.n7,.._ernpt~tents-'. 

Let U~ be ally semlgrou.p *"n'~ le E De ~; 'y 1"_> 'Y vJc:, (.- T~+¥ee~~ ~.,･,ine. tr!~) 8ciG,,r emlgro 

/ into ~- sir.'gl_e zero elenle_i~Lt O , whlle the up G E e3ser.tially th_-~t o,~i_'tine~ by coll.a*r'3ing E 

remaining e~err~ente of G retain their ideiltity Thun t~ e G E 
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eIen1ents　｛s　defined　to　be0　迂tbeir　θ一Product　1ies　in　17，盆nd　otherwise充o　be　the　sam6

as　defined　in。δ［6コ．　　Now吐e　R鋼s　f蜘tor£emigroup一壱／厨beconユes　cIear1y盆n　in▽ers－

ib工e悦卿至group　w北b鵬ro．

　Con▽erseIy　w台consider　the　probヱem．of　consむu硫三ng，for　g呈v8n　qu鯛ポ9仁9roup　Q勧nd

giYen　inYersib1e　sem－igroup刀w虻h　zero，every　possibIe　in▽ersib1e　se卿igroup6＊　with

p岨m伽∀e遍e皿pote耐s　wh且ch　s就豆sf蛇s出e　foHow且ng　cond伽ons，

　　　　　　　　　　　　　　　　騒　　　　　　　　　（R　l）6＊声Q＋刀＊う

　　　　　　　　　（P．2）　⑭’is盆n　ide盆1of亀＊（hence⑬三s　the　kerne1of6＊，since　it　is　a；

　　　　　　　　　　　　qu鯛i一多呑一9roup）、

（・・）拙に二｝二篶㍍、。、

wh・。・・d・n㈱th・6・一P・・d・・㍑nd刀・d・mt…h。・。t．fn・。・。。・。1．1m㎝t・。f皿耐・

sh寛1ヱc＆11such盆　（111；＊　an‘五p－extensionユofρby1）．

　AH．C1搬oid－cons夏d鉗edtheprobIem，ofcons打uc打ng，forgユvensem1groupθ我ndgwen

se㎜且g正oupτw並h　O，every　poss且bIe　sem1groupΣcont刎mng　o盆s盈nエdea1，such　th就

Σ／θis　isomorphic　with　z　He　caus　such　a．Σ伽‘extensionフof　G　byτ、He　showed．

the　fouowing鵬suIt〔1コ。

　Th・…血。肋0∫励吻0・物五λ，伽∂肋τ＊δθ伽㈱ψ…椛一鮒・θ1舳絨・ψZ

η㈹舳ηθ炊㈹011ガθリ”・伽肋∂碗〃10ω∫。肋五→λ、吐伽♂λ一今ρ、iあθ刎妙一

が妙ガτ＊6肋伽・α1妙o妙∫σ乙伽∂晩げ財彦伽わイ幽卯㈱1αtづo舳ψθ㈱卿伽一

8々・伽”1θ¢　［λ。βコ　δθα　多戸α例ψ6αガoη　∫α　ψτ＊加G，∫榊1z肋砿　Coη攻　（q1～3）αμ

　　　　　　　　　　　　　　　　　　　　㊧
Sα1械砿刀脇伽伽＄S脇刎Σ＝0＋τ＊ガ0”〃T＊あω・㈱ακ鮒㈱クo弼ガ0妙

τぴμo伽玄o伽紬1兆6ψ〃〃り伽θg肋伽8（N．1～4）；

　一Cond邊A個　ガα8＝6s伽∂sα；曲アoκα〃8，肋θπα＝久

（・1）心イ1ぷ之。、茄コ。

（α・）舳一／11∵む兼コ、

（q3）8（〃）＝（・ρノi）カザ＄，カ∈0，伽バ・，λ、、伽∂ρ、、㈱伽為城

（M）舳一に、了ブニ∵二㌶二㍍＝、

　　（N．2）ム・8＝λ■＄び8∈0，λ∈τ＊。

　　（N．3）　3oノ五＝3ρ五くグ8∈θ，ノ1∈1■＊．

一（N．4）3・彦二鮒ゲ3，彦∈θ。

R・m・・此［＊ユλ口，ハコ・ndρ・■，別細・t・th・・p・・i・11・ft・・d・lght虹独・1・ti・Ω・…p・・tl・・1y，
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which are induced by [A, B] [1] . 

A semigroup is called a ' zero-semigroup ' if it contains a zero element but no other 

idempotent. The R.ees factor semigroup ~;/S~ becomes a zero-sercLigroup if all iderrLpotents 

of ~~ are primitive. In this para*araph , we shall show a result which is closely rela.ted to 

the above theorem. 

To save repetition , we shall adhere throu.ghout this paragra.ph to 'the following nota'cions. 

Q will denote any quasi-~~~~'-group. D will denote any inversible semigrou.p with zeto o, 

having no elements in common with Q. Especialhy Z will denote any zero-serrLrgroup , 

having no elements in con~mon with . Q D* and Z* wlll denote the sets of nonzero 

elernents of D and Z respectively. The *_mall letters a , b , c , d , e, s , t , u , v , will always 

denote elernents of Q. Except in Corollary 4. I , the capitals A , B , C, will denote elements 

of D*. These will denote, in Corollary 4. 1, elements of Z* . IQ will denote the totality 

of idernpotents of Q and ID will denote the totality of nonzero idempotents of D. ~7l! and 

(ZR Will denote the sem;igroups of left and right translations of Q respectively . For any 

a~~ Q , ~~ will denote the special left translation induced by a and p~ will denote the special 

right translation induced by a [1] . 

Theorem 4.1. Every i. p-extel~sion of Q b_v D is fomrd as follows. 

Let (p ; A => ~A and Vr ; A->pA be m.appings of D>,~: i'nto '7!; alid (7R respectivel..v alid let 

f ; [A. B] be a ramification set of D* in Q , sucll" that Cond. (C. 1/_6!) are satisf'ied. T.T7en 

the class sum (~ ~ = Q~D* of Q and D* becolnes an i. p-extension of Q b_v D rf product o 

therein is defileed by the equaTions (N. If - 4/) ; 

AAJ! if AB+0, 
(C. Ir) ~A~1~ ~CA,1"D if AB=0. 

pAB if AB+0, 
(C. 2r) pApl~ 

pcA.1~~ if AB=0. 

(C. y) s(~At)=(spA)t, that is, ~A and p.i are linked. 

(C. 4/) If there exist no elements B such that AB=BA~:-ITj , then the e exrsts s such 

that ~.Is = spA~IQ. 

(C. 5f) [E, E'] ~IQ if E, E' ~- 11) and EE'=0. 

(C.6') ~Feel(2, epE ~~Io. and e(~Ee) = (epF)e=e if Eell)' e~:~Io 

AB if AB~ O, 
(N. 1') AOB 

[A.B] if AB=0. 

(N. 2f) AOS=AAS. 

(N. 3/) s oA=spA. 

(N. 4/) s o t = st. 
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Proof. Let ~~* be the class sum Q+D*of Q and D*. Assume 'that ~~*-product o is 

defined by (p, ~f, f satisfying Cond. (C. If-6!) and by the equations (N. 1!-4/). ' 

According to the Clifford Theorem , ~; * becorD:es an extension of Q by D since Q sat-

isfies Cond. A. T,o prove ~~ * to be inversible , we show first that the cla~s sum I=1Q+ 

II' of lq and 11) becomes a subsemigroup of ~; *. Let a and p be two elernent of I If 

both ci and p are contained in -ro or in .rr), then c~op is contained in I(). or in IL) according 

to Cond. (C. 5'). We assume that a~~ID and pe-rrl' Since a'op=~in p by (N. 2'), aop(~-

I<2 follows from Cond. (C. 6/). Similarly we can prove the relation oiop~-IQ , if oi(~~IQ and 

p(~--rl)' Hence I becorrles a Subsemlg*oup of ~*. Moreover it is obvious , by Cond. (C. 4/), 

that to each element ah__,~ ~~* there exists p(c~~:* such that oio~=~o(~(c~1. Accordingly ~* 

becon~es an i. p-extension of Q by D. Conversely , Iet ~~o be an i. p-extension of Q by 

D. If we take a ramification set f ; [A , B11 of D* in Q and mapp-'ngs (o , ~f of D* into 

S:r. and~:R as follows ; 

~p ; A->A.1 ' where AA is the left translation of Q such that ~At = A*t ( * denotes the 

~5*-product) for all T~- Q, 

~f ; A->pA , where pA Is the right translatiori of Q such that tp.1=teA for all teQ, 

f; [A,B] =A*B if AB=0, 

then it is easy to see that ~o ~f and f satlsfy Cond (C If-6/) and that ~;* product o 

Is the sarne as the product o defmed by (N If-4/). Thus our theorern. is completely 

prbved. 

Moreover we obtain the following corollary as a special case of Theorem 4. 1. 

Corollary 4. 1. Ever_v i. p-extension OJC Q by Z is fomid as follows. 

Let ~p ; A->~A alid ~r ; A pA be m.appilzg.' of ~r* ileto ¥7:1' alid ¥7R respectively and let 

f ; [A, B] be a ramification set of Z* in Q , such that Cond . (C. If-4/) are satisfied . 

Then the class swal ~*=Q~Z* of Q and Z* becomes an i. p -extension of Q by Z if 

product o therein is clefined by the eq'uati07zs (N If-4/). 

Corollary 4. 2. Let e be any idelnpotell.t of Q. Then the class sum ~~ * = Q~D* of Q and 

D* becomes an i. p-extensiol'l of Q by D if producto therein is defined as follows ; 

AB if AB+0, 
(1) AoB= e if AB=0. (2) Aos=es. 

(3) SOA = se. (4) sot = st 
Proof. Let ~pbe the mapping ; A->~. (special left translation) , Iet IP be the mapp-

ing ; A=>p. (special right translation) and let f be the ramification set ; [A, B] = e . 

Then this corollary follows from T, heorem; 4. I , since these mappings q) , ~r and the rami-

f:cation set f satisfy Cond. (C. 1!-6/). 

7
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Surnmarizing the results of paragarphs 3, 4, we obta_in the following conc.lusion. 

Let G be any inversibJe semigroup with prirnitive idempotents. Let Q be the kernel 0L 

G , and let D be the Rees factor semiarou.p G/Q. Then D is an inver'*ible semi*aroup with 

zero and the structure of G I competely determmed by Q D and a patr ( ~p, ~~, f) of 

mappings ~p, ~f and f [A B] salt~sfym*a Cond (C I -6 ) 

, G={Q, D, (~), IP, f)} 
Especially if we consider G only for inversible semigroU.ps whose all idempotents ;a.re 

prim;itive , then G/Q is always a zero-semi*'roup Z and hence we have 

G={Q, Z, (~p, I~, f)}. 
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