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On a Large Deflection of Olarnped 

assumptions the problem of stress ' distribution" in elastic' systems is governed by 

linear partial diff~rential ^ equations. However, if we give up one or both of these 

assumptions, we obtain non-1inear equations. The Kirchhoff theory of the bending of 

el~stic plates ~ is alsd ' baSedi ori  "th6 abtve ~a:me ~ssumptions ~nd~ - 'that t"h'i"ckness ' is 

small compar6d to the ar~a ditriensions. The first a:~~timptlori ailrJ~fs bne td r,. eg-

lect the ~ extensions of the middle surface which actOmphrtie~ ben';'d'in~, ･ while the 

third assumption permits one to consider that th,e s't:raight ~ - .1,i･nes i.niti'~"I.:ly normal 

to th~ ~. ~iddle sur~~ce remain straight and nQrmal to "that surfa~e after "bertding. 

When th.e deflection o_f the plate is of the same_ order aS the thickncs_s, the effec"t 

of the middle surface extension becomes important and must be in considerations. 

the problem of a uniformly laterally loaded clamped rectangular plate with lar~e 

def lection. 

The problem to be treated h~re is such~ 'th~~ th'e di~stribution o~ later~･ai=' Ioad over 

a square plate is s'yrnmetrical to ･ its center 'ah~d the p'l,ate "is ela2np'eds ' Arid, Ritz 

method will be applied. It is very interesting and importa-rit' both ~th'eoretically and 

_Dractically to solve these problems. 

2. Fundamental Equations and Notations. 

Let the plate be situated with res~ip~ct to ~th~ co0'rdih~tes axes ~ as ~hown in Fig l. 

The following notations will be used : 

X.~' Y. Z = coordinates of a point 

2a = Iength of side of the pla-te 

2~ = Iength of side of the square part on Which the load situates 

h = thickness of the plate 
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Y~ Z 
E; p = Young's modulus and Po~ssion?s tatio ' 

D = 12 (1 - p2y the flexural ngidlty 

P = Iateral load per unit of area 

U=total'~nergy of the ~~i~te and 'load 

dz~ cfy. T'xy=stresseS ~in 'the'", middle surfaee- " . _ - ~- ~ - T ^ . ~~'.- ._' '_^' -'. - '_ ~ '" ,"~ :~~ -, ~~i" ~:_ _ s~ 

at/s ' af/jh tnxy ~ bending" stresses an'd shearing . . 
. - Fig! l 

~ " ~ ~h ' 'stress at the surface Z = - - _ . 
* * * * *2 ' ' ~' .' 

Qz; Qy = vertical shearing forces per unit of length on plate 

X=constp Y=const ' ' . " : <･:~ ~~ 
exf9 es/~ fsy-~ extensions _~nd shear in the_~~i~dle surface 

ms9 my~ mzy = bending ~n.d tvy:isting ~ongentS_ per ISpit of length. 

Then th~ fol.lowing rel~tions exists : . 

la2w o' 2w¥ 62w a2vv * y ( mz ~ aY2+ p~~'~6~~X~~)~ :' ' . ;" (1) _ _ = -D¥a~~ D
 + !40Y2)9 m = 

' ~~ ""^'a2w' ' '-~ ~':' mxy = ~ (1 - p) D 
_ _ _ aX6Y' .' ', -'_ - .,'~ ~_-

while the bending stresses 'on the tipper surf:ace Z ~; - h 
_ 2 ' ate grve In terms of the 

moments by : -. '" 

6 6' *' 6 = ~ h2r~x; an =1 h~m_y; Irnty~~i -^ ~ ' (2) auz ' ~ .h2'm~:v~ _ ' 
The vertical shearing forces ~are 

~ ~ '･ " ' ~ ' '~"'a Qx= ~ I)x~~ (Aw) ' Q = -D (Aw~ . _ .~3) ' ' - aX: . .p' y 'a~- ' - .- -
:0'2w . a2w"~ 

in which ' = aX2 + oY2 Aiv 

e'2t' efy and r'zf are 

6u 1 6w 2 av I (aw¥2 au av aw.ew f =' + - + ~ ~:=ax+ 2 aX ; efy =" e a~ + 2~ ~VY/'; r sy ~. 6Y - aX 6X;~Y . 
By Hooke~s law. 

c z = l- p" - ' = I E 2(e/y+pefx) ~ rsy G rfly ' '(~) E .(/es+pe/y) , a , 

-;s -
From the above equations9 we can_ calculate the s."tresses and moments every-

where in the plate when the displacement up v, and w are knovv;n. Three other 

equa_tions which are necessary to det~rrp;_ine the displacements are obtaii-ied by con-

sidering the equilibrium of an element h'dXdY ~ 

6c z+ aT[zy _O- , 

aX aY ~. ' (G) aa/y af/sy _ ' O
 + c~iV ~ ~~ 

eY " UA 
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6Q, ~ ~Q'y ' O '~ (7) 
-asw ~-L '"~ ' f ,'a2~ty' ' , 6;'~'w2' . -

+p+hla aX2+ a aY + 27fxyeXeYf :' 

aX 6Y * ' y 2 ~ '. If we introd. uce the stress fune:.tio.n. F: ~eu:'r_ ' i'ch ia_ s: ~ 

at - o"2F . !!'~" }a2F . -. . (8) 02F 
dy = ~Y2 ; rrsy s'- '6X'2~~ ~ ~OX6_Y._ ' . 

the eql4ations ~ (6) ar;e satisfied identically. 

By usin,.'~ ~qtiati6hs (4), (5) an, d (8) the equati.on (7) becorQes 

. a2F agw 02F -'v"*sw_S 0.~i'2F 'e2w ..(9) O
 ;~AAw p h ~ aY2 ' 6X2 + ~~~ "f..6'~~~'2~:~" - -."6'.X'a~'Y'~ - ' '(a:;:~X:~"Y' "~i - ' 

When t-he ~x.t";.e;S,sions in equations (5i'~ ~te _ ii:ti-tr6d':'･u'cp.d: i'nt'a thre ~~:u'a'tions (6~a.;~;d･ from 

the three resulti'ng equations u and ~ ate. ~'i:~:i,"m'i;",~ate';d:, " we obt.a;;in the following 

equation : 

AAF E o~~2w ¥2 62w o^2w~ . .. ~ " ' ~ . (lO) = {( - ･ ･ -, aXOY) aX2 6Y2r･ - ･ - " 
These. equ~tions were giveti ~ by ~~rtn~n. The " ~two ~~u~'tio'nfs (9) and (10) 'in 'the 

unknown w and F are the rt_ori-1'inear dif'f'ete~ntial e~tna't'!'i6ns ' go~te~ning the' gene" ~tal 

problem of the bending of a plate with large defl~ction_. Sinee these equatlons are 

virtually impossible to sol.;:ve i~ in, 0_st ease's', we ,m;*. ' sst lbc.. .. ,i:h'･a,d -tQ ,.~pp,rGxinl. ai:'.t,;:e_ methods 

of tre'a.tment. To this problem we apply tl.)_e Ritz method. In applying the energy 

mp_thod, we need the e,xpression for the ~ct~i:,,1 " Potential energy of the system 

eensis.,ting ;o;f･ the, _T)~ ~ate and the IQa":ds }u:. pQ~ i~. .,,T., his_ .w'. ill S)e. . 

U ~ '(Aw)2 dXdY f f pwd X dY + ~ (alae'~ +dyefy + r'.y Tfxy)d;:X;dY (ll~ 

- f f - , ･ - - -= f f --
for a clan~ped plate. The first･ anc third integral's are taken ' ove~: the~ . entire plate 

The second integral is taken the part of the plate u.p,_o_ n_ W.-h.= ich ^t,h"e loa, . d~. Situate. 1:he 

first integral represents the strain {energy of bending and twistingp the second the 

potential energy of the lateral loa~~' and t~he third ' the~ st. tain eri'e"rgy of stretching. 

If the membrane s_tresses and extensi,on"s .- in .'^('1'.1) are expressed in terms . of, the 

derivatives_ of u' v and w and make (11) .~imti~ensionless, the energy expression 

becomes 

A I '(AO2~d,y 8 s . , . . . .lC2s (2 2 = ff -f! , ･ ," :f･:~J:'( _ q~dxdy- + 6_ __L~z,~+(2,~~~z+"f/~s'+'C':'--2j;Py+.¥ ~ + ~) 
2 ･* -s-s 

C2 ( 2 1 +2p(~ " ) ~ ( ' ~ "^' ' ~ s 2yl + 2/4 ~2y+~..x+2~yVx+2~y(s(y+2~s~~Cy)j d~d': (12) y z+~ +~ x '.'y 2
 

in which the subscripts indicate partial dif;ii~rentiation and in which -we put, 

y . ~I ke x- ':"X=a" ' y~ ~ 
, z-'-*~" s"0= i~ 

a 

ua ~ - Ua2 . = h'~':~1" ~ ~>v=hs~ ~ ~ W . A -i.Dh~:s q=D~ va pa T
'
~
 

~ ~ h s ,. . 
f a'sa2(1~ll2) c' az:(1.-~:,:;:;:.) _ " f . (1:3=.,~!): 

, _ y ' t'zfa.f~s *'*'. 
s.= Eh2 ' Sy~ Eh2 ~ s = ' zy G~ h2 
s!/ - c"sa2(1-Jte2) _ a'fya~~l-p,s_) !' Tnsy a2 

f 'xy 

' ~ Eh2 ' s - Eh'2 s = p x J Gh2 
As the plate are clamped, the following boun.dary conditions must be satisfied 
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= =*a ( ( )*=~i=(Oy ~1 

(e~ )~~ * i ~ {ej)j= ~i ~ 

( ~ ) - = y=*t *O (~~ ) " *=*1 

(~"-)･= = ~ O ~i (~)j-~I~ 
These conditions will be satis'fied i'f We a~ssu'm'~e f"o'r ~, '~=, arid ~ the f'ol'l"owl'ri'g es~ 

presslons, 

~ = x(1 - x2)(1 - ,g)(bLo + b"~2 y2 + bgo ti~ + b22 k--" j;~) (15'j~ 

sc-r, *^ y(1. - X~)(1 - y2)(boo + 'b!2 xs+ ~~b ya + b._~ x'y2) ' (i'6~") 

~ ~s (i JL x'~)s(1 - yg)~(aSo + ~oi Xs + a6k ygi+ a'2~_ X:~ f s) _; (, 17) 

These ' expressions satisfy the following symrtsetry conditions'~s 

~(x,_v) = ~(x, - y) = - ~( - x,y) = - ~( - x, - y) 

V(x,y) = ~( - x,y) = - p(xs ~ y) -- - c( - e'c + y) (18) 
~(x,y) = ip(y,x) 

In equation (27), aoo is the lonly c'onstatit and a02, aic '"P'r'o,vide ~ri a'd'diti~o'na:1 iriea'ns 

of variation of the deflecti'on form. ~ 

As the expression of symtnetrical lateral load, we ~nake use of t,he, foll.owing 

expressaon ; 

q ~ qoo + q02(x2 + y2) ' '(i'9') 
By Ritz naiethod, since the constaots are to be detemined sp as t.o t'6'tal ene' rgy 

A a minimum, we must have 

=eA . aA 6A 6A ~ O =0 ' . =0 - (20) 
O
 ' 6b20 Oboo ' ab02 ' abas . ~ 

OA ' . OA. ,, . . aA_ . ^ 

O O O . "' Oaoo ' ~a02 ' 6"a~2 '~21) 
The four equations (20) are linear ' in the b's ' arid f'>otind to be 

(Q.513016 - 0.015238 p)boo + (0.066'O"3'2 LL 0.0'15-~38 /~~)b;2 + (O:21';'502'6 -'GLO'0'1"'6'9g'. p5.c'~.20 

+ '(0.027332 - 0.005563 p)b_.2 + ( - 0.0g'O"022~+ 0.15~id'9 ~) ~2"do" ( ~ 0".0~c~45 - 'O'.O~'4~'z:'g Xi) aooa02 

+ ( - 0.004409 - O.eo2729p)aooa22 + ( -O.diS536=" + 0.0'11337p ja?02 i~(_0.0()"~:'2";~7 + O'.OOOi:'5"9 p)'a~02a22 

L0.000097 a222=0 ¥ I .~,." , (0,06603~ _ O~)i5"'~38 Ij)boo + (0.03700~ - 0.0~"I5'~3'8 /e)b02 + (0.03'=~ 1~c'""'O!'~"2'~' - O.'=a'Oi>6'9'3 p)'b_~' ~0 

+ (0.013787 - 0.005'56'g le)b22 + ~O.'O'I3646 + O~.01910'5 ILe)a~oo + (~ O'LO"d'7='3':~ 4'8'"+ O.bO~6~i p)aooa02 

+ ~ -0.007:24･71 + 0.00i405/c}aboa~2 + ( --O.eoi'3~="･･4 + 0.002,2,:9'3: pj)a20s'+ ( ~ Ono06'*i-3 + o,f='~elO:',,,2'42,,･ p)a6~a22 

- 0.000029 a.222 =. O. 

(0.215026 -0.001693 I~)boo + (0.0312d2 - 0.001693 p)b02 + (0.16~~94 L 0.0dil65 p)b~b 

+ (0.024517 - 0.000. 813 pe)b2~ + (0.047657 + O:'~34640, p)a~oo + ( ~ O.CO1566 - 0.00105d:: p)aooa22 

+ C- O".0182'65 + 0.00'7~768p)aooa02 + ( ~ O.ct)4083 + O.'OOg'426/1)a~2 + ( - O.~00776.+ o. .C"~6.~i p) ~02a2~ 

+ ('-O:"'･.fO00038.+0.0000*8"9/~)a2~~=Q. . . . (21,.}2. 3) 
(Q.6.27332 - O:co5563 p)boo +' (0.013787 - 0.005563 p) b02 + (0.024517 - 0.0008i4~s)b',i~ 

+ (0.00991*7 - Ot002338p)b22 + "(0'.OO'/348 + ~v".004,4^u"9p}a. 2bo + (O.Q00468 + OJ0031. 1-7p,)':aooa'0~ ' 

O CO0146 + o o00948 Le)a202 + ( ~ 0.000'2-:36+0&O0080"'- ' ^ 711)a02a22 + ( - O"'.O/)0662 + 0.0005011~e)aooa22 + ( - . 

+ ~ - Oi:･eoo015 + 0.0eoO':28/1)a222 = O' (2･'･~. 4) 
The' equations (21) become : 
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　　　　　　　　　　　　　　　　　　　　　　　　　　　　Table工］［．　亙

　　　　　　　　　　　　　R盈tio　of　def1ection　to皿ユax壷皿ur皿def1ect麦on　a1o皿便％．ax1s

O．297585

1．16542

ヱ．79425

2．54084

4、ぎ5456

樽む5萎5893一

幽

㌣

冬
　
蜘
、
　
帖
　
　
｝
　
　
鰯
　
　
潟
苗
、
　
亀

戸

鋤　鋤　鈎　鰯　繍　事＾ 遜　　戯　　蜘　　　　奪釣
奪釣

酬・κ1

0 O．2 ・．O．唾 O．6拙 Φ．8 1．O

0．4 ヱ O．933ヱ32 0．740915 O．455726 O。ヱ55046 0・O．8 工・ O．9377ヱヱ ⑪。754939 ③．474043 O。並65雛9 O
ヱ．O 1 0螂9雀05工9 05763539 O．485276 0、ヱ72168 Oヱ．2 五 O，943417 似772415 O．496868 ⑩軸五78688 ⑭
1．6 1 O．948880 O．789工44 O．5187ヱ9 O。ヱ90980 O．

2，O 1 O．953463 0．803179 0．537050 O．20工291 O

S避Way　has　a1so　ca1c曲ted　this　case帖 脇鵬eaforthee夏p聡ss工o⑪ζo董the湖ow1一
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寧、・η・：

　　　　　　　　　9＝（工一％2）2（みプ）2蜘十・・糾恥・ダジ　・∵1・葦1・・一燭

Th・・駆餌鰯i⑪n慨迦beid鋤虹c轟班蚊顯鰯は⑫（17ふ並雛騨t塾魏掌⑪撞

　　亙鮒a鯛幽鮒⑬細皿鶴箇鋤蛙鰯s魯e蝕曲e盈b⑳v魯錐鱗鰯豆鰯（凄5）戯e蟹塾g⑬⑥a

apProx1皿説io肌WheΩthe錨賊鑓b蟹o鰯鑓磁⑱鴫鋤組餓確巫鑓蟹多嚇轟鎌蟹鰯繍
珊i11b…皿・1・・・・…t・⑪dt・・bt・i⑪・b・t敏一・pP・・湘就i銑多碗預鮒磁もてカ）f6・

搬e笈餌鰯10蘭⑰fζW魯緬獺誰⑰蹴1a敏髄包t茅1口t臨腕艇施鮒ア，館e　exp鰯・

sion（17）g量yes　a　better　approxi㎜at1on　thaΩWay髪s　one．亙ηor紺危o　obta施a触ore

駆act　so1砒ion　tha⑪Way多s　one，we瓜鵬t　co鵬搬r　the　coΩsta砒a雛鋤d　adopt（17）

for　the　express1o皿ofζ。Whe口the　de虹ect1on　beco醐es1arge，曲e批Iueoce　of　a22

’win　beco鵬s　i㎜脾晦nt　We　see　for　i鵬t痂ce嚇s　e雌ect壌in　o雌禰1鰯鋤d　Way多s

工n　q00：

F1g田2．shows　a工so　th弓co雲皿parison　betwee皿our　c釦culated　va1ues　a．nd　V》ay多s　one

for　qo映猛was　se鋤丘o触Way多s　pa麟曲就thg　s鯉鮒e蝕t魯1s醐鵬r敏d曲測
1o皿g　re磁叡靱9u1ar　p1誠e　and孤ぬ蕃e　f1ex蜘始tha⑪在h㊧⑬虹cu1凄籔璽蛙走e，　a蔵昼　莚血e§e　重esu批s

also　ho1d　in　our　case．　The　ge⑪eral　character　of　the　寛・c⑰皿p⑰皿ent　of　をhe　磁sp魁ce・

nエeΩt多皿エe＆sured　by曲皿鳴ns丞o口1ess∀aヱiab1eξ，　c盈n　be⑭bs亀暖平㊧a　by　蝦銃枕養葛g　th畠ex一

平・呼ゆ紬を・…ε・1・1・鯛g・f・…：、一裏一　一一甘阯菩∴
　　（ξ）圏σ⑪纈ゴ雪銘（1＿斑留）（1＿夕2）（＿O萄575767＿1．24770ツ2

茎　　一工。040⑪4斑蟹十L79盈易5蒐望ツ2）。

The咄v証u鵠ofξちeco皿e§曲山嘉ro　on少服i弓蔓

theb釦⑪敏y，如d茄ec岨柘〆（窟ヲ’ツ）＝O：

ば瓢、㍗7㍗し1や㍗21

The　c耐ve　I∫（％，ツ）おshown　in　Fig．3，曾船一

V・1u…fξf・り＝・，を。。；工，皿詑さ鋤eポi“

TabIe　In。

Tab1e　n工曲e　va1ues⑭fξforツ＝O，ao⑭〒i　　　　　　　　Fig．3

斑　　　0　　　　　0．2　　　　　　　　⑧畠冨留7⑨

ξ　　O 0ユ0257蟹　鮎蝉蜷

O．垂　　　　　　　O壌㊧　　　　　　　　　一〇、8 0壷89019　　　　　　　1．O

⑭甘137脇Oを⑧77螂一〇。O碧5879．二〇。0壬5889　0

　　We剛11now　c㎝sider眺e　caku1ati6n　of　tbe　di鵬皿sion1蘭s　s娩sses．The狐e瓜、

b搬紬鮒歯鰍誠働炉p幽t’甜・敏鴨ポbザ∴、



螂

　　　　　　　　　　　　　　　　　　　　　・ク十割・1（伽・学）　　l

　　　　　　　　　　　　　　　　　　　　1太篶十害）　1（26）

　　The蛆e皿ゐ環忍到㊧説resse轟創o鶯g危beツ・凄虹§a⑪d危he　s渕e斑罧五凄藪亀　of　p盆磁icローa醸

terest．Along曲eヅーaxis：

　　　　　（5㌧）曳一〇＝（1一ヅ）（’bog＋b02ツ2）十μ〔2b20ダ（1一ツ2）十（工一3がXb⑧⑪十b幼ツ弩）

　　　　　　　　　十2ぷ2（1一ヅ）2｛a。・（1づ2）一2（a・・十aq・ツ2）｝2〕

　　　　　（鋤剛一9　　　　　　　　　、　　　　（27）一
　　　　　（拙一・一一〔2b・・ツ2（1プ）十（1二3ツ2〉（b・汁軸2）十2ユ2（トツ2）2｛…（工一、丑2）

　　　　　　　　　一2籔⑪。十ag、ツ2〉2〕十μ（1一ツ2）（boo＋b碑ダ）、一邊

These　str㊧sses蟹e　gi∀e匝1n　T鼻b1e　IV　and－

plo枇ed　i皿Eig垣4館遣a⑭o＝1

（a）

6
，

劣

3

z

o
一，

・2

　　　も

　　　5

　　　劣

　　　3

　　　婁

紬　　1

釦・

　　　　　　　　　　　　　　　　F1g．　4（al）

　　Ta闘e互V－I，

Th…坤…f（・’・）刺

帆鵬。．ε。．3I．。男

宙・g何4（b）

・・＼刈・ 仏1 O．2 O．3　　0．4
O．ら　　　　　0．6　　　　　0．7　　　　　0．8

O．9　　　1．O

工

2

O．74寧5ρ　O．74568

3．6昌37　　3．5634

O．67491

3二2656

O・594380那g1O・40014・0・300970・20068

28248　　2．3427　　19071　　1．4493　　12385

○ユ0498

0，88ケ7

O，067ヱ6

0．4工5，4

O．27856

工。0250

」（b） 丁虹e　values　of（外）、＿o

a00’＼ツ

1
2

O　　　O．1 O，2 O．3　　　0．4 O．5　　　　0．6　　　　0．7　　　　　0．8 O．9；　　1．O

O．74850　0．74427

3．6837　　3．5476

O．7工840

3．1981

O．70ヱ93

2．7982

O・7u310・733580・757460・7240工O・593190－474510．92854

2．5644－　2．6665　　3．0410　　3．2773　　3．25工2　　3．〇五37　　　3．4166

　A1ong　the　side％＝1，the皿e皿brane　stress　are　expressed　as
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　i　　　　　　　　　　　　　　　　　　　　　　　’　　　　　　　　＾

　
　
　
｛　　　　　　　　（3㌧）x目1＝一＿2（1＿ツ2）｛boo＋b20＋（b02＋b22）ツ2｝

　　　　　　　　（5’y）Σ一五＝μ（蛤）向

　　　　　　　　　　　　　　＾　　　　　　　　（封丞y）、＿1＝一易ツ（正一ダ）｛boo＋b02＋（b2⑪十b22）ヅ｝

AΩd曲ese▽a1鵬s施r　aoo＝亜，and2are　giye皿m　Tab1e　V．I．

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　Tab1e　V．互

　　　　　　　　　　　　　　　　　　　　　　　　　　The　vaIues　of（81x）x＿1

皿（28）

aOO＼。ツ

1
2

O O．2 O．4 O．6　　　　　　　0．8　　　　　　　ヱ。O

O．92854

3．1417

O．84943

3．1484

O．63307

2．4094

O．3424工　　　O．08243　　　　　0

1．3972　　　　0．44408　　　　　0
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ao o¥ y 

1
 
2
 

o
 

O
 

O
 

The 
0.2 

values qf (sfsy)z=t 

0.24617 

0.7416 

0.4 

~0.36997 

1.i352 

0.6 

o. 30698 

0.9876 

0.8 

0.15639 

0.4154 

l.O 

o
 
o
 

The' me:nbrane stresses at the cehtet of the plate and " at the ~iiddle poirit of the 

sides are 

(srx )x=0 = (s'y)z=0'= boo(1 + /g) ' 

y -- o (29) y =0 

(srx ¥x-:~l = (s'y)ys==:~oi= ~2(bo0+bgo) (30) ao 
' y=u 

The valucs of these stresses correspondipg 

to various values of aoo are given in Table 'e 
VI. I and (s'x)'=s~l ~ aoo curve has been 

plotted i'~n Fig. 5. * 
Curve ( ! ) (s~)~:g (wayfs curve) 

Curve (TI) (s*)i-i 
y-o 

Curve (.III) (s'l~)~'__~__g (way's cuvre) 

Curve (IV) (sr'*)x=t ' "-y - o a4 0.8 'a i.6 '.o 7r =~. 
Curve (V) (s'*).=0 Fig. 5 y=0 
Curve (VI) (s'~) **o 

Table VI. I 

In this Table Way's values are also given for comparision. 
The dimensionle)~s bending stresses on the upper surface Z = - h 

2 are grven by 

s".= 2 (~"+/~e(yv ) s fu= 2' . ( 31 ) ((yy + p(x*) ; s '*y = ~.v 

The values of these stresses along the y-axis and the side x = :~:1 are as follows : 

(sf'~')~=0 = (1 - ya)"_{(_a02 ~ 2aoo) + (a_.2 - 2aO2) y2} + p{(6yg - 2)aoo + (15y4 - 12yg + l)a02} ) 

(s"y).=0 = {(6y2 -2)ao0+ (15y4- 12y2+ 1)a62}+ p(1 - y2)2{(a02~2aoo)+ (a.2 2a02)y } 2 (~2) 

(sfr~/)* +1 4(l-y2)2{(ao0+a02)+ (a02+ a22)y } 

(s'/y).=:~l = /4(sn.).=:~l (,..33) 
(*'f ~ =0 . ¥" *y)*=+_1 

The values of the3e stre se corresponding v O O 2 1 O for aoo I and 2 

a．メ） q00 （蛤）墨呂0 （魯8麗）舶1

　　　　y呂0｛ 　　　　　y回0心

O．4 21．5061 O．10534 O。工070 O、ヱ馳工2 0。工54⑰

O．8 53．5206≡ O．45451 O．4655 ○鐵60舶 O．6q23

1．O 76．7848 O．74850 O，7655 0．92854 0．92宇O

4．2 106．932 1．1309 1．1592 1．3工57 1．3130

1．6 194．343 2由ユ951 2．2647 2．2620 2．2融2

2．O 329二585 3．6837 3．8247 3．41硫 3．4062

瑚Pres艶t　Case
Way P鵬s銅危C勧鵠 W概

’＾ ムt2＾ 榊＾■＿1＿ でx7＿ ’＿　　＿一＿刊
1

珊 ■ ’ ■　　　●

i
 



are given in Tables V11. 1 and VTH1. 1. 

Table . 

The values 

VII. 1 

of (S"*)x=0 

49 

aoo¥y 

l
 
2
 

o
 

0.l 0.2 0.3. , 0.4 ct5 - 0.6 O 7 O 8 O 9 1.0 
- 1.9328 

- 2.9528 

_L! 1.9072 

- 2.9361 

- I ~8286 

- 2.8789 

- 1.6913 

- 2.~590 

- 1.4869 

- 2.5404 

- 1 2039 

- 2.1733 

-0.8294~:-O.3750 0.2450 .0.9658 1.8158 

- 1.5947 - 0.7302 0.5053 2.2063 4A744 

T, he values of (sf'y)x--o 

aol¥ y 

1
 
2
 

JO 0.1 O. 2 O. 3 0.4 0.5 0.6 O 7 O 8 O 9 1.0 
- 1.9328 

- 2.9528 

-1 9259 

- 3.0250 

- 1.8961 

-3 2111 

- 1.8166 

-3 4196 

- 1.~9_8 

- 3.4981 

- I ' 3124 

~ 3 2334 

- 0.7458 

- 2.3518 

L 0.1532 1.4976 3.4161 6.0528 

-0.5194 2.6572 7::6313 'i4.915 

Table Vr~l. I 

The values of (Sf'x)x=_+t 

aoo¥ y l
 

O
 

O. 1 0.2 0.3 0.4 0.5 0.6 0.7 0..8 0.9 ' 1.0 

1
 

6.0528 5.9771 5.7488 5.3570 4:79""9 ' 4.0550 3.1612 2.1637 1.1680 0.3537 o
 

2
 

14 ~l5 14.809 14.472 13.802 12s 722* li*i28 8.980 6.361 , 3~48 l.108 o
 

The b.erfding st. re.S~es ,at ehe qe..nt~r of the plate~ , and, at the nri~dle. .of a side are : 

(s"*) x=0=(sf't)z~~0=(1+/4)(ao"-~'2aoo) ' ' (34) 
y=0 

(s".) z +1 = (s"y) z--o = 4(aoo + a02) (35) 
y=0 y=:~l 

The values of these stresses ' corresporiding to variouS value~s of aoo are given in 

Table rX. I and have been plotted in Fig. ~. for the case of p = 0.3. 

Table IX. I 

Bending stresses at center and at middle of side 

aor, qoo Present 

(snx) x = o 

y =0 

Case Way's value 

(s"s) z=~:i 

y=0 
Present Case viay's value 

0.4 

0.8 

1.0 

1.2 

l.6 

2.0 

21.5061 

53.5206 

76.7848 

106.932 

1 94:343 

329.585 

- 0.87864 

- 1.6255, 

- 1.9328 

- 2.1968 

- 2.6208 

~ 2.9528 

- 0.8623 

- 1.5848 

- 1.8716 

- 2.1088 

- 2.4564 

- 2.6838 

2.1005 

4.5985 

6. 052 8 

7.6408 

11 I~61 

14.915 

2.1469 

4.7237 

6 2411 

7.9113 

11.642 

15.742 

Tn this Table. Way's values ar~ given for comparison. 

From Table II. I, VI. I and IX. I, we see that the discrepancy between our 

solution and Way's One becom. e-ti more and more large when the deflection increases. 

The Total stresse~ at middle of edge are given by 

#
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(s~) sG=i =(s'x)x=1+ (s'fs)x=i ' 

y=0 y=0 y =0 

The values of theses stresses for vanous vaiues of aoo are glven m Table X. T. 

Table. X. I~ 

ao o ' 0.4 O.g 1.0_ _1.2 1~6 2.0 

(sx) x = 1 2.2546 6.9813 13,398 18.332 5.2016 8. 9565 

., ~ s*u 
Way's value - 2.3009 7.1681 13!89.6 1~148 5.3260 9s22:.*42 

The values of (s~) x='. (sr'~)s-' and (s"z)s;=0 against aQ0. are plotted in Fig~ 5. 

' y*o y=0 y.=0 Way's values for (sx)s=1 and (suz)s=1 have been also plotted iu this figure for 

y=0 y=0 co~, parlson. 

We now conside.r the linear .theory. In this case we ma-y take ~ =~ = O. The 

constants aoo; a02 and a22 are then fou~d from the equations . 

6A 6A OA =0; ' =0 ; " =0 aaoo- aa02 , aa22 
These equations give the values 

aoa ='0.0.20g3.~05. qoo 

a02 ~;0.00534, 85 qoo ' I (,36:,) 
a22 = 0.0000025S2 qoo } 

The approximate ex pression f.or the deflection in dimensionless ' form is therefore 

~ = (1 - x2)2(1 - y"-)2{0.0202305 + 0.005~~85(x2 + _v2) + O.QQQ~:253~･ x2y~}qoo' 

Wmax mx at center ms a;t the mjddle o~ s,ide~ x=1 and Frorn this expression 

Q. at the middl~ of the side x = I can easily be c=a.lcutat.edi by (1,)..:s.nd ,~a),, 

These vaiucs are giT.･en. in Table XI, and the, v,.'a_Iucs found･ b_.y,_, H, en.cky and･ ,W...ayj 

are also given for comparison. 

Table Xi' 

Present case Hencky Way 

w*.* O 0202305 Pa4 o 020243.Pa4 O 020202 Pa4 

(mx)x=a ~0.~04632 pa2 
y=0 

(ms)x=0 0.0912*925 pa2 
y = o 

(Qx) :z = a ~ 0.870724 pa 
y=0 

-0.2052. p~2 -0.2084~}~ pjas 

0.092 pa 2 0.0025･24 pa2 

- 0.88 pa - 0.9066 pa 

The reason o~f the better agreement found here between the prese,nt and , exact 

solutions than Way's solution are due to use the expression ( 17) for the deflection 

in place of (26). Thus the better approxilnate solution was fo.un_ d. 

Case I~. 6 = 0.8: 

This is the case in which the lateral load is on the square - 0.8 ~ x ~ 0.8, 

-0.8 ~ y < 0.8. 



5五

W£c鋤鮫e説嚇s　case．as　the　sa㎜e．㎜磁hoa鍋C鎚eτ。The　fo11owi㎎re帥1ts　are

obtai⑪ed．：

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　Tab蜷二亙。n．

　　　Vaヱ⑪es　of　qoo蜘蟻繊§餌ace㎜e砒co鯛鰯斌歯飾rμ＝O．3鋤d．v雛亜o蝸a．oo　v－a1ues

a①① 置囎 篭魏 q⑭o b＃⑪①　　　　　　　　b腿　　　　　　　　　b竈o b躯

O．4

0．8

1．O

1．2

1．6

2．O

0u0974
O．3107密6

O．4622幽

O．艶＝59畠7

1．09109

ユ。6聰74

O．059023

02蜘742

O，3煽巫⑪33

O。曝留簿亟4霧

ユ25353

223886

22．0727

54．8坐5

78．6988

110．667

198334

334．g20

O．079009

0，339⑭6ユ

0．5566拠

O．84鵬蝿

ヱ．62826

2．72827

一0．201138

一〇。808219

一1．26491

－1．82213

－322145

－4．97816

一0，15磯56

一0．644744

一工。02653

一五砧50690

－2．77754

－4．47301

O．300910

ヱ18280

1．82441

2．58935

4．45759

6．74546

　　　　　　　　　　　　　　　　　　Table　　II。　亙

丁歴囎．1u鶴of　w／h　for▽斑ious　Y釦ues　o笠註oo　a1o聴かa滋s

留oo『＼墾O O．2 O．塾　　　　　　　　　　O．6　　　　　　　　　　0．8 1．O

O。垂

0．8

1，O

工．2

1．6

2．O

1
1
ヱ

1
1
1

O．931827

O．935953

O．938642

0，941必♂

O．94概39

0．951179

O．73⑤921

0勒749蝪4

O．757790

O．766369

O．782587

山O．7⑨6工84

O．45051

0。逐66留79

0．477767

0．489372

0．510155

0．5279巫4

0152612

O．161819

O．167947

’O．174246

⑭．186162

0。エ96152

O
O
O
O
O
O

　　　Tab1e　IV．Hも

The▽a1uesof（s’。）拒o
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The values of (srf*)**o 

aoo'*¥ y 
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1.0 
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1 S?41 

The valses of , (sffy)x*o 

aon¥ y 

l
 

2
 

i.O 

2.2518 

5.247i 

o.7 

0.8402 

2.0863 

Table IX. W 
Bending stresses at c6nter and at iniddle of side 

(s':~) x * o 

,-o 

- 1.2933 

- 2.~;63 

~ - 3.1682 

- 3.7719 

* '-4.~458 

' -6.0.947 

(s"x) x =_+1 

' y=0 
0.82066 

1:7346 

2.2518 

~.7941 

* 3.9822 

5.Z451 

Tabl~'~e~~~ X. VI 

The total streSses (sx)s-1 at p~;iddle of edge 
*,, y=0 _ 

aoo 

(sx) z=1 ' 

y*o 

0.4-

0.98991 -

:o:8-"' ~ 

" 2.4092 
1.0' ' 1.~ ' 2.0 1,6 '･ , 

3.3032 ･,4.3043 6.6521 " ' ･ . 9.3948 

We have hitherto discussed the case of Poission's ratio /1 = 0.3. Steel haye __this Pois-

sion's ratio. ' We will now - treat the ease of the" 'Poission's ratio p = O.34. ' si~fice altni-

nium ha~ this ratio. 

We 'may consider that these two cases are most ･ important in ~ractice and can 

now treat the case /J = 0.34･, ,by the' same method as the case of /1 = 0.30. The follow-

ing .results are obtained. 
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Table" X::1. 

Values of qoo, Q and drsplacement constants for ks=0.34 and vanous aoo values 

~ 6 +
 

. aoo a02i* . ~2.2 :qoo or Q boo 

" " ' 0.5 ~"' O..16356' ･ ' O:,19400 ' "' 27.73g 

1.0;" ~ 0.47･;~26i ･ { O!67984- 73.80!'7 

1.5 0.94370 1.7270 157.806 
2.0 1.5093 3.3754 " ~O1.90 

<0.8 , . 0.5 0.14094 0.087259 '28.450 

,- _ 1.0'. O.!425~9 O,..38~~~.-' ' 7~.658,. ... 

1.5 O..87~98., , l.08_99. . 161.43 

2.0 l.4269 2.3065 308.1g 

0.5 0.049535 - O 14128 

0.5. ..,0.0_,8. ~~53 , iO.OC, 19.41 

iO -0.077662 -0.0938752 i49.5i 

1.5 0.034522 0.011284 . 3;,15.87 

2.0 0.21805 . O,.32708 590.61 

0.2 0.5 - 0.19555 0.31067 185.32 

1.0 = 0.32849 O 53~4 495.84 
1.5 -0.38783 .~sOe58{ _ .^ . Ia~9.9 

2.0 - 0.3g399 1 857,,2 1965.6 
O
 

0.5 - 0.24109 27.508 OL38199 

1.0 - 0.44105 74.250 0.94297 

l.5 - 0.59226 , 157.54 IL8338 

2.0 -0.70732 295.03 -3.0671 -

boa b20 b
 
~ sz 

' O. 22･435 0.46~:2 2 0.1237~ -0.31444 -
0.54487 - 1.2372 - 1:0161 l:80i3 

O.95290 - 2.7702 r2.0629 4.2591 
2!6';i66 ' L 4.8338 _ 4.3784 6.6534 

0.11961 -0.31705 -0.2i4140 0.46895 

0.52812 - 1.27~i - 1.QQ37 l.S313 

1.3164 - 2.S.537 -2.35,2.5 . 3.98e. . ~. 

2.5396 - 5.002-3 - 4.3277 6.8395 

d.1b428 - 0.31893 - 0.22978 O 48494 

O~0837~6.. 2. i 0.30560_ 

0.36258 - 1.2338 

Q.887-,02 - 2.7934 - 2.0241 4.3559 
1.688~ - 4.97. ,OO - ~.68~48 7.6438 

0.067836 - 0.15001 - 0.19914 0.49104 

0.28933 - 1.151,0 - 0.81190 1.9606 

0.698_66 -2.5827 - 1.8646 4.3660 

S,3191 - 4.5599 - 3.3744 7.6733 

O'.058167 -0.29110 -0.19090 0.49817 

Q.2~781 -1.1068 ~ -0.78390 1.9523 

Q.61. 187 -2.4584 - 1.7879 4.3432 

1.1399 - 4.2994 - 3.2172 7.6267 

In Fi . 7. the curve:' fbr Wn"ax fbr a concentrated load a~ .a 'function of are 

plotted. R. ' G. Stu-rm and . R. L. MjoQre carried out the expepiments of t:,he deflection 

of rectangu~ar pl'a;_;tes undet' ,concentrated = IQa.d. Th･e~',u_~ sed sev,e. ral Alminium plates; 

1 u. I " 55fr x 55rf, with diffetent thickness Iff, 2 ' 4 and I " 

' , 8' 
wmax ･ have _b~een also plo.tted. Form^ th. is fig^ure we f.ind T. he measured, values of 

' 'h' ~'~ ' ' - ' "' * that our present solutions are have better agreement with the, ' Qse~sured-___values 

than ISorent･,s:.?s so.1ution. * But ' there･ are naoder.ate- differences meas,ur.ed and the ･ ca;1-

culat,ed- values, if' the deflecti0.n becomes ･1･arge;- Tt seems t0. us that this discrepan:' 

cy reduces by using more undetermined constants in the assumed exp.re. ssions ' for 

the displacements. 

Another method of reducing this discrepancy is to make very careful experi-
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ments. Particular care would hav'e to~" b_ f'i,,:'6; ta,,~-..,en ~i"'to fulfill the boundary conditions 

with the experimental ,pla,;,,te: ~t _ is, t,h~e. . b"'eiun･･d:."ar･>'{y."' cetsditions in~ this case that the 

o;:)~v ' '~ ~*~' aw 

-- - - - Ratio lof (i. eflectionrl~!-_ ~ maximtt~: (leflect!_on-along -~-axis 

x 
6 aoo~ 

1
 

0.8 

O_.6_ _ 

O.4 

O. 2. 

O
 

'
l
 

2
 

*
 
*
2
 1
 
2
 

.*+*2 

~i,2^ ,. 

o , ~ 06 2 i . 4 >~ O ~ . . , 
0.8 1.0 

1
.
 

1 ~_ .__ 

1
 
-
1
 

1
 

1
 
1
 
1
 
1
 

= _ 0.75903 0.41939 . 0.93905 ._ 

0.94942. _ . O. .79080 . _ _ 0.52088 

. 0.93728 _ . 0.75361 . _ . 0.41231 

Q.9479q - . . 0.5480 _ 0.78615 . 

0.92979 _ 0.44~38 _  Q.73070 _ _ 

O J93gl ~' - i Oi479eS.'.+ S '- -O.7592~ , 

0.9: I ~74 _ __ 0'6~683 O.39815 

' 0.71791 '-' 0.99~56~)_ ~ 0.42568 
-.~~Q,}~0949 : * , Qsv06116 : O_ f6, 6952 

O*9.. 1434 -7' ' 0+38055 , j O~68336 . , i 

0.90534 . Q.e5581 ' O,34456 

'0.90856 , . 0.66567 -. . . 0.35745 

O. 16885 

0.19219 

Q.16488 

0.18878 

0.148_04~ _ 

'O~l6899 

0.1-9~*' 16 

0.13864 

0.~020*6 

-O.1 1326 

'O.Q9302 

0.10027 

O
 

O
 
O
 
o
 

o
 

O
 

,o > 

o
 

*'Q* 

' o. 

~¥ y -

1 .O 

O. 8 

0.6 

0.4 

i0.2 _ _ 

O
 

I~able XI*1,1. 

0.2 __= _ 0.4 _ - 0.8 - -0.6 - -

' '*O.57156 _ _ ':･O,.13862 O.45038 0.25099 ･~ 

0.42060 _ _~ _ _ 0.18487 _ 0_03566 0.40462 _ 

0.39524 . 0.17489 0.00622 0.4^Oll2 

The v. ahyes Qf (sr,y)x=0 for ~;oo l 

~¥ y 

=1 .O 

O. 8 

0.6 

0.4 

O. 2 

O
 

0.7i225 -^ 0.76407 0.68. 984 ' 

"o.77419 --0.69295 o_.75947 
0.77660 - '0.66828 o.75,003 

0.77238 . 0.7'47-74 ~0,86807 

0.62954 0.75195 .o:95940 

･ 'os6297.5 _, "0.74853 1.0a34 
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