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On the Vibrations of a Clamped Square Plate 

Uniformly Compressed in One l)ireotion 

M. Hasegav.'a 

( 1). The problem of the vibration of a clamped square plate under tension was solved 

by A. Weinstein and W. Z. Chien and tllat of a ciamped square plate under shearing 

stress by the author. 

The problein of the vibrations of a clamped square plate uniformly compressed in one 

di-L'ection_ is one of the important and interestin*a probiems. We shall now here consider 

this problem. 

(2) Let u_s take coordin~,te axes (ox, oy) in the middle plane of the undisttirbed as in 

Fig. l, o being its center and axis oz perpendicular to the plato. Theedges x= :!: l, are 

assumed to be subjected to compressive forces, 0L unifornt intensityN per unit length of 

edges. The difLerential equation for the transverse <iisplacement w of a point on the 

m;iddle surface is 

6dw a4w 62w D +2 64w ph02w O + +N ~:]~~ -a xi ax2 6y2 6y4 u^' 6 ~ 

'o ~ 

~
 

(1) 

in which 

h = thickness of the plate 

t = time, 

p = density of the plate, 

Eh3 
the flexural regidety, 

., 12 ( I a-) 

a - poisson! S ratco, 

E F= Yoet;ng/s modzdtts. 

The boundary conditions are 

w-O and '6w o at x-~1, 

w=0 and 66y'=~w_. O aty-:~l. ,' 

As the p,oblem caunot be obtained explicitly in terms of elementary Lunctions, we 

will use ' the Ritz method. According this ~rD~~thod , the mode of the displacemen'c is 

assumed. If we assume the following mode 

w - W(x, y) cospt, (3) Eq. ( I ) is transformed into 
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6i W 6L W 6LW 02 W - KW--O Ox4 + 26x20y2 + 6y4 + ~ 6x2 (4) 
with the boundary conditions 

W=0 and~W _O at x :~l 
6x 

W=0 and O ' at y=:~l, ~y~ 
where 

N K- php'-
Then, by the m;ethod, we put 

J_1 J_1 t(AW)2 ~ ~66xW_)¥2 K~}dxdy ~ C1 C1 s r (7) U= 
We assurne for the expresslon of W which satisfy the boundar y conditions 

(5), that 

W- (1-x2)2 (1 y2)2 {c0+clx2H! c2y2} (8) 
in which c. , cl and c._ arbitrary parameters. Eq. (8) is i,ntroduced into U and then we 

obtain the following equation 

2
 U = 1225 (c +62) +1576575(c'~+~) + 121275 clc',. + Ij475 1 

~ 33075 + 3b3825 c + ~ + 157~575 c~ 
2 363825 

~ 99;25 + 109;475 (cl+c~) + 2 12006225 clc2 (9) J
 

4729725 (cl2 +c2) + 

By the Ritz rnethod, since the constants are to be determmed so as to U a mmlmum 

we have 

, 6U_O eU O ' 6U_O. (10) 6c.~ ' acl ' 6c2 

From these conditions, we obtain the following equations determining the_ parameters 

co ' cl and - c2 : 

aocl + boc2 = b3co 

alcl + a2c2 - aoco ( 1 1 ) a_,cl + b2c2 = boco 

in which 
~
 al = 1576575 4729725 ' 363825 

_ 1.. K a2 - 1~1275 12006225 ' 

ao~ 13475 ~~ 1091475 ' (12) 
A
 b2 - 1576575 _ . 4729725 ' 1 5 76575 



16 

~
 b0=' 13475 + + 1091475 , ' 363825 

b3 = 1225 33075 99225 ' 

If we elllmmate co ' c and c2 from these equ,',tions ( 1 1 ) , we have the followmg dete 

rmmantal equation 

ao bo bg 

al bl ao A= = O. (13) 

a2 b2 b o 

This ~quation ( 13) is the relation be~w~en ~ and K that is, the compressive force 

and the frequency of the ~ vibration. We then fin_d smallest values of ~ for various 

values of K, and values of C1/co and c~/co are calculated from Eqs ( 1 1 ). These values 

are ,given in Table I and F-ig. 2 shows the cu'_'ve ~ against K. 

Tabl e 1 

Frdm Table l, it will be found the 

mmimurn value of ~ for which the 

stability can beco;me 

neutral is 

~.=24. 94 . ( 14 ) 

Cox3 found for this case 

~. = 9. 367c2=23. 1 
4
 

ThiS value ol ~ *s smaller than 

~. . 

In the case ~ O, no conlpressive 

forces exert and P!of TorD;otika 

found for th_is case 

16K = IJ-'. 2948 or K=80. 9394. 
7r4 

K o
 

2.0 ' 4.0 6.0 81 

A
 

24 . 94 J9 . 32 1 3 . 29 6.915 o
 

cl - O . 81 93 - o . 5490 
co 

- O . 3039 - O. 1358 o
 

c2 -3 -3 -3 -s 
7.63 ,< 10 5.75 x lO 

co' 
S.76 x lO 1.60 /~ lO o

 

~ m Table l, it will be found the 2'~ 

murn value of ~ for which the 

rty can beco;me 

al is 20 

~.=24. 94 . ¥ ( 14 ) 

found for this case 1 5 
~ _ 9 367c2=23 1. . c~ 4 . 

lO 

iS value ol ~ 's smaller than 

the case ~ O, no conlpressive ~ 
s exert and P!of TorD;otika 

d for th_is case 

2~ 

¥
 

20 

15 

lO 

~
 

2 O 40 60 ~
 Fi~. 2 

30 
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In the present case we find K=81. _ . . . - , 
From above two cases we may conclude that the values of A in Table I express fair ap-

proximate values for their true values. 

(3) R6sum6. We have treat the problems of transverse ~vibration of a clamped square 

plate uniformly compressive forces at the edges ti:=~:1. 

The critical values of compressive forces are calculated for given frequencies of vl-

brations and these are given in Ta'ble I. 

This research has been maintained by the grant in ' Aid for Fundamental Scientific 

Research of the Department of Education 
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