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§ 1. Introduction
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ET3, AB
(&1, %2, %) (Y1, Y2, oo s yn Y=(x1y1, Hoya, oo  xn )

RBBECRTLERL B0 M\ BUWHLG, G, Ga,, G, OEWEES o LUEBGHEG!
& right (left)singular monoid [ [E1% | 2 ¥,y 6@ BIC ay=y(ay=x) K 2HEE] LOE
TRICFARA 5RGE right (left) 77 -group &R0, ‘@%Gﬁ right singular monoid, left sin-
gular monoid, group OEH & FAIAIFGE quasi-7-group & Eiao X TE.BEGHK O L
(ALY (D GriEdial &d—2K (B) BB FET 3, tO—Dke L ThiE

(I GC& N BEEOACKL aa-l = ¢ (e~ a=0) k3% (&) WANFET

20 : .
FURT 38, ZORICIE D G right (left) 7-group & 7s 3HEEHC =, = OHTHICE 5
maficd b, VD gz o sse R ESEticA T, ERGH ,
(D GRAEb—Dmiddle unit £ b b, £O--D% e LFNE
(D RO G ICHLT, eay=yae = ¢, aya= a kil y BT 5o

YR T 3E:, Fo R B D GlE quasi-T-group 783 gz T (AL e 5t 1B GO
middle unit TH 3 LI, ¢ = 6T G my &5 5 vey=1y BRI F BRATCTH B0 L0
& *— operator ¥ b DB *— monoid ® &7 regularity, coregularity %l T B HeRE &
PR BEBACRT, 5B (A1), (A2) & *— operator, regularity, coregula-
rity & OEIOBGA BISHIC AN TWB ARSI, FOtype FitEdT 5 FIEEK IFHATH 3
LBDNB. XOTUTENEDHOBRICOVWTRAL THZVERS o

§ 2. 7 -group & regularity, cdregulari'ty, KX dual endomorphism
& DR
[Lemma 1 Jrigt (left) 7--group. G lZRKOKELTHERE T30
(1) Goak3FEED e CRHL aG=G (Ga=G)s left (right) coregularity
; (DD Goakbz3EEDaCHL, ax=ay (xe=ya) 55E x=y BRILT,
left (right) regularity

(RERH] righty -group OFFO HFEATIIEZ LS, G Asrighty-group 72 51X G 1& &

(A1) 28H%FTHhe (A1) ERETZIHEBL) ORI IEETZ2 L\ v (1) FED ¢ 25

(BL)



2 3k aGCG RS MICHEE RS RELD aa-1= e( elkGTRIT 2 ERMATEO —D)
B2a VN EET 20 bECGRZ EEDO O EENIT aa—1b = eb=bs KDTHE aGs
Bls aG=G,o

() £ GersBEBLTEELES,

(a) Gecae, be 7.5 (X aebe= abec Ge

(b) e=eeecGe, BD Gesaein 5K aes e=ae In. 38 e 1% Ge ITHNT 3 BAfLTT, ,

(c) GesaelF 32, aal=el?alcqL, aecale=aa-le=eh 3ifale @Ce

TR ZHEMTTD 30
B Ge @B & 730 i ae DHTCIRa1e TH 3, ST ax=ay s 3k alex)=a(ey)o Thl
L bale-aex=a-le-aeykDOTex=ey, Bib x=y,
[Lemma 2 ] left (right) regular, left (right) coregular 75¥ERE GITHR CTIEIROSMEHSBLAT,
T30 EED alTHL a* B3EZ D
(cy )y (D (ab)* = b*a*
(D (@*a)b = (aa*)b=b [b (a*a)=b(aa*)=b]

(FEWI] dualic FERAHIR 2455 left regular, left coregular 7l O HFEB T3, FEED
alCH L cG=GRBRIEMNDS gea = aln? ea WHET 30 M\ B D=2 ECe L {E
LT3, aca=aalrdiflea=a, Blbellea=ae=a 2HMRETZTLTH 2, & THED HeCG
LT ac=b%k2% cHBFEEL, I\ 3 clCDWT eac=aco HiICeb=bo 2 1% e IEBFLTL 7
BEETRT, ETxECGH3 xICHL, xex = x5 2 ex BHE—DHEL, BOM N 3 e ICHL
T, %%, =es 72 B w,, Hunique ICEE BERERICHNIMES 2o, e=XRE BIE 4 &
FICEDT—BRCRETZTTD 3,

(1) (8%8) c= (bgre-b) ¢ =(b,, b)c

ET(b 1 0)=e TH 3o 8o 00 BHHED ¢ & ARITHLIL 2HEBI S NTD B,
bb;bl = o BB Wb, D) =esb=bg, o BIL (5%0) ¢ = c MPILT o EHIC (Bb*) c=c i
2HELbMNB (EHEE

(D Wic (aby*=b*a* £E5,

b*a*=(b_el1) -e) (ae—al ce) = b;bl a;al

‘e = be_bl- ae_bl - (emp-e) = (be_b1 . ae—;’eab)'e
_ 1,1 - 1y = “1p-ig,— —

%5 (ab) (beb a;l eab) =Gen @1 Can=Cab fitic beb a}ea (ab) e;b
koOT b*a* = (ab) ! -e= (ab)*

€ab
(] Lemma2 XD ¢ (a@)=a* L THE ¢ ECHLCOR~O—EEHTHD
¢ (ab) = (ab)* = b*a* = ¢(b)e(a)

7221, ¢ I& dual endomorphismT® 3, A \ 3 dual endomorphisme (%

a-p(a)=aa*, ¢ (a)a=a*a
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THZ05 ap (@) R ¢ (@) a BSHICERMTTE L 30 OB ¢ T Jeft unitary dual
endomorphism £ Z5, WICHERGICKFL T, Ghd GO left unitary dual endomot-
phism ¢ 233 3 L THFEED acGIRSFL T ¢ (@) = a* LI EH \ 3 *—operator |&
Lemma 2 2§23 %, £OTLemma 2 @KOEICEHZ 6N 3, BB 3
left (right) regular, left (right) coregular AUeR: GICHRTld left (right) unitary dual
endomorphism BHFET 20
[Lemma 3 ] ¥E#GHSEM (C) EIiEE right (left) 9-groupTd 2o #E T ILX Gritid |
3 left (right) unitary dual endomorphism 23FET LT G 1& right (left) ¥ -groupTH 3,
J[FEBA] GOBEEDTT altOWT, aa* Lk a*a isEBRALT & It 556 right 7-group I€ G
MEBZEEED o (aa* LU a*a SERMITLE K258, Ghslefty-group &3 HOFERE
2 dual CHEZH5)0
(a) &5 G3als3-D20a%fix LTEZ 3,
ata BEBMTTD 2z e 25
(b) BECHRBERD b & LT
b (b¥a*a) = (bb*) (a*a) = a*a=e, BIHGIE b LT3 ATtk HoT Lk 3,
(a) (DIC 2 D G R M TEenid DT, RO @ IO LEMTENHET 5 EHB bl bk
DT (A1) BRIL T 3FE It b Gl right-group TH 30
DD EBEerR (G o (D OB ERETIEGH right (left) /7 -group 752 L &5 HS
Zbizo
- DB [Lemmal], [Lemma2], [Lemma3] %% & ®HTRKRO [Theoreml] 4%,
[Theorem 1] #BGICBIL TILKRD 3 &3 equivalent TH 30
(A1) (DCRFPELED—DE (R) BLTAFET 2, £O—DEel il
(DGrFENIEROalCHLTeal=e(aa=e) BDH () LA TS
Do
(B1) ; () Ga BBEED a CHLT aG=G(Ga=6)
(D Goa RBEED ¢ CHL, ax=ay (xa=ya) B&F v=y BKILTo
D o CHL o AR D o
&y (1) Capyr=trar
() (a*e) b= (aa*) b=0[b (a*a) =b (aa*) =b]
Hic ko [Theorem 1] #E#zhERoMmL K30
[Theoorem 1’7 M¥EEGIEL TIEIRD 3 &ffldequivalentTH 34
I Gl right (left) ¥ -group
I G i3 left (right) regular B left (right) coregular
I GcirF3 left (right) unitary dual endomorphism STFET 3,
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§ 3. quasi-y-group & *-monoid
(Definition) *- operator OEFEY- 5 L7z ERE G 748
(D EEOECES alCHL, (a*)i=a
D EED a,5€G B 0, bICHL, (ab)k=b* o
RS 28, G% #monoid : =5,
i, BEDecG i3 alcktl, aa* 3% middle unit Ekc-ﬂ%ﬁ +-monoid G ¥ semi-

unitary *-monoid &= 5 (4)

© (Lemma 4 ) %8 G %S quasi-#-group % 5 (3 G Rk OLBETHER T3,
(C) s BEDacH LT a* 335EZE D
(D) GaxnbiT axrx=x ‘ : iz gl
(D Gax,y,2%bF 2 y*z=x(y*y)z=xz T d
GE#T) G 4% quasi-7-group TH 255
(1) GrEAEL &b —o middle nuit BFEEL, OOk e &L
(D 'EE%"O) G ICH LT eay=yae=e, aya=a %y BHEET 30
BRI Tz S ETxeGETREELD,
exz = 2%X¢e = e, x2x =% -
7B 2 WTHET B i, eze =xk LT ¥4 4 1T E D —EHNCIEE B ofTHo SHIO—DD 2"
kb exz =z'xe=e x2'x=x LEOTKHDEFTNE 2exz')=z2¢ FoOT zxz":ééeo
BNt (zxe)z’ =ze LDOT ez'=z2¢ 2|k ez'e=eze ¥ EWT 2, WlC x* |k x T X b —FMiIc -
EE Do
(1) xx*x=x(ez¢) x=x2x=x (BL O ZE 2)
(D) a(xx*)b = éz(xeée)béa xzb=a (ex2) b= ach = ab
a(x*x)b—‘a (ezex)b azxb —a(zxe)b aeb ab
o7T (Lemma4) Vi@g\r'g“%o J
(Lemma 4 ) Lkl
(Lemma 5) ## GHEKLMHE (C2) 2HRTHLE G‘Viquasi-v‘-group TH 3o
GEW) Goalrzakl b, ara=e L, MaEIE
(D (a*a) (a*a)=a* (aa*a) = a*a (NI
b, b ceGia3 b clTHL ba*a)e=bc 75h 5 e & middle unit TH 3,
(D beGiz3ks ebre=y LINE
eby =ebeb*e=ebb*e=¢> =¢
ybe=eb*ebe=ebtbe=¢? =¢

byb=beb*eb=bb*b=0
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XDOTGR (A ) EHeThb quasi7-group Tb o

(Lemmad), (Lemma5b) X hEICKD (Theorem2) &3,

(Theorem2) #EFG %% quasi- 7-group TH 23k, ZTORHCIED (C2 ) KL T 20

(Definition) M#£E:G 238t G.’ & right singular monoid | Ktz & dual isomorphic 7
left singular monoid J o EKICFEIAL 28, G % symmetric quasi-'z;‘-groupm EZE 5o
- (Theorem3) Semiunitary*—monoid G ICk\WT, F£ED a CHLEK asta=a ASEKALT,
27 51 G i& symmetric quasi-7-group T 3,

CRE®H) (Theorem2) & b G 78 quasi-7-group 743 HEH 5 3y, symmetric % 2 FZ RO
BYITH 3, Gl quasi—T-groﬁpE%.ﬂzEE%ﬁ@ G It & %43 maximal group G', maximal
right singular monoid R, maximal left singular monoid L ©oE# (G', R. L) EET
» 5(2) o

X T R* ={x*l xe R} ETNE R* 13 G IC AT 3 maximal left singular monoid & 3,
& R¥Dx%, y* LT 3R w¥y* = (yx)* =%, LOT left singular Hic 4 ADR* 3,
G T & E 3 left singular -monoid 4 233 3 & FiF A*= {x*lxeA}& Tk REFARE
A* |3 right singular monoid & 23 ENEHCAMSN S0 A*D RIs 21, R% maximal 7z
right singular monoidTH» 3 H L E 2 ¥ CTA*=R B3, LI DOTA=R*, BIbZFR* 43
maximal left singular monoid T® 2 HE/RT, #iC G & G, RR* O (G . RR*)IC[FH
LBBo RDIL—F RE: R¥E Rox TH L a*ER* L3R & &3 MEI%IC & b dual isomo-
rphic CH 2 FHREHICHM SN 35545 G & symmetric quasi-7-group Td 3
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